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FOREWORD

Engineers are the backbone of any modern society. They aré the ones responsible forthe
marvels as well as the improved quality of life across the world: Engineers have driven
humanity towards greater heights in a more evolved and unprécedented manner.

The All India Council for Technical Education (AICTE), have spared no.efforts towards
the strengthening of the technical education in the country. AICTE is always committed
towards promoting quality Technical Education to make lndiaa medern developed nation
emphasizing on the overall welfare of mankind.

An array of initiatives has been taken by AICTE'in last.decade which have been
accelerated now by the National Education Policy (NEP) 2020..The implementation of
NEP under the visionary leadershiprof Hon’ble Prime Minister-of India envisages the
provision for education in regional languages to all, thereby enSuring that every graduate
becomes competent enough and is in a positiondo contribute towards the national growth
and development through innovation & entrepreneurship.

One of the spheres where AIGTE had béen relentlessly working since past couple of years
is providing high quality original technical contents at Under Graduate & Diploma level
prepared and translated.by eminent educators in various Indian languages to its aspirants.
For students pursuing 2™ year of their Engineering education, AICTE has identified 88
books, which shall'be translated into’12 Indian languages - Hindi, Tamil, Gujarati, Odia,
Bengali, Kannada, Urdu; Punjabi; Telugu, Marathi, Assamese & Malayalam. In addition
to the English mediuin, books in different Indian Languages are going (o support the
students to understand the concepts in their respective mother tongue.

On.behalf of AICTE, I express sincere gratitude to all distinguished authors, reviewers
and translators from the renowned institutions of high repute for their admirable
contribution in a record span of time.

AICTE is confident that these outcomes based original contents shall help aspirants to

master the subject with comprehension and greater ease.
NS NIV

(Prof. T. G. Sitharam)
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PREFACE

The book titled “Data Structures and Algorithms” has been written considering the specific topics
recommended by AICTE, in a very systematic and orderly manner. Efforts have been made to
explain the fundamental concepts of the subject in the simplest possible way. Various standard text
books and reference books have been considered while preparing the contents in different sections
and subsections. The book covers all the topics specified in the AICTE syllabus. Each topic has
been illustrated with appropriate pictorial examples, algorithms, and program segments. All the
illustrative worked out programs (source codes) are written in C programming language. Though
the book has been written targeting students with diverse academic backgrounds in general with
or without programming knowledge, a reader with C programming knowledge may have added
advantage in regards to the example source codes. Apart from the.illustrative examples, the book
also provides numerous solved problems in every unit for proper understanding of the related

topics.

The book has been divided into. four units as specified-in the AICTE syllabus. The Unit 1
provides basic introduction to data structures. and algorithms, and different approaches of
estimating time complexity and space complexity of a givén problem solution, with various worked
out examples. The Unit 2 defines three data structures namely array, stack and queue, and their
operations. The Unit 3 presents linked list, tree, binary tree, and various special types of binary
trees. The Unit 4 explains different sorting algorithms, hashing and a brief introduction to graph.
As recommended in the AICTE syllabus, the book covers only a limited topics on graph — only the

terminologies, representation and traversal.

Every unit is-enriched with numerous MCQ, short, long practice problems for the readers to
check their understanding of the topics in respective units. At the end of every unit, a QR code
linking to an external web page has been provided. Readers are encouraged to visit the external
linked for additional reading materials, exercise and worked out solutions. The external web page

will be updated time to time with additional resources. As the books has been focused on mostly
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understanding the basics, concepts and fundaments, the additional materials on the external web

link will be beneficial for further exploration on the topics and challenges.

As the book has been prepared considering the precised topics recommended by AICTE, we

sincerely hope that the book will provide a one-stop point for understanding the concepts and

5 5]

fundamentals of data structures and algorithms, and help to explore the

relevant advanced topics. I would be thankful to all beneficial comments and

suggestions which will contribute to the improvement of the future editions =
of the book. The OR Code below provide the web link for additional reading E

materials, and other resources of the book.

Dr. Sanasam. Ranbir Singh
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OUTCOME BASED EDUCATION

For the implementation of an outcome based education the first requirement is to develop

an outcome based curriculum and incorporate an outcome based assessment in the

education system. By going through outcome based assessments evaluators will be able to

evaluate whether the students have achieved the outlined standard, specific and measurable

outcomes. With the proper incorporation of outcome based education there will be. a

definite commitment to achieve a minimum standard for all learners without giving up at

any level. At the end of the programme running with the aid of outcome based education,

a student will be able to arrive at the following outcomes:

POI1.

PO2.

PO3.

POA4.

POSsS.

Engineering knowledge: Apply  the knowledge  of mathematics, science,
engineering fundamentals, and an engineering specialization to the solution of

complex engineering problems.

Problem analysis: Identify, formulate, review research literature, and analyze
complex engineering problems reaching substantiated conclusions using first

principles of mathematics, natural sciences, and engineering sciences.

Design / development of solutions: Design solutions for complex engineering
problems and design system compomnents or processes that meet the specified needs
with appropriate consideration for the public health and safety, and the cultural,

societal, and environmental-considerations.

Conduct investigations of complex problems: Use research-based knowledge
and research methods including design of experiments, analysis and interpretation

of'data, and synthesis of the information to provide valid conclusions.

Modern tool usage: Create, select, and apply appropriate techniques, resources,
and modern engineering and IT tools including prediction and modeling to complex

engineering activities with an understanding of the limitations.

(viii)



PO6.

PO7.

POS.

PO9.

PO10.

POL11.

PO12.

The engineer and society: Apply reasoning informed by the contextual knowledge
to assess societal, health, safety, legal and cultural issues and the consequent

responsibilities relevant to the professional engineering practice.

Environment and sustainability: Understand the impact of the professional
engineering solutions in societal and environmental contexts, and demonstrate the

knowledge of, and need for sustainable development.

Ethics: Apply ethical principles and commit to professional  ethics and

responsibilities and norms of the engineering practice.

Individual and team work: Function effectively as an individual, and as a member

or leader in diverse teams, and in multidisciplinary settings.

Communication: Communicate effectively on complex engineering activities with
the engineering community and with society -at large, such as, being able to
comprehend and write effective reports and design documentation, make effective

presentations, and give and receive clear instructions:

Project management and finance: Demonstrate knowledge and understanding of
the engineering and management principles and apply these to one’s own work, as
a member and leader in a team, to ‘manage projects and in multidisciplinary

environments.

Life-long learning: Recognize the need for, and have the preparation and ability
to engage <in’ independent and life-long learning in the broadest context of

technological change:

(ix)



COURSE OUTCOMES

After completion of the course the students will be able to:

CO-1: For a given algorithm student will able to analyze the algorithms to determine the

time andcomputation complexity and justify the correctness.

CO-2: For a given Search problem (Linear Search and Binary Search) student will able to

implement it.

CO-3: For a given problem of Stacks, Queues and linked list student will able to
implement it and analyze the same to determine the time and computation

complexity.

CO-4: Student will able to write an algorithm Selection Sort, Bubble Sort, Insertion Sort,
Quick Sort, Merge Sort, Heap Sort and compare their performance in term of Space

and Time complexity

CO-5: Student will able to implement Graph search .and traversal algorithms and

determine thetime and computation complexity.

Expected Mapping 'with Programme Outcomes

Course (1- Weak Correlation, 2- Medium correlation; 3- Strong Correlation)
Outcomes
PO-1 | PO-2 | PO-3 " | PO-4| PO-5| PO-6 | PO-7 | PO-8 | PO-9 | PO-10 | PO-11 | PO-12
co-1 3 2 2 2 1 - - - - - - -
co-2 3 1 2 1 - - - - - - - -
co-3 3 3 2 1 - - - - - - - -
co-4 3 |3 3 2 1 - - - - - - -
co-5 3 3 2 1 1 - - - - - - -
CO-6 3 3 3 2 1 - - - - - - -

(x)



GUIDELINES FOR TEACHERS

To implement Outcome Based Education (OBE) knowledge level and skill set of the
students should be enhanced. Teachers should take a major responsibility for the proper

implementation of OBE. Some of the responsibilities (not limited to) for the teachers in

OBE system may be as follows:

Within reasonable constraint, they should manoeuvre time to the best advantage of
all students.

They should assess the students only upon certain defined criterion. without
considering any other potential ineligibility todiscriminate them.

They should try to grow the learning abilities of the studentsto a certain level before
they leave the institute.

They should try to ensure that all the students.ate equipped with the quality
knowledge as well as competence after they finish their‘education.

They should always encourage the students to develop their ultimate performance
capabilities.

They should facilitate and encourage group work and team work to consolidate
newer approach.

They should follow Blooms taxonomy in every part of the assessment.

Bloom’s Taxonomy

Level Teacher should Student should be Possible Mode of
Check able to Assessment
Create wtidents ability to Design or Create Mini project
create
Students ability to .
Evaluate justify Argue or Defend Assignment
- ad
“% A Students ability to Differentiate or Project/Lab
?9 distinguish Distinguish Methodology
zb Appl Students ability to Operate or Technical Presentation/
PPy use information Demonstrate Demonstration
Students ability to . . . .
explain the ideas Explain or Classify Presentation/Seminar
Students ability to .
recall (or remember) Define or Recall Quiz

(oxi)




GUIDELINES FOR STUDENTS

Students should take equal responsibility for implementing the OBE. Some of the

responsibilities (not limited to) for the students in OBE system are as follows:

Students should be well aware of each UO before the start of a unit in each and
every course.

Students should be well aware of each CO before the start of the course.
Students should be well aware of each PO before the start of the programme:.
Students should think critically and reasonably with proper reflection and action.

Learning of the students should be connected and integrated with practical and real
life consequences.

Students should be well aware of their competency at.every.level of OBE.
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Introduction

UNIT SPECIFICS

In this unit, we introduce the concept of data structure and algorithm, and.their importance in
solving a problem through computer programming. Broadly, the following .aspects of data
structures and algorithms are discussed in this unit:

o Concept of data structure and its constituents;

o Operations on data structures;

e Types of data structures,

o Concept of algorithm and its properties;

o FEvaluation of an algorithm through asymptotic notations;

o Time and space complexity;

o FEstimating best case; worst case, and average.case complexities of an algorithm;

The topics and discussions are organised in a conceptual flow to understand the relationship
between data structure and algorithm while solving a computer problem. The topics are explained
with relevant examples for easy understanding and generating curiosity. Concepts are also
illustrated pictorially using appropriate examples. After reading this unit, one should able to relate
the importance of selecting appropriate data structure, and appropriate algorithm for efficiently
solving a problem through computer-programming.

Besides giving a large number of multiple-choice questions, short and long answer type
questions, a number-of numerical problems are also provided at the end of the unit. The list of
references and suggested. readings will allow the readers to further explore the topics deeper. To
help the readers to implement the examples reported in this unit, additional reading materials,
exercises and QR code have been provided at the end of the unit. The QR code can be scanned and
navigated to an external web page, where additional the materials are uploaded.

The Know More section, provided after the related practical problems, has also been provided
to understand addition background and related topics for the reader to explore further.

RATIONALE

Data structures and algorithms are fundamental concepts that need to be understood for solving
problems through computer programming. While data structures deal with different methods of
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storing data into memory and ways of accessing the stored data in the memory, algorithms deal
with the process of solving a problem which uses a specific data structure for storing the data
required by the problem. Complexity of an algorithm may depend on the underlying data structure
used, and depending on the data structure used, the way of solving a problem may also be different.
Therefore, this introductory unit explains the need of studying different data structures which will
provide a broader view of the available choices in regards to data storage for solving a target
problem efficiently.

The process/approach of solving a problem defines an algorithm. While there exist several
possible approaches for solving a target problem, which one among the possible approaches is the
most efficient one? This introductory unit not only explains properties of an algorithms, but also
discuss different metrices of measuring its efficiency. Understanding of the topics presented in this
unit is necessary to conceptually link different data structures reported in other units, and
understand the estimates related to different operations associated with each. of the'data structure.
In other words, this introductory unit is the fundamental unit for understanding subsequent units
in this book.

PRE-REQUISITES

Programming: C programming language (Many of the examples are given in C like statements)

Computer System: Main Memory

UNIT OUTCOMES

The list of outcomes of this unit is as.follows:

Ul-O1: Understand the concept of data structure

Ul-02: Understand different classes of data structures

Ul-0O3: Understand the concept of algorithm and its relation with data structure
Ul-O4: Learn different evaluationmetrics-of an algorithms

UlI-05: Learn the way-of estimating the efficiency of an arbitrary algorithm

Unit-1 EXPECTED MAPPING WITH COURSE OUTCOMES

(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)

Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6

ui1-o1 2 3 1 1 1 -
U1-02 2 3 1 1 1 -
U1-03 3 3 1 1 1 -
U1-04 3 3 2 1 1 -
U1-05 3 3 2 1 1 -
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1.1 INTRODUCTION

Assume that you are asked to write a computer program to calculate the factorial of a positive integer
number n. The factorial of the number n can be definedasn! =nx (n—1) X (n —2) X ... X
3 X 2 x 1. For writing this program, as the required input data is just a single value, a variable
which can hold a positive integer is sufficient (say, int n; in C programming language) to store
the input n. On the other hand, if you are asked to write a program to search an element (say 5)
in a given set of n integer numbers (say, {6, 3,7, 2, 1, 8, ..., 10}, then the program need to store
all the elements of the set and the element to be searched (that means, memory to store.n + 1
numbers). Now, several questions related to data have arisen. How should the numbers be stored
in the memory? Are the numbers organized in an ordered or unordered list? If the numbers are
stored in a particular way in memory, how should the elements be accessed? and so on. These
questions, in regard to the second problem, are important because based.on the way the input
data elements are stored and arranged in the memory, the corresponding program needs to be
designed. Whereas, such questions may not be relevant for the first problem, as it has only one
input value. Therefore, the concern of datasstructure generally arises when the underlying
problem deals with a collection of data_elements. To understand the.above two scenarios,
example 1.1 and example 1.2 show C programs for estimating the factorial of an integer number
and searching of an element in a collection of elements.

Example 1.1: Write a C program to find the factorial of an integer number. Assume the number
is 6.

Algorithm: n! =nx(n—1) X(n —2) X .. X3 X 2.x 1.

#include <stdio.h>
main () {

int n = 6, fac.= 1;
while (n >=_1) {
fac =.fac *ny;
n = n-1;

}

printf ("The factorial is %d", fac);

}

Output:
The faectorial is 720

In the above example, the program needs a variable n to hold the single-valued input data
element-6, and a temporary variable fac to hold intermediate estimates. As there are only two
independent single valued data elements, the question of structural representation and logical
relationships between data elements of a collection do not arise.

Further, the program in example 1.2 takes a multi-valued data, and a single-valued data to be
searched as inputs, and search the occurrence of the single-valued data in the multi-valued data.
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Example 1.2: Write a C program to search for a value in a given collection.

Algorithm: Check every element in the collection and compare it with the searched value.

#include <stdio.h>
main () {
int find = 10, collection[]={3, 10, 4, 6, 7}, 1i;

/* check every element in the collection and check the occurrence of 10. */
for (1=0; 1<5; i++) {

if (collection[i] == find)

break;

}
if (1<5)

printf ("Found") ;
else printf ("Not found");

Output:
Found

In this example, the program takes two types of inputs — a‘collection of integers and an integer
to be searched. For storing the integer value to be searched, we. can simply define an integer
variable (find in this example). However, for storing the collection of integers, we need a data
structure (this example uses array data structure.and defines an instance collection[]. Arrays
are defined in section 1.3.1 of this unit).

The above two examples describe two scenarios — one which does not require a data structure to
store the input data (use primitive data type instead of data structure), and another which needs a
data structure to store the input data.

A program may often deal with two.types of data — explicit data given to the program as input
and intermediate data generated by the program during its execution for solving the problem. In
example 1.1,the value n is the explicit input data, whereas the value fac is the intermediate data
generated by the program during its execution to assist in estimating factorial n. Both the types
of data‘can be single-valued data or multi-valued data. A program should be concerned of the
data structure/primitive data type to be used to store both the types of data. Therefore, the nature
of such data will affect the storage requirement of a program. Example 1.3 illustrates another
program that takes single-value data, but generate a set of values, which needs a data structure to
store intermediate values.
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Example 1.3: Write a C program to print binary representation of an integer number n.
Assume n = 10.

Algorithm: Assign the number to quotient. Divide the quotient by 2, and collect the
corresponding quotient and remainder. Repeat the first operation until the quotient
becomes 1. Print the collected remainders in the reverse order of their collections.

#include <stdio.h>

main () {

int n = 10, g, i=0;
int bits[10];

g = n; /* Assign the number to quotient */
while (g!=0) {
bits[i++] = g%2; /* remainders are collected in an array; */
aq=q/2; /* q denotes quotient */

}
printf ("The binary representation of %d is ", n);
while (i>0)
printf (“%d”, bits[=-1]);
}

Output:
The binary representation of 10 is 1010

The above example‘program explains two aspects of handling data — single-valued input data

and multi-valued intermediate data.

(1) Explicit input data: The number, that we want to convert to binary, is just one integer
number. Hence, an integer<variable is sufficient to store the number. Similarly for the
temporary single-valued,data.g and i.

(i1) Intermediate multi-valued data generated by the program: The remainders need to be
collected, stored, and retrieved in-a specific order, because the remainders should be
printed in the reverse order of the collections. An array data structure is needed to store
and arrange ‘the remainder: Before formally defining Array data structure, it has been
used. Amarray iS a linear data structure which stores values in consecutive memory
locations.

Though the.amount of storage for the input data is constant, the storage size for the
intermediate data depends on the number of remainder bits generated while running the
program. The number of remainder bits depends on the input data. If n is the input value, then
the number of bits is [log, n].

From the above examples, it is noticed that the data which a program will require, may be
provided as inputs to the program or generated intermediately by the program during its
execution. A program needs to allocate memory for storing such data (both the input or
intermediate), and devise mechanisms for accessing the stored data. While the underlying data
consists of more than one data element, the organization of the data elements in the memory
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should also be taken care of by the program so that the data elements can be accessed or modified
or inserted.

What is data? Data is often defined as raw facts which does not carry any specific information. For
example, a collection of values {5,4,6,5.1,4.6,4, 6, ...}. Let us say, the above values are the
heights of a population in a given town. Until the context is associated with them i.e., height of
the population in a town, these values have no specific meaning. The collection is termed as data
and the data with the context is termed as information.

The definition of data has been evolved over time with the growing applications of computer
programming in diverse fields. Accordingly, different answers to the question “what is data” have
also been evolved. Data can come in various forms, such as numbers, texts, symbols, figures,
images, bytes, bits, etc., depending on the source of the raw facts. Without worrying much about
the form of data, the study of data structure generalizes the concept of data as a‘collection of facts
which may be in one of the above-mentioned forms, and focuses on-the way of storing,
organizing, processing, and retrieving the collection. In this book, we will refer to data, if not
explicitly mentioned, as a generalized collection of facts without considering their contexts.

What is data structure? Data structure defines a‘structural representation of logical relationships
between the data elements of a data. It not-only defines storage for the.data elements constituting
a data in memory, but also the logical relationship between them, and.also the methods for
inserting, deleting, updating and accessing the data elements. The collection[] in example
1.2 orbits[] inexample 1.3 are instances of a data structure name array (defined in Section
1.3.1).

Data structures are the building blocks of any. progtam or.software. Given a problem, two
different aspects are evolved from the above examples. One is the data on which the problem will
be applied, and another is the approach of solving.the problem. The first aspect is referred to as
data structure, and the second aspect is referred to as algorithm. Algorithms + Data Structures =
Programs, as suitably captured in.apopular.book by Niklaus Wirth, expresses that algorithms
and data structures are inherently related. The choice of an algorithm to solve a problem should
depend on the underlying data structure used for storing and organizing the data required by the
problem. Suppose, if you are asked to sort a given set of numbers which is stored using a
particular data structure,then among many possible sorting algorithms, you should choose the
one that is suitable for the given data structure. Likewise, if you are given an algorithm to sort a
collection of numbers, among many possible data structures which can be used to store the data,
you should choose the one that is suitable for the given algorithm. Therefore, data structures and
algorithms go hand-in-hand. This book presents different types of data structures, the algorithms
to manipulate the data structures, the methods of estimating and representing the efficiency of
algorithms, and applications of different data structures.

1.2 BASIC TERMINOLOGIES

As discussed in Section 1.1, data structures are defined considering two aspects — (i) storage structure
for storing the data elements in computer memory, and (i) operations for processing, deleting,
manipulating, and retrieving the data elements from the data structure. Every data structure
should have the associated storage structure and set of operations. For a given data structure,
further, the amount of storage required for storing the associated data in memory (space
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complexity) and the amount of time each associated operation will take to perform a unit operation
(time complexity) should also be studied.

1.2.1 Data, Data Elements, Data type

Data structure is defined by its data and the set of operations which can be performed on the data. It
should hold the following conceptual properties.

Data: Collection of raw facts, which could be collection of homogeneous elements or heterogeneous
elements. Few examples are — a collection of integer numbers, a collection of characters, or a
collection of student records where each record consists of name, roll number, address, etc.

Data element: It is a logical unit constituting a data. It can be formed by a single-valued element or a
multiple valued element. For a data representing a collection of integer numbers, .each data
element is a single-valued integer, whereas for the data representing student records, a record
consisting of name, roll number, and address may define a data element. In'some books, data
elements and data items are used interchangeably.

Data type: It specifies the type of value or values of data elements constituting a data. For example,
integer, character, float, boolean, user-defined data type (using struct«in C programming
language), etc.

Name: An instance of a data structure should be assigned a name.

For example, when an instance of array (defined in Section 1.3:1) data structure is defined as
int A[10]; in C programming language. Then, A4 denotes the name of the instance, int defines
the data type that each data element should hold, the number 10 defines the number of data
elements that A can hold.

1.2.2 Storage Structures

From the application programming aspects, programmers need to understand two types of computer
memory — primary memory. (alsoreferred to as main memory or RAM) and secondary memory
(usually the hard disk)..The programs (the source codes, object codes, executable codes, etc.) are
stored in secondary storage,.and ‘the’ process states of a program in execution (the required
instructions and data) are stored-in‘main memory. When we refer to memory in this book while
discussing data structures, it means computer’s main memory if not explicitly specified. As the
required data of an instruction need to be in main memory at the time of execution of the
instruction, data-structures-are assumed to be defined in main memory, if not explicitly defined.

Main:memory of a computer can be abstracted as a long strip of linearly arranged memory cells.
Each cellcan store information defined by a certain number of bits (usually 1 byte) and each has
a unique address ranging from 0 to n — 1, where n is the number of memory cells. For a given
data structure, the required amount of memory cells is allotted in main memory either at
contiguous or non-contiguous memory locations, depending on the type of data structure.
Example 1.4 shows an illustrative example of memory allocation of integer variables in main
memory.
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Further, the amount of memory required for storing data of a data structure also depends on the
associated data type of its data elements. For a data structure defining a collection of character,
1 byte of memory will be needed for storing each of the data element. Whereas for a data structure
defining a collection of integer numbers, two bytes of memory (assuming short integer) will be
needed for storing each of the data element. In example 1.2, the collection variable needs 10 bytes
of memory.

Example 1.4: Abstracted view of Main Memory in a computer and allocation of memory for
single-valued data. Integer data type is assumed to take 2 bytes of memory.

0
&a=1 5 #include<stdio.h>
2
3 main(){
4
5 int a=5,b=6;
6
&h—7 6
2 printf(“Sum of %dand %d is %d”, a, b, a+b);
10| }
204';'
Memory

The above figure shows a conceptual main memory of 2k bytes that has 2048 number of
memory locations and each location has 8 bits (1 byte). The program on the right side needs
two single-valued data (variables.a and b), and ‘each of them is allotted two bytes (assuming
that an integer data type needs two.bytes of memory). A block of two bytes required for a
variable is allotted at contignous locations; but the blocks of memory for different variables
may be allotted at arbitrary locations in memory. Byte locations 1 and 2 are allotted to
variable a (1 being.the address of the variable), and byte locations 7 and 8 are allotted to
variable b (7 being the address of the variable). The address of the variable is defined by the
cell address of the first byte of the reserved block.

Different' data types require different amount of memory to store an instance of the data type.
Further, different programming languages may define the memory requirement of different data
types differently. A typical C programming language memory requirement for different data types
is listed below.

Data type| char int float bool double long int | short int long
double

Memory | 1 byte| 4 bytes 4 bytes 1 byte 8 bytes 4 bytes 2 bytes 16 bytes
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Contiguous Memory Allocation

Storage structure with contiguous memory locations means that the data elements of the data structure
will be stored at contiguous memory locations in memory. Let us consider a data structure which
holds n number of character type data elements, and each memory location holds one byte. If the
first element of the data is allotted at i" location in memory, then the second element will be
allotted at (i + 1) location, the third element at (i + 2)t"* and so on, and the last element at
(i + n — 1) location. A contiguous block of n locations (i.e., contiguous n bytes of memory
for this example) is allotted to the data structure. Similarly, if the data structure holds n.number
of integer type data elements, a contiguous block of 2n locations (assuming that each integer will
need two bytes) is allotted to the data structure. Two illustrative examples are shown in Example

1.5.
Example 1.5: Illustration of contiguous memory-allocation of two typical data structures in
memory.
0
1
2 a
i : DataStrl=4a, b, c, d, e} which holds-five characters
5 d
¥ e
7
8
]
10 1
11
12 4
13
14 3 DataStr2 = {1, 4, 3, 10, 16} which holds five integer numbers
15
16 10
17
18 16
15
20
21
Memory

Contiguous storage structures have the following advantages over non-contiguous storage

structures.

(1) The data elements are generally ordered linearly, i.e., first, second, third, fourth, and so on.

(i) If the address of the first data element is known, the address of any data element can be
directly derived by its index without scanning the other data elements. If the address of the
first element is pt, then the address of the k" data element is pt + (k — 1)b, where b is the
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byte size of the data type of the data element. A memory allocation with such accessing
method is known as random access memory.

(iii) No additional memory is needed, other than the memory required for storing the data
elements.

While contiguous storage is easier and efficient in terms of data access and memory consumption,

it may also have the following limitations.

(1) Once the contiguous memory is allocated, it cannot be changed. As a result, the number of
data elements in a data structure is limited to its allocated size of the memory. It.cannot be
changed in run time.

(i) If sufficient contiguous space for storing the data elements is not available, it may result in
operating system defragmentation and additional system I/O operations. .However,
programmers do not need to worry about it, as it will be handled by the operating system.

(i) The programmer may have reserved a large block of memory, but actually-used only a small
portion of the reserved memory, resulting.in underutilization of the allotted:storage. For
example, an array of 100 locations is reserved, but the underlying data of the program has
only 5 elements.

(iv) Computer’s RAM should have enough contiguous block of memory to support the storage.

Non-contiguous Memory Allocation

Storage structure with non-contiguous memory location means that the data elements of the data
structure will be stored at non-contiguous arbitrary locations.in memory. Storages for the data
elements are allocated at arbitrary locations in memory. Memory allocation simply indicates
whether the data elements are physically stored at contiguous memory locations or not. It does
not mean, if the data structure is“/inear or non-linear (defined in Section 1.3). Both the
contiguously and non-contiguously allocated memories can hold both linearly and non-linearly
ordered data elements of a data structures. If a linearly ordered data collection is stored in a
contiguously allocated data structure, data elements can be accessed by its index (as shown in
example 1.5). However, if a linearly ordered data collection is stored in a non-contiguously
allocated data structure, then.the ordering of the data elements in memory is maintained by storing
the address of one data element with another data element.

Let us consider a linearly ordered non-contiguously allocated data structure with five data
elements, say {a, b/ ¢, d, e}, a being the first element. As shown in example 1.6.a, the address of
the second element is stored with the first element, the address of the third element is stored with
the second element, and so on.

Further, if we consider another non-linearly ordered non-contiguously allocated data structure
with five data elements as shown in example 1.6.b. The address of the elements b and c are stored
with the element a, the address of d with ¢, and the address of e with d.
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Example 1.6: Illustration of Non-Contiguous Storage Structure for linearly and non-linearly
ordered data

a—c—d
Data Structure a—=b—=c—d—e Data Structure \L
o
1 b—e
0
1 2
2 3 |a data element a
3 data element a 4 |8 Address of next data element ¢
4 |13 Address of next data element b 5o
5 6 |13 Address of next data element b
6 7
7 g [C data element c
8 |c data element ¢ s |17 Address of next data element d
S |17 Address of next data element d 10
10 11
11 12
E b datael b 13| b data elementb
ata elemen
148 Address of next data element c 14 | 22 Address of next data element e
15
15
16 16
17|d data element e 17 | d data element e
18| 22 Address of next data element e 18 | mull Null Address
19 19
20 20
21 21
22| e data element 22 | e data element
23 | Null Last element, Null Address 23 | Null Null Address
24 24
s 25
(a) Linear (b) ‘Non-Linear

A Non-Contiguous storage structure has the following advantages.

(1) Data can grow in run time:’Any number of data elements can be added to the existing
structure in run time, aslong as:RAM supports it.

(i1) Availability of large ‘contiguous block of memory for storing the data elements is not
required.

While non-contiguous storage has-more flexibilities in terms of memory allocation and number

of data elements, it has.the following disadvantages.

(i)  Additional memory is needed to store the addresses of other data elements. It has higher
storage requirement as compared to its contiguous counterpart. In the example 1.6.b, the
address of elements b and c are allocated with the storage of data element a.

(i)  For accessing an element, one may need to traverse through the other data elements to get
the'address of the target element. For example, for accessing the element e, one needs to
access the data elements a and b to get the address of the element e in example 1.6.a.

A constituent unit of a data structure with non-contiguous memory allocation is generally defined
by a tuple consisting of the associated data element and the addresses of other data elements
linked with it.
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1.2.3 Operations on Data Structures

Several operations can be performed over the data stored in an instance of a data structure. Some of the

common operations are given below.

(1)  Creation: It creates an empty instance of a data structure.

(i)  Inmsertion: It inserts a data element into an instance of a data structure.

(i)  Deletion: It deletes a data element from an instance of a data structure.

(iv)  Updation: It changes the value of a data element in an instance of a data structure,

(v)  Searching: 1t searches for the existence or non-existence of a data element in an instance
of a data structure.

(vi) Traversal: 1t visits every data element in an instance of a data structure.

(vii) Sorting: It orders the data elements in an instance of a data structure either in ascending or
descending order.

(viii) Merging: It combines data elements of two.or more instances of a data structure to one.

1.2.4 Algorithm

An algorithm is a well-defined list of finite unambiguous steps for solving a ptoblem. As provided in
the classic book, Fundamentals of Algorithms, by Donald Knuth in his book series, The Art of
Computer Programming, an algorithm should satisfy the following properties.

Input Specified: An input to an algorithm is the data that will. be used to solve the problem. The set of
inputs to the algorithm should be clearly specified. An algoerithm can have zero or more inputs.
These are the data that are given initially before the algorithm begins, or dynamically as the
algorithm runs.

Output Specified: An output of an algorithm is a data that will be returned by the algorithm after
solving the problem. The output‘should be clearly specified. An algorithm has one or more
outputs. These are the quantities that have a specified relationship with the inputs.

Definiteness: Every step of an‘algorithm should be unambiguous. A step in an algorithm generally
represents a logical unit of computation, which may involve one or more numbers of low-level
computations. For instance, in example 1.7, the statement fact=fact*n in Step 3 involves one
multiplication operation and one.assignment operation.

Finiteness: Every algorithm should terminate after a finite number of steps.

Effectiveness: The steps of an algorithm should be sufficiently basic and doable by a person in a finite
time with pencil-and paper.

In the book; Formal Languages and their Relation to Automata, by Hopcroft and Ullman, an
algorithm is also defined as a procedure that halts. A procedure is a finite sequence of instructions
that may or may not terminate. For example, Operating System, an operating system in execution
does not terminate by its own.

Algorithms are generally written using pseudocodes, where the steps are written in informal
natural language that are easily understandable to humans and can be easily converted to
computer programs. An algorithm can also be pictorially represented using a flowchart. A



Data Structures and Algorithms | 13

flowchart shows the sequence of steps of execution pictorially. An example algorithm, program,
and flowchart for calculating the factorial of an integer number are given in Example 1.7.

Example 1.7: Estimate the factorial of an integer number.

Computation:n! =nxn—-1) XM —2) X ... x3x2x1.

Name: Factorial
START
Input: Integer number n

Output: Factorial of n

BEGIN [ READ D /

1. Initialize fact = 1

2. Repeattilln>=1
3 fact = fact *n
4. n=n-1
5

6

fact=1

End Repeat
Print fact

. NO
END ! PRINT fact ;

(a) Algorithm ves

fact = fact *
#include <stdie.h> ct=facttn

n=n-1

main () {

int n = 10, fac = 1;

while (n >= 1) { <—
fac = fac * .n;

n = n-1j (b) Flowchart

}

printf (“The factorial«is %d”, fac);

(c) Programin C

1.2.5 Complexity of an Algorithm

The efficiency of an algorithm is measured generally in terms of time complexity (or time efficiency)
and space complexity (or space efficiency). Time complexity is the amount of time the algorithm
takes to complete its execution. It is defined as the rate of growth of running time with respect
to the size of the input. The interpretation of the size of the input depends on the nature of the
underlying problem. The size of the input may be the value of the input (e.g., factorial of n) or
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the number of data elements (e.g., searching for an element in a collection of elements). Similarly,
space complexity is the amount of memory consumed by the algorithm, and defined as the rate
of growth of memory consumption with respect to the input size. The memory consumption
includes the storage requirement for storing both the explicit and intermediate data. The time
complexity and space complexity are represented using Asymptotic Notations (8,0, 0,0, w).
Readers can refer to Concrete Mathematics: A Foundation for Computer Science, by Ronald
Graham, Donald Knuth, and Oren Patashnik, about the meaning of Asymptotic in complexity.

1.3 CLASSIFICATION OF DATA STRUCTURES

Data structures can be broadly classified as primitives and non-primitives.

(i) Primitives

Primitive data structures are the data types generally provided by programming languages for storing
single-valued data elements in the memory. They are-the fundamental building block of data
structures. Some of the primitive data structures which are provided by pregramming languages
are — integer, char, float, bool. For example,in C programming, int.is for defining a‘variable with
the integer data type, char is for defining a variable with.the character data type, float is for
defining a variable with the float data type, and so on. Though integer, char, float, and bool are
in-built basic data types supported with a general purposed. programming language, different
programming languages may also support-other data types."One needs to refer to the data types
supported by the target programming language.

(ii) Non-primitives

While primitive data types are generally ‘the -default- data types supported by the underlying
programming languages, non-primitive data types refer to the data types created by programmers
as demanded by the underlying programs. Primitive data structures generally refer to primitive
data types and generally hold a single-valued data element. Whereas, a non-primitive data type
may hold single data or multiple data members/attributes. Data members of a non-primitive data
type may be defined with primitive datatypes or using non-primitive data types.

The following example defines a non-primitive data type named Record using struct with
the data members. int age, char name, char rollNo. The size of the Record data type
is defined by thesize of its constituent data members.

struct Record{
char name[50];
char rollNo[10];
int age;
bi
Likewise, a single member non-primitive datatype can also be defined in C programming
language as follows.
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typedef int Integer;

While data type defines the type of a data element in a data structure, the data structures (which
can hold single value or composite values) which are not defined by default with the underlying
programming languages are non-primitive. In general, the standard data types such as int, char,
float, bool are primitive data structures and others are non-primitives. All the data structures
which will be discussed in this book for storing and organizing data with multiple data elements
are generally referred to as non-primitives.

Linear Vs Non-linear

Depending on the way its data elements are arranged, a data structure can be of /inear or non-linear

types. In a linear data structure, its data elements are ordered sequentially. The elements may be
ordered as first, second, third, fourth, and so on, or top to bottom, or head to tail. Whereas, in a
non-linear data structure, its data elements are not ordered sequentially. The data elements may
be ordered, but not sequentially. The arrays, queues, stacks, linked lists are common linear data
structures, and trees, graphs are common non-linear data structures:

Note that linear or non-linear structure defines how the underlying data elements are logically
arranged, not the memory allocations as’‘contiguous or non-contiguous. A linear data structure
can be implemented with contiguous as well as non-contiguous memory allocation. Like-wise, a
non-linear data structure can also‘be implemented with -contiguous as well as non-contiguous
memory allocation.

(iv) Random Access Vs Sequential

In random access, the data elements can be directly accessed/visited with any condition on other data

(v)

elements in equal time. In sequential, an element can be accessed/visited after visiting the
elements which appear before the target-elements. Array is a random access data structure, where
as linked list, stack, queue are sequential data structure.

Homogeneous Vs Heterogeneous

Depending on the nature of the'data typeassociated with the data elements of a data structure, it can be

(vi)

either a homogeneous or heterogeneous data structure. A homogeneous data structure holds date
elements of same data type, whereas data elements of a heterogeneous data structure are generally
compound elements which can hold more than one element of same or different data types. An
array of integers is of homogeneous type, whereas an array of student records with attributes such
as name, roll'no, ageis heterogeneous type. Each record can hold elements of different data types,
making a record heterogeneous. An array of heterogeneous elements is also heterogeneous.

Static Vs Dynamics

Depending on whether the number of data elements of a data structure can be changed in run time or

not, a data structure can be of static or dynamic type. In static data structure, the storage for its
probable data elements is defined prior and it cannot be changed in run time. Whereas, in dynamic
data structure, the storage of its data element can be allotted or removed in run time depending
on their existence.
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1.3.1 Different Non-Primitives Data Structures

Though different types of data structures will be discussed in details in the respective units, conceptually
different types of data structures are briefly defined below.

(i) Arrays

An array is the simplest type of data structure whose elements are ordered linearly and stored at
consecutive memory locations. It is a homogeneous data structure which means that the data
elements of an array are of same data type. An array can be of one dimensional. or multi-
dimensional. In C programming language, a one-dimensional array a of size n with infeger data
type can be defined as int a[n]; A two-dimensional array of size n X m can be defined as
int a[n][m];. Similarly, it can be defined for different data types such as char; float, etc. Array
data structures are generally static in nature. Though memory allocation of an array. is generally
done in compile time (above examples), it can also be done dynamically inrun time (using malloc
or calloc functions in C programming). However, once the: memory is' allocated, it cannot be
changed. Therefore, array is inherently a static data structure. The data elements of an array can
be accessed using its positional index. In € programming, index starts from 0, .and first logical
element has index 0, second has 1 andso on. A data element at any arbitrary location can be
accessed using its index, without visiting other elements.in the data structure (also referred to as
random access).

Though array is access efficient, it may not be memory efficient. Once a block of memory is
reserved for the array to store the element, the following scenarios may happen.

e The actual number of data elements in:the array.is smaller than what it can accommodate,
resulting in underutilization of the memoryspace. The unused memory cannot be claimed
during the life-time of the variable by other variables, resulting in a wastage of memory
space.

e Ifthe number of data elementss larger than the number supported by the allocated memory,
array overflow happens. As-additional space cannot be allocated in run time, the array cannot
hold data elements beyond the number supported by the allocated space.
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The examples 1.8 and 1.9 shows examples of compile time and run time memory allocation.

Example 1.8: Array — compile time memory allocation
#include <stdio.h>

’

main () {
int a[10];
al0] 3;
alll = 1;
al2] = 7;
printf ("The first element is %d\n",al[0]);
printf ("The second element is %d\n",al[l]);
)

,a
printf ("The third element is %$d",al[2]
}
Output:
The first element is 3
The second element is 1
The third element is 7

A homogeneous one-dimensional array which can hold upto-10 integer values can be defined
as int a[10];. This declaration cannot hold more than 10 elements. The statement a[0] = 3;
stores integer 3 at index 0, a[1] = 1; stores integer.l<atindex 1, a[2] .= 7; stores integer 7
at index 2. Though memory for 10 elements is reserved at.compile time, it uses on the first
three locations. Once the values are assigned, the .values are retrieved using the index, i.e.,
a[0] in the statement printf ("The first element.is '$d\n",al[0]) ;.

Example 1.9: Array — run time memory-allocation

#include <stdio.h>
main () { int n=3;

’

int *a = (int *)malloc(sizeof (int) *n);

al[0] = 3;

all] = 1;

al2] =.7;

printf ("The first element is %d\n",al[0]);

prantf("The second element is %d\n",al[l]);
)

,a
printf ("The third element is %$d",al[2]
}

Output:

The first element is 3

The second element is 1
The third element is 7

The above program defines an array of size 3 with run time memory allocation using malloc.
Once the memory is allotted, it cannot be changed. Though memory allocation is dynamically
done in run time by the value of n, as it cannot be changed once allocated, array is naturally a
static data structure.
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While an array is of homogeneous data structure in nature, we often see arrays of heterogeneous data
elements, where data elements consist of multiple values (compound type). Such a data element
is often referred to as a record. The array of records is often referred to as a file. An example of
record and file is illustrated in example 1.10, where each record consists of three elements - name,
roll and age of char and int data types, and a file of two records. Mathematically, a record
(compound type) is called cartesian product of its constituent element types. If A and B are two
constituent types, then the cartesian product of A and B is defined as {(a, b)|a€A, beB}. If there
are three constituent types 4, B, C, the cartesian product is {(a, b, ¢)|a€A, beB, ceC}. So, a file is
a subset of the cartesian product.

Example 1.10: Heterogeneous one-dimensional array (a file of records) — static allocation

#include <stdio.h>
#include <string.h>
struct element{
char name[50];
char roll[10];
int age;

}i

main () {
struct element a[l1l0];
strcpy(a[0] .name, "Ram") ;
strcpy(al[0]l<roll,"CSEQL");
al[0].age =17;

strcpy(all] .name, "John") ;
strcpy(al2] .roll,"CSEQ2");
al[3].age =17;

printf ("The first element is %$s\n",a[0].name);
printf ("The 'second element is %$s\n”,a[0].roll);
printf (YThe third element is %$d”,a[0].age);

}

Output:

The first element 4s Ram

The second element is CSEOL
The third element is 17

Above program defines an array of struct element which can hold upto 10 data elements
(10 records). Each data element (record) holds three different values — name, roll and age.
Let us say, the element has only name and roll of same data type char, it will still be
treated as heterogenous.
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(ii) Linked Lists

Linked list is a /inear data structure where its data elements are arranged sequentially. The first element
is generally referred to as head, and the last element is generally referred to as tail. Each data
element of a linked list is generally called node. A node consists of two fields; information field
which holds the values of the corresponding data element, and address field which holds the
address of another node. The head stores the address of the first element. The address field of the
first node holds the address of the second node. Similarly, the address field of the second node
holds the address of the third node, and so on. The address field of the last node holds nu/l. As
each data element maintains the data and the address of the next data element, it is inherently a
heterogeneous data structure. Figure 1.1 illustrates pictorial representation of a linked list: The
linear arrangement of data elements is maintained in a linked list by the address of the next node
stored in each node. If one wants to access the second element, as the address. of this-node is
stored only with the first node, the first node needs to.be visited to obtained the address of the
second node. Similarly, to access the third node, one'needs to visit the first and-second nodes to
get the address of the third node. As the address-of a data element is'not directly available, for
accessing an arbitrary data element, all the previous data elements need to be visited starting from
the head node. Therefore, the access mechanism is sequential, not randem access.

For many of the real-world applications, the number of data elements that will be stored in a data
structure is not known prior. It may.grow or shrink during program execution. In an array, the
maximum number of possible data element is assumed and allocate the required memory prior to
the application. Once memory is allocated, it cannot be changed. Unlike array, the idea in linked
list data structure is to accommodate as many-numbers of data elements as required by the
program and allocate memory only for the data elements held by the data structure. A node in a
linked list can be created; inserted, deleted inrun time, and any number of nodes can be inserted
as long as it is supported by main memory. Unlike array, in linked list, the space allocated to a
node can be released once'it is deleted.“While linked list is flexible in terms of memory storage
and number of data elements it can hold, processing of the data elements is expensive as compared
to array.

First Second Third

Head

Figure 2.1: An example linked list

Though a linked list can be implemented using both the static memory allocation in contiguous
memory locations (i.e., array) and the dynamic memory allocation in non-contiguous memory
locations, it is generally implemented (or convenient to implement) using dynamic memory
allocation at non-contiguous memory location. Example 1.11 shows an implementation of a
linked list using dynamic memory allocation, which can store a set of integer numbers. The
program creates three nodes, each holding an integer value, and displays the elements in the order
of the node sequence. Further, in example 1.12, the same is implemented using array. Details of
linked list are discussed in Unit - 3.
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Example 1.11: Linked list — dynamic memory allocation
#include <stdio.h>
struct node{

int info;

struct node *next;

}i

main () {
struct node *head;
head = (struct node *)malloc(sizeof (struct node)) ;
head->info = 3;
head->next= (struct node *)malloc(sizeof (struct.node));
head->next->info = 1;
head->next->next = (struct node *Ymalloc (sizeof (struct

node) ) ;

head->next->next->info= 7;

printf ("First element: %d\n",head->info) ;
printf ("Second element: %d\n",head->next->info);
printf ("Third element: %d\n",head->next->next->info) ;

}
Output:

First element: 3

Second element: 1
Third element: 7

Above program defines a linked list of three elements — first element 3, second element 1, and third
element 7. The variable head stores.the address of the first element, the address of the second element
is stored in the next field-of the first elementi.e., head->next, the address of the third element is stored
in the next field of the seeond €lement i.e., head->next->next.

In Example 112, the linked list is created in a two dimensional array int a[10] [2]; . Each
row of the'array defines each possible node in the list. The information part of the node is stored
in the first'column, and the address (index in the array) of the next node is stored in the second
column, as illustrated in the figure in Example 1.12. Unlike dynamic allocation, the number of
nodes that can be accommodated in the list is defined by the space allocated in the array.
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Example 1.12: Link list — static memory allocation
#include <stdio.h>

Index
of next

main ( ) { Index data node
int a[l1l0][2], head=5; 0
1
/* first node */ 3 : :
alhead] [0] = 3; // data a
alhead] [1] = 2; // address of next node *“*2 3 2
7
/* second node */ 8 7 1
9

al2][0] = 1; // data
al2]111] 8; // address of next node

/* third node */
a[81([0] = 7; // data
al[81[1] = -1; // last node

printf ("First element: %d\n",al[head] [0]
printf ("Second element: &4d\n", alal[head

)
111
printf ("Third element: %d\n", alala[head]|

= e
—
—

}
Output:

First element: 3

Second element: 1

Third element: 7

Above program implements.a linked list with-three elements using a two-dimensional array of size
10 x 2 —first element 3, second element 1, and third element 7.

(iii) Stacks

Stack, also known as Last-in First-out (LIFO), is a linear data structure in which insertions and deletions
of data elements are done only at one end, known as top. Operation of this structure is similar to
a stack of rings placed as shown in Figure 1.2.a. The rings can be inserted or removed only from
the top. The operation of inserting a data element into a stack is called push, and the operation of
removing a data element from a stack is called pop. A stack data structure can be implemented
using either an array or a linked list, as illustrated in Figures 1.2.b and 1.2.c, respectively. Given
the state of a stack with few already stored elements, the figure shows the status of the stack after
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a push operation or a pop operation. Depending on the nature of data elements that a stack can
hold, a stack can be either homogeneous or heterogeneous.

w

@
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1
Push

Push
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Head

Top—2 14

Top—

VNGO UEWN RO

¥
o
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w

Pop
Head w

EEr* [T]

(a) Stack of Rings (b) Array implementation of stack (c) Linked list implementation of stack
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Figure 2.2: Description of Stack

(iv) Queues

Queue, also known as First-in First-out (FIFO)yis a linear.data structure in. which insertions of data
elements are done from one-end, called head, and deletions of data elements are done from
another end, called tail. Operation of this structure is.similar-to.queue in a bank counter where
people enter into the queue from the back and exit from the‘front. A queue data structure can be
implemented using either an array or a linked list, as illustrated in Figures 1.3.a and 1.3.b,
respectively. The operation of inserting a data element'in a queue is called enqueue, and the
operation of removing a data element from queue.is.called dequeue. Given the state of a queue
with few already stored elements, the figure shows the status of the queue after an enqueue
operation or a dequeue operation. Depending.on the nature of data elements that a queue can hold,
a queue can be either homogeneous or heterogeneous.
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Figure 2.3: lllustration of queue implementation using array and linkedlist implementation

(iv) Trees

A tree is a non-linear data structure in which the data elements are arranged in-a parent and children
hierarchical relationship. The data elements in a trec are called nodes, and the connections
between the nodes as edges. A tree has a special node called roof which acts like the head of the
data structure. The node which are connected to.root node are called children of the root node.
Further, these children nodes may also have their own children, and recursively these nodes may
have their own children; and so on. Therefore, every node.ina tree other than the root represents
a sub-trees with their own zero or more: children. All the children of a node are called siblings.
The node with no child is called leaf node. Figure 1.4 illustrates visualization of a tree. Depending
on the nature of a tree, it might be implemented using an array data structure or linked data
structure.

Binary tree is a special type:of tree, where nodes of the tree will have at the most two children,
and children are ordered as lefi child or right child. Discussion on tree in this book mostly focuses
on binary tree. Various types.of binary tree will be discussed in Unit - 3.
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Figure 2.4: A brief description of a tree data.structure

(v) Graphs

A graph is a non-linear data structure which is defined by a set of nodes’and set of edges, without any
specific ordering. A node represents a data element, and an edge represents a connection between
two nodes. Friendship network in Facebook where nodes are the users and edges are the
friendship relation between users is an example.of a graph. Depending on whether the edges have
directions or not, a graph can be a directed ot undirected graph. Further, depending on whether
the edges have strength of the connection (close friends or casual friends) or not, a graph can also
be a weighted graph or unweighted graph. An example graph is shown in Figure 1.5.

Figure 2.5: An example of a graph
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1.4 ANALYSIS OF ALGORITHMS

Let us consider the algorithm of estimating factorial given in example 1.7 to start a discussion on how
to analyse an algorithm. The algorithm of estimating factorial is shown below.

Name: Factorial

Input: Integer number n

Output: Factorial of n

Description:n! =nx(n—1)X(n—2) X ... X3 x2x1.

BEGIN

1. Initialize fact = 1 Executed 1 time

2. Repeattilln>=1 Executed n+1 times
3 fact =fact *n Executed n times

4. n=n-1 Executedn times

5. End Repeat

6. Print fact Executed 1 time
END

To simplify the analysis, let us assume that each of the basic computation.in the algorithm takes
constant amount of time, say c. Now, let us ask a basic question on how many times, the basic
operations will be computed? Without difficulty, it can be seen that the initialization statement
fact = 1 in Step-1 will be executed only one time. The comparison statement n >= 1 in Step-2
will be executed n + 1 times. The statement fact = fact = in Step-3 will be executed n times.
The statement n = n< 1 in Step-4 will be executed n times. Step-6 will be executed only one
time. The total time for executioniis T(n)'= le+ (n + 1)c + nc + nc + 1¢ = 3nc + 3c. If c is
considered to be unit time, it can be-further simplified-as T (n) = 3n + 3, which is a polynomial
of degree one. It basically means, the running time of the algorithm linearly increases with the
increase in the value of the input. Further, if the expression T(n) = 3n + 3 is looked at deeper,
the second term 3 also means that there are three statements which are independent of the input
value, and the coefficient.3 of independent variable n also means that there are three statements
which will be repeated n times. Depending on the value of n, the running time will also be
different, i.e., linearly increases with the increase in n.

What about the space.consumption? Space complexity of an algorithm will be defined not only
by the storage requirement.of the data that the algorithm needs during its computation, but also
by the process .of the program of the algorithm during its execution. To understand memory
consumption.of ‘a program, let us briefly review memory allocation of a process during its
execution.-When a process is created by the operating system, a chunk of memory is allocated to
the process. This chunk is broadly divided into four sections as shown in Figure 1.6 — text/code,
data, heap, and stack. The text/code section stores the executable code of the program that the
process will run. The data section stores the global variables defined in the program. The heap
will store all the dynamically allocated memory during the execution of the program. The stack
section stores the local variables of all the active functional calls. While the code and data sections
are static, the stack and heap may grow. When the process performs any dynamic memory
allocation (for example, using malloc or calloc in C programming), it will be added to heap. When
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a function is called by a process, a record (known as activation record) containing all the local
variables (including function parameters) defined within the scope of the function, return address
to the caller function will be pushed in the stack. The top of the stack will have the information
about the currently active function. When the process completes execution of a function, the
corresponding records will be popped from the stack. For example, when a C program starts
executing its main() function, its activation record containing information about its local
variables, return address etc. will be pushed into the stack. Likewise, when main function or any
function calls another function, the activation record of the newly called function will be pushed
into the stack. When process exits the function, its record will be popped from the stack. Thus,
the stack at a particular instance will have the records of all the functions whose executions are
yet to be completed. The stack and heap will grow in the opposite direction as shown in Figure
1.6. When they touch, either a stack overflow or memory allocation error will occur. Space
complexity defines the rate of growth of the memory consumed by the process in execution (in
the data section, heap section and stack section) with réspect to the input .

max
stack

f

heap

data

text

0

Figure 2.6: A process in memory

Let us estimate space complexity of the above factorial algorithm/program. As described above,
the text section will consume.a fixed amount of memory, say c. As there is no global variables or
dynamic memory allocations, the data’and heap section consume zero memory. Only one record,
say r, for main() function will"be pushed into stack. Therefore, the algorithm/program will
consume a constant size space of S(n) = ¢ + r, which does not grow with n.

Now, let us change the above algorithm for calculating the factorial of n from iterative n! = n x
(n—1)X(n=2)x..x3x2x1toarecursive form as

fact(n) = {;z’ X fai;tglnz—ll), ifn>1
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The recursive algorithm and its respective recursive program in C is given below.

/ /ALGORITHM

Name: Factorial (n)

Input: Integer number n

Output: Factorial of n
Description: fact(n) =n X fact(n —1)

BEGIN

1. IF n == 1 THEN

2. RETURN 1

3. RETURN n * Factorial (n-1)
END

/ /PROGRAM

#include <stdio.h>
int fact(int);
main () {
int n = 10;
printf (“The factorial is %d”, fact(n))s
}
int fact (int n) {
if(n == 1)
return 1;
return n*fact(n-=1) ;

For the above recursive algorithm, its running time can be defined using the recursive expression
T(n) =T(n— 1) + cand T(1) = ¢, wherecis the time for executing one operation. If n = 1,
it just returns 1. i.e., it involves one comparison eperation i.e., T(1) = c. If n > 1, then time for
one comparison operation (i.e., ¢) plus time for one multiplication operation (i.e., ¢ ) plus time
for Factorial(n-1) (i.e., T(n = 1)). Therefore, T(n) = T(n — 1) + ¢ + c. Let us now, simplify the
recursive expression and.see what we get.

Tn)=Tn—1)4+c+c=Tn—-2)+2c+2c=Tn—-3)+3c+3c= ..
=T+ n=VDc+n—-1VDc=c+n—1c+n—-1)c=2nc—c

Since c is constant, execution time T(n) = 2n — 1 is a polynomial of degree one. It means that
the execution time grows linearly with n, which is similar to the above iterative algorithm.

Now, let us estimate its space consumption. Like in iterative algorithm, except for the stack
section, the:code, data and heap sections of the process will consume fixed memory, i.e., ¢ +0 +
0, ¢ for code, zeros for heap and data. However, unlike its iterative algorithm, the stack will grow
as the process executes the recursive function. As the process starts execution, one record for
main function will be pushed into the stack. When main function calls the recursive function for
the first time, i.e., fact(n), a record for the fact function will be pushed into the stack. When the
fact function calls itself for fact(n-1), another record of fact function will be pushed into the stack.
Likewise, one record each will be pushed for every recursive call into the stack, and the stack
grows till fact(1) is called. At the time the process executes fact(1), the stack has n + 1 records.
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As the recursive function terminates in the reverse order, corresponding records will also be
popped from the stack in reverse order. So, the space consumption will be S(n) = (n + Dr + ¢,
where r is the fixed memory for each record. For simplicity, if we assume all the constant
parameters as 1, then S(n) = n + 2, a polynomial of degree one. Unlike, the iterative algorithm,
the space consumption of the recursive algorithm grows linearly with input 7.

1.4.1 Running Time and Space consumption of the Example 1.3 Program

The example program 1.3 convert an integer number to its binary equivalent. The corresponding
algorithm is also given below. The variable ¢ is initialized to », and in every iteration, the value

of q is reduced by half i.e., ,zn—l,zn—z,g, ) zn—k . The subsequent values of q are divided by 2 for k
times and k is equal to [log, n]. The running time of this algorithm is equivalent'to T(n) =
5[log, n] + 2. Therefore, running time grows logarithmically with n. In. this program, the size
(number of elements) of the local variable bits depends on input n. The array needs at least
[log, n] number of elements. Therefore, the size of the record for storing the local variables of
the main() function of the program will depend on the value of n::Except forthe Stack section of
the process, all other sections are independent of #. Therefore, space consumption may be defined

as S(n) = log, n + ¢ = 0(log, n), which grows logarithmically with .

Algorithm: Decimal-to-Binary

Input: integer n

Output: binary of n

BEGIN

1. Initialize q =n 1time

2. Initializei=0 1 time

3. WHILEq!=0 [log, n] times

4 bits[i] = q%2 [log; n] times

5. qg=q/2 [log, n]-times

6 i=i+1 [log, n] times

7. END WHILE

8. PRINT bits [log, n] times — read all the elements in bits array
END Total: 5[log, n] + 2

1.4.2 Running time with loop and nested loops

From the above examples, it can be seen that the rate of growth of running time of an algorithm depends
on the number of iterations in the loops present in the algorithm. Some more cases of loops are

discussed in this section. These examples show segments containing the loops (C codes for
convenience).

In the example below, let us say, there are few constant time statements before, within and after
the for loop, and they take constant time c. As the loop iterate for n times, its running time can be
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defined as T(n) = cn + 2c¢, which is a polynomial of degree one. As the value of i in the for loop
is incremented by one, the statements inside the for loop will be iterated for n times. The iteration
can also be mathematically defined as )., ¢ = cn. Thus, T(n) = Y., ¢ + 2¢ = cn + 2c.

for (i=0; i<n; i++) {

[few constant time statements]

In the above estimate, we have not explicitly considered the three statements- i = 0;,i < n;, and
i + +; associated with the for loop statement. As these statements.also contribute to the constant
factors, it has been generalized by the constant time factor ¢. Let us-consider these statements and
also see the estimate. In the for loop, the nitialization part i-= 0 will.be executed for 1 time, the
comparison part i < n will be executed for n + 1 times,‘and the increment part i + + will be
executed for n times i.e., a total of 2n + 2. It means, on an average, two additional statements on
top of the statements with the loop in each iteration. As it is.yet another constant factor, it does
not affect in the asymptotic growth of the algorithm: Therefore, for simplicity, we consider only
the number of iterations, if not explicitly specified in the'subsequent discussion.

for(i=1l;.41<=n; i=1i*2){

[few constant time statements]

In the above example, thevalue of i is incremented by its double (i.e., i = i * 2). Therefore, the
for loop will iterate for log, n times. The iteration can be mathematically defined as Zi(;gf "c=

clog, n. Thus, its running time can be defined as T(n) = clog, n + 2¢, which is logarithmic.
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for (1i=0; i<n; i++){
for(3=0; j<n; Jj++)

[few constant time statements]

In the above example, there is a nested for loop, each loop iterating for n times: The iteration in
the nested loop can be defined mathematically as )}]-; Z}l=1 ¢ = cn?. Therefore, its running time
can be defined as T(n) = cn? + 2c, which is a polynomial of degree 2. Then? in the expression
means that statements in the inner for loop will beterated for n? times.

for (1i=0; i<n;di++){
[few constant time ‘statements]

for (§=0; Jj<n; J++){
[few constant time statements]

In the above example, though. there-ate two for loops, as they are not nested, the effect of the
loops will be additive, i.e., T(n) =¢cn+ cn+ 3¢ = 2cn + 3, still a polynomial of degree 1.

Generalization: From the above examples, it can be seen that each loop in an algorithm/program

defines another function of'n, and the following cases can be realized.

1. If there is'one loop defined by f(n), then running time can be defined as T(n) = f(n) + b,
where b.is the:constant parameter defined by the statements before and after the loop.

2. If there are @ number of unnested loops defined by f(n), then running time can be defined
asT(n)'=af(n) + b.

3. [If'there are a; number of loops defined by f; (n) and a, number of loops defined by f, (n),
then running time can be defined as T(n) = a,f;(n) + a,f,(n) + b.

4. A nested loop of f(n) within another loop g(n) can be defined as T(n) = g(f(n)) + b.

5. Similarly, k number of deep nested loops can be defined as T(n) = f; ( fz ( fs ( fr (n)))) +
b.
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1.4.3 Best, Average and Worst Cases

For the examples such as factorial or integer to binary conversion, there is only one input scenario i.e.,
the given value n. However, for some classes of problem, there could be multiple input scenarios,
and the running time of the algorithm will be different for different input scenarios. An example
of such problems is linear search. Given an array of elements, the task is to check the occurrence
of an element. For searching an element in the given array, the elements in the array need to be
checked linearly one-by-one until the target element is found or all the elements are checked. One
such algorithm is given below.

Algorithm: LinearSearch

Input: integer e, integer array A

Output: Print the index of the element if FQUND
Assumption: A has n elements

BEGIN

1. |Initialize i =0, loc =-1 1 time for two statements
2. WHILEi<n upto.n+1 times

3 IF A[i] == e THEN upto ntimes

4. i=i+1 1time

5. Break

6 END IF

7. END WHILE

8. IFil=-1THEN 1time

9 PRINT FOUND at i-1 1 time

10. ELSE

11.  Print NOT FOUND 1time

12. END IF

END Total: T(n) < 2n + 5

For this problem, we have the following three cases.

Best Case: The element to be searched is the first element of the array. In this case, the WHILE loop
iterates only one time, and T(n) = Y1_, ¢ +d = ¢ + d, where c is the constant number of steps
within the'loop, and d is the constant number of steps before and after the loop. Best case takes
constant running time.

Worse Case: The worst case occurs when the element is not found (or the element is the last element
of the array). If the element is not found, the running time is T(n) = Y}, ¢ + d, which is a
polynomial of degree 1. That means, running time linearly increases with the size of the array.

Average Case: In average case analysis, it is assumed that the element to be searched may occur at any
position in array with equal probability. If the element is present at the i*"position, the number
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of iterations of the while loop is i, i.e., 23':1 c¢. If Pr(i) is the probability of occurring the searched

element at the position i, then its running time can be defined as Pr(i) Z;zl c= ;Z;ﬂ ¢, where

Pr(i) = % So, the expected average case running time can be defined as follow.

1 2 3 n
1 1 1 1
T(n)=—zc+—Zc+—Zc+---.+—Zc+d
n n n n

Jj=1 j=1 j=1 j=1

1 1 1 1
T(n)=c—+2c—+3c—+-.+nc—+d = +d= +d
n n n n n

The “+ d” in the above expression is for the constant steps executed before and after the while
loop. The above average running time is also a polynomial of degree one.

Let us take another example of sorting elements in an array to understand another scenario of
best, average and worst cases. The given algorithm.is known as bubble sort, which'is discussed
in detailed in unit 4 of this book. Given an array, the algorithm will sort the elements in the array
in ascending order.

Algorithm: bubbleSort
Input: Array a

Output: Sorted array A
BEGIN

1. FOR(i=0;i<n’-1;i++)

2. FOR(j=0;j<n-i-1;j++)

3. IF (afj] > a[j + 1])

4, swap(a[j], alj+ 1])~ //a function to'exchange the values at a[j] and a[j+1]
5. END IF

6. END FOR

7. END FOR

END

In the above algorithm, the outer.loop iterates for n — 1 times and the inner loop iterates for n — i
times. If the.time for the constant steps inside the inner loop is ¢, then running time of the nested
loop canbe definedas T(n) = X! Yiic+d = cXl(n—D)+d=c((n—1D)+(n—-2) +
(n=3)+ . +3+2+1) +d = 2D

a polynomial of degree two.

+ d, where d is for any other constant steps if any. It is

In the above algorithm, for the cases where (a[j] > a[j + 1]) is false, the swap operation is
ignored. If the given array is already in sorted order, the condition (a[j] > a[j + 1]) will
always be false, and no swap operation will be performed. However, in the given algorithm
above, as we do not check for the case of already sorted input array, irrespective of the ordering
of the elements in the input array, both the outer and inner loop will iterate for their complete

n(n-1)
2

cycles and perform (a[j] > a[j + 1]) comparison for times. As the number of
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comparison operations dominates swap operations, we consider comparison operation as the
basic operation inside the loop.

Can we do better? In the algorithm given above, let us assume that for a given i in the outer
loop, the condition (a[j] > a[j + 1]) inside the inner loop always false, i.e., no swap
operation happens for a given i in the outer loop. It indicates that all the elements in the array
are already in order at the time of processing of the inner loop for the given i. At this point, if
we terminate the algorithm, we can avoid un-necessary iteration for the remaining i. The
following algorithm modifies the above algorithm to check, if the elements in the array are
already in sorted order, before completing the outer loop. A flag swapped is set to.0.before
the inner loop. If any consecutive pair of elements are not in ordered, the inner loop will set the
flag swapped to 1. After completing the inner loop for a given i, if the value of 'swapped is
0, it means that the array is already in sorted order. If the part of the array to be processed by
the inner loop is in already sorted order, the algorithm terminates. With this modification, we
have the following three cases.

Algorithm: bubbleSortModified
Input: Array a
Output: Sorted array A
BEGIN
FOR (i=0;i< n-1; i++)
swapped =0;
FOR (j = 0; j <n-i-1; j++)
IF (alj] > a[j+1])
swap(al[j], alj+11);
swapped.= 1,
END IF
END FOR
IF (swapped == 0)
10. break;
11. ENDIF
12. END FOR
END

O ~NOUE WD R

Best Case: The elements in the given array are already in ascending order. In this scenario, the outer
loop williterate only one time, and inner loop will iterate for n-1 times without performing any
swap operation. So, running time of this algorithm can be expressed as T(n) = (n — 1)c + d,
which is a polynomial of degree one. It means, the algorithm performs n-1 number of comparison
operations.

Worst Case: The elements in the given array are in reverse order i.e., descending order. In this scenario,
the outer loop will iterate for n — 1 times, and for each value of i in outer loop, the inner loop
iterates for n — i times. For every inner loop iteration, n — i number of swap operations are
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performed. So, the running time of the algorithm for this case can be expressed as T(n) =
n(n-1)

?;11 ?;ii c+d=c — + d, which is a polynomial of degree two. It means, the algorithm
-1 . . .
performs n(n-1) number of comparison operations (also swap operations).

Average Case: The elements in the given array are in any random order. Without proving

mathematically, we can roughly say, in average case, there are about half the number of swap
n(n-1)

operation as that of the worst case, that is, number of swap operations on average. In other

words, in worst case, we have seen that n — 1 number of swap operations are performed for the
last index in the sorted array, n — 2 number of swap operations for the last but one index, and so

on. So, on an average, from the first index till the last applicable index, there are % + % + % + o4

n-3  n-2  n-1__ n(n-1)

2
bubble sort algorithm is also a polynomial of degree two.

number of swap operations. Therefore, average case running time for

1.5 ASYMPTOTIC NOTATIONS

In the above discussion, the running time and space consumption have been-defined-as a function of n
i.e., T(n) for running time and S(n) for space consumption.~As mentioned in section 1.2.5, the
time complexity and space complexity are represented using Asymptotic Notations (6,0, 0,2, w).
As we are interested in the rate of growth, the idea of using asymptotic notations is to represent
complexity in terms of a prior known class of rate of growth such aslog, n,n, nlog, n,n?,n3,2"
etc. Readers may refer Introduction to Algorithms, by Thomas® Cormen, Charles Leiserson,
Rolard Rivest, and Clifford Stein for extended study on the analysis of algorithms.

1.5.1 Big Oh Notation (O)

Definition: Let f(n) be the function defining efficiency of an algorithm, say T'(n) or S(n) above. Now,
f(n) can be written as 0(g(n)) i€, f(n)= 0(g(n)) if and only if there exist two positive
constants C and n, such that 0 < f(n) < Cg(n), vn = n,.

Let us illustrate the above.definition with the following example. Let f(n) = 2n + 4 and g(n) =
n. To prove f(n)= 0(g(n)), we just need to find the existence of any C and n, satisfying the
condition f(n) < Cg(n),Vn = n,. Let us assume C = 3, and estimate f(n) and Cg(n) for
different values of n, as shown in the following table.

Different values of n fm)=2n+4 | Cg(n)=3n f(n) < Cg(n)
1 6 3 No
2 8 6 No
3 10 9 No
4 12 12
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Different values of n fm)=2n+4 | Cg(n)=3n f(n) < Cg(n)
5 14 15 For all values of n > 4,
the condition f(n) <
6 16 18 Cg(n) holds. So, n, is
4.

For € = 3 and n, = 4, as the condition f(n) < Cn holds, f(n) can be written as O(n) i.e.,
f(m) = 0(n). What about g(n) = n?? For the same value of C, we can estimate the following.

Differentvaluesofn | f(n) =2n+4 | Cg(n) = 3n? f(n) <Cg(n)
1 6 3 No
2 8 12 For all'values of n = 2, the
. -

3 10 L . "
4 12 48

5 14 75

6 16 108

For C = 3 and ny = 2, as the condition f (1) < Cn? holds, f(n) can also be written as 0(n?)
ie., f(n) = 0(n?). Without loss of generality, wé can see that f(n) holds for all higher degrees
of n, such as O(nlogn), 0(n?), 0(n?logn), 0(n®) etc. Among these possible g(n), the O(n) is
the tight most one. Therefore, we. generally say f(n) = 2n+ 4 = 0(n). What about g(n) =
log n? Without difficulty, it can be seen that for.any value of C, the condition f(n) < Cg(n) may
not hold for large value of n. Therefore, f(n) # 0(logn). Similarly, f(n) # 0(1). The 0(1)
means asymptotic constant. For example, T(n) = 3 = 0(1).

In the approach of finding asymptotic complexity of an algorithm defined by a function of n, we
first guess a bound and then prove that the guess is correct. This way of finding the boundary
function is known as the substitution method.

Remarks: As the definition indicates, Big Oh says that the growth of f(n) is always smaller or equal
to that of g(n). Thus, g(n) defines an upper bound of f (n). Therefore, Big Oh may or may not
represent an asymptotically tight upper bound. For example, the bound 2n + 3 = 0(n) is tight,
but 2n-+ 3.= 0(n?) is not tight.

1.5.2 Big Omega Notation (£2)

Definition: Let f(n) be the function defining efficiency of an algorithm. Then, f(n) can be written as
N(g))ie., f(n) = N(g(n))if and only if there exist two positive constants C and n, such that
0<f(n)=Cgn),vn =n,.
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Let f(n) = 2n + 4 and g(n) = n. To prove f(n) = 2(g(n)), we just need to find existence of
any C and n, satisfying the condition f(n) > Cg(n),vn = n,. Let us assume C = 2, and
estimate f(n) and Cg(n) for different values of n as shown in the following table.

Different values of n fm)=2n+4 | Cg(n)=2n f(n) < Cg(n)

0 4 0 No

1 6 2 For all values of n > 1,

5 g 4 the condition f(n) >
Cg(n) holds. So, n is 1.

3 10 6

4 12 8

5 14 10

6 16 12

For all values of C = 2 and ny = 1, as the condition f(n) = Cn holds, f (n) = 2(n). Similarly,
f (n) will hold for lower degrees 2(1)-and 2(logn), but will not hold for higher degrees such
as 2(nlogn), 2(n?),N(n?logn),(n?) etc.

Remarks: As the definition indicates, Big Omega says-that the growth of f(n) is always greater or
equal to that of g(n). Thus,‘g(n) defines a lower bound of f (n). Therefore, Big Oh may or may
not represent an asymptotically tight upper-bound.. For example, the bound 2n + 3 = 2(n) is
tight, but 2n + 3 = 0(logn) is not tight:

1.5.3 Theta Notation (0)

Definition: Let f(n) be the function defining efficiency of an algorithm. Then, f(n) can be written as
6(g(n)) ie., f(n) = 6(g(n)) if and only if there exist three positive constants C;, C, and n,
suchthat 0 < C;g(n).£ f(n) < C,g(n),Vn = n,.

From the above examples, it can be seen that f (n) = 2n + 4 can be written as 6(n). Let C; = 2
and C, = 3, and estimate as follows

Valuesofn | f(n)=2n+4 | C;g(n) =2n C,g(n) Cigln) < f(n)
=3n < C,g(n)
0 4 0 0 No
1 6 2 3 No
2 8 4 6 No
3 10 6 9 No
4 12 8 12
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Valuesofn | f(n)=2n+4 | C;gm)=2n | Cg(n) C1g(n) < f(n)
=3n < Cg(n)
14 10 15 For all values of n > 4,
16 12 18 the condition holds. So,

f() =6(n).

Therefore, f(n) =2n + 4 = 0(n). From the above examples, it can be seen that f(n) =
6(g(n)) ifand only if f(n) = 0(g(n)) and f(n) = 2(g(n)).

Remarks: As the definition indicates, Theta says that the growth of f(n) shouldnot be-smaller or
greater than that of g(n). Thus, g(n) defines a tight bound of f(n). Figure 1.7 presents an
example illustrating relationship between f(n) andg(n) for different asymptotic notations.

+’”

(@ fn) =06(g()

Figure 2.7: An illustration of the relationship between f(n) and g(n) for different asymptotic notations.

Cog(n)

_—Fm

Crg(n)

ng

(b) f(n) = 2(g())

ny

€g(n)

)

(c) f(n) = 0(g(n))

Further, the following table.shows. the rate of growth for some of the common functions with
approximate values. It clearly shows that the growth rates of these functions hold the following

relationships.
L<logn<n<nlogn<n?<n®<2"<nl

input log,n | n nlog, n n? n3 2n n!

10 3.3 10 | 33x10 | 107 103 103 3.6 x 10°
10? 6.6 10% | 6.6 x 102 10* 106 1.3 x 103° 3.6 x 1017
103 10 103 10* 106 10°
10* 13 10* | 13 x 10* 108 1012
10° 17 10° | 17 x 10° 1010 101>
106 20 10% | 20 x 10° 1012 1018
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Table 1.1: Approximate values of some of the functions for different values of n

1.5.4 Small Oh and Small Omega Notations (0, w)

Definition Small Oh (0): A f(n) can be written as 0o(g(n)) i.e., f(n) = 0(g(n)) if and only if for any

positive constants C, there exists a positive constant n, such that 0 < f(n) < Cg(n),vn = ny.
That is, lim 2 = o,
n-oo g(n)

In the case of Big Oh, the condition f(n) < Cg(n) should hold for a particular C, whereas the
condition should hold for all C in the case of small oh. Therefore, f(n) = 2n + 4= 0(n), but
f(n) =2n+4 # o(n) as the condition does not hold for C<=2. Thus, f(n)=2n+4=
o(nlogn) or f(n) = 2n + 4 = o(n?). In this, g(n) defines a loose bound f(n).

Definition Small Omega (w): A f(n) can be written as w(g(n)) i.e., f(n) =.w(g(n))if and only if

for any positive constants C, there exists a positive constant n, such.that 0 < f(n) >
Cg(n),vn = n,. Thatis, lim ORI

n-oo g(n)
Analogy to definition of Big Oh and small oh, f(n) = 2n +4.= Q(n), but f(n) =2n+4 +#
w(n) as the condition does not hold for C>=5. Thus f (n) =2n+ 4 = w(legn), or f(n) = 2n +
4 = w(1). In this, g(n) defines a loose bound f(n).

1.5.5 Few Asymptotic Properties

If f(n), g(n) and h(n) are asymptotically positive functions, then the following properties hold.

Reflexive:

f(m) =0 ()
f@) =6(f(m)
f(m) =2(f()

Symmetric:

f() = 6(g(n)).ifand only if g(n) = 6(f (1))

Transitive:

Iff(n) = G(g(n)) and g(n) = G(h(n)), then f(n) = G(h(n))
If f(n) = 0(g(n)) and g(n) = 0(h(n)), then f(n) = 0(h(n))
Iff(n) =02(g(n)) and g(n) = 2(h(n)), then f(n) = 2(h(n))
If f(n) = 0(g(n)) and g(n) = o(h(n)), then f(n) = o(h(n))

If f(n) = w(g(n)) and g(n) = w(h(n)), then f(n) = w(h(n))

Transpose Symmetric:

f(m) = 0(g() if and only if g(n) = 2(f (n))
f(m) = 0(g() ifand only if g(n) = w(f (n))
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1.5.6 Solving Recurrence Equation

Running time of a recursive algorithm can be represented by a recurrence expression. In section 1.4,
we have taken an example of estimating the factorial of n using a recursive algorithm, whose
running time can be represented using a recurrence expression T(n) = T(n — 1) + ¢, T(1) = 1.
We have expanded the expression to obtain the expression T (n) = cn. Then, by substitution, we
can prove that T(n) = 8(n). Some more examples of recurrence expression and their ‘solutions
using substitution methods are discussed.

2T(n—-1)+1, ifn>1
1 ,ifn=1

Description: The algorithm has two recursive calls with n-1 data size

Example 1.13: T(n) = {

T(n) =2T(n—1)+1=2[2T(n=2) + 1] + 1 = 22T(n —2) + 2% +2°
=22[2T(n —3) + 1] + 25429 = 23T (n — 3) + 22 + 2 +2°

=22T(n—4)+1] +22 +21 +2°=2T(n = 3) 4 23 + 22 + 21 + 20

=2"IT() + 22 + - 428 +22 + 21420
=242 b 23 22 + 28 420
=2"—1=0(2")

Execution of above recurrence expression can also be visualized in the form of a binary tree
(a node.in the tree can have at most two children). T(n) = 2T (n — 1) + 1 means, the task
of solving the problem is divided into two sub-tasks with size reduced by one, and the cost of
dividing the task and other constant computations is 1. Running time can also be estimated
from the figure as well as given below.
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III"F{_r1-i\:| e —L
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(e2) (=2)Ce2) (T2
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(riyy (7)) (may) (7)) (T} (ma) (1) (T —— 2nl

=271 4224 b 22 + 21+ 20 = 2 £

Each node in the above tree represents a function call,-and two children represent two
instances of recursive calls from each function. At level i = 0 of the tree, there are 2t number
of nodes, and each node consumes a constant computation cost of 1. Therefore, level i of the
tree consumes a computation cost of 2¢. There are n number of levels:Therefore, the total
cost is 271 4 2M72 4 ... 4 22 4 21 420 = O(2™). . The "estimation: using the above tree
approach is known as Recursion Tree Method.

2Tm =1 +3, if n>1
1 , ifm=1

Description: The algorithm has two recursive calls with n-1 data size

Example 1.14: T(n) = {

T(n) =2T(n— 1) + 3 =2[2F(n — 2) + 3] + 3 = 22T(n — 2) + 3.21 + 3.2°
=22[2T(n —3)+ 3] +3.2543.2° = 23T(n — 3) + 3.22 + 3.2 + 3.2°

=23[2T(n —4)+3] +3.22+3.21 +3.20 =2*T(n—3) +3.23 + 3.22 + 3.21 +3.2°

=2"1T(1) +3.2"2 + - 4+3.22 +3.22 +3.21 +3.2°0

~3.2"1 43272 4 ... 43,22 43.2243.2143.20

~3(2" —1) = 0(2")
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Using recursion tree method, the running time of T(n) = 2T(n — 1) + 3 can be estimated as
follows. The computation cost at i*"level is 3 X 2¢, and there are n number of levels.

=201+ 3202 4 e +3.2243.2043.29 32" — 1

2T(m/2)+ 1, if n >1
1 ,ifn=1

Description: The algorithm has two recursive calls with n/2 data size

Example 1.15: T(n) = {

T(n) =2T(n/2) +1=2[2T(n/2?) + 1] + 1 = 22T(n/2?) + 2 + 2°
=22[2T(n/23) + 1]+ 2t +2° = 23T (n/22) + 22 + 2t + 20

=23[2T(/2") + 1] + 22 + 22 + 20 =24T(n/2%) + 23 + 22 + 21 + 20

=2KT(n/2¥) 4 2% .. + 22 + 22 4 21 420

=2kT(1) + 281 + .- + 22 + 22 4+ 21 + 20, Assume thatn = 2%

=2kT() + 2k 1+ 422422421420 =21 1 =2kt 1=n+1=0(n)
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cost at i**level is 2¢, and there are log, n number of levels.

=2k g1y g 22421 42022k 4 1 =n+1

Using recursion tree method, the running time of can be estimated as follows. The computation

2Tmn—1D+n, ifn>1
1 , ifn=1

Description: The algorithm has two recursive calls with n-1 data size

Example 1.16: T(n) = {

=222T(n—3)+ (n=2)] + (n=1)2  + n.2°
=2Tn—-3)+ (n=2)22+ (n— 1)2! + n2°

=2'"Tn—4)+(n—3)23+(n—2)22+ (n—1)2t + n2°

+ (n—0)2°

+2.224+1.2Y]

T(n) =2T(n—1)+n=2[2T(n=2)+n—-D}+n=22T(n—2) + (n— 1)2 + n2°

=2"IT(M)+ (n—n—2)2" 2+ + (n—3)22+ (n—2)22 4+ (n—1)2' + n2°

~rn—-m—-1D)2" 1+ (n—n-2)2"2+-+n-3)22+(n—-2)22+ (n—1)2!

=nRVT 42" 2 4.+ 28422421420~ [(n—-D2" + (n—2)2" 2 + .- 4+ 3.28
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1-(n+1)z"+nz"*?!

=n2"-2)-2(1-n2"+(n—-D2") as Pkt =z o

= 0(n2")
Using recursion tree method, the running time of T(n) = 2T(n — 1) + n can be estimated as

follows. The computation cost at it" level is n2:=* — (i — 1).217%,i > 1, and there are n
number of levels.

y X |y o A&
@ @ @ @ @ @ @ @ N2t = (20 42,22+ 3.28 + o+ (n— 1)277Y)
n—1
= ?12“_1 — kzk

2T(n/2) +n, ifn>1
1 sifn=1

Description: The algorithm has two recursive calls with n-1 data size

Example 1.17: T(n) = {

T(n) =2T(n/2)+n=2[2T(n/2%) +n/2]+n=22T(n/2%)+n+n
=22[2T(n/2®) + n/4]l+n+n=23T(/2)+n+n+n
=22[2Tm/2Y) +n/8]+n+n+n=2*T(n/2")+n+n+n+n

=2kTn/2%+n+-+n+n+n+n
=2KT(1) + n+ -+ n+n+n+n, Assume thatn = 2
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=nlog,n+n = 0(nlog,n)
Using recursion tree method, the running time of T(n) = 2T (n/2) + n can be estimated as follows.
The computation cost at every level is n, and there are log, n number of levels.

TS o, n_
@ @ 2 27"
e P ‘\‘
------------------
logz n 373 e,

b oo0 M Yo

Total:0(nlog, n)

From the above examples, it'can be seen that for solving a recursive algorithm, one needs to
expand its recurrence expression to a standard series to-get the corresponding asymptotic notation.
However, it may not be always possible or.trivial to get such an expression. In such as case, one
needs to approximate with a known bound. Let us consider another algorithm for generating
Fibonacci series i.e., 0, 1,4, 2, 3,5, ...., where a number in the series is the sum of the previous
two, i.e., B, = F,_1 + F,_5, Fy =0 and F; = 1. We can write both the iterative and recursive
algorithms for generation first n'Fibonacci series as follows.

Name: FibonacciSeries Name: Fib (n)

Input: Integer number n Input: Integer number n
Output: First n Fibonacci‘series Output: First n Fibonacci series
Description: F, = F, ., + F, 5, Fy, =0,F; =1 Description: F(n)=F(n-1)+F(n-2)
BEGIN BEGIN

1. |Initialize F1=0, F2=1 and i=2 1. IFn==10R n==0THEN

2. PRINTF1,F2 2. PRINT n

3. WHILE (i< n) 3. RETURN n

4. F3=F1+F2 4. ELSE

5. PRINT F3 5. PRINT Fib(n-1)+ Fib (n-2)
6 F1=F2 6. ENDIF

7 F2=F3 END

8 i=i+l

9. END WHILE

END
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Without difficulty, it can be seen that the iterative algorithm has a linear bound i.e., O(n), as the
while loop iterates for n times and there are constant running time steps within the while loop.
However, the recursive algorithm has a recursive expression of the form T(n) =T(n — 1) +
T(n — 2) + c. Because, it has two recursive calls of the size n-1 and n-2, and a constant
computation time for splitting the task and other constant steps. If we expand the recurrence
expression, we may not be able to get a standard series easily. For simplicity, let us assume ¢ =
1.

TmM)=Tn—-1)+Tn-2)+1
=Tn—-2)+Tn-3)4+14+Tn-3)+Tn—-4)+1+1
=Tn—-2)+2T(n—3)+T(n—4)+3

=Tn—-3)+T(n—4)+1+2Tn—4)+2T(n=5)+ 2+ T(n=5) +T(nh—6) +
143

=Tn—-3)+3T(n—4)+3T(n—-5)+T(n—6)+1+2+1+3

The above expression needs to be expanded till every recursive call reduces to T(1). It is not easy to
converse to a standard expression/series. In.such a scenario, one can approximate with a known
upper bound to get its asymptotic notation. It may be easier to use a pictorial tree-based
expansion to approximate its asymptotic relation.

From the Figure 1.8, which:computes fib(7), it can be seen that the nodes in a level is complete
only upto 4*level. That‘means, given n, only upto [n/2] levels will be complete, the rest of the
levels will be incomplete. However, as it is a binary tree, we know that the number of nodes
cannot be more than 2¢..So, we-can assume the bound as 2¢, and approximate the series as
T(n) <22 4201 4o 22421 + 20 = 271 — 1, and obtain the asymptotic complexity as
0(2™). The assuming 2" bound above may be a loose bound, as we know that the last levels will
have nodes lesser that 2™, The reader may attempt to get a better bound.
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1I:i:-l.£ :I

ib(3) (2) fb2) fb(1) fib(2) fib(1)

fitd2) 1)

fib{5)

f(7)
— B — ; 1
fib(6) .2

fib4) '.:u'j-t._\ d(3) - 22
fin(3) fb(3) fin2) fib3) fib2) fib(2) fib(1)---—--- 23
...... <24

i2) M) ---------

..... <20

T(n) <2" 242" 14422428 +202 20701

Figure 2.8: Tree representation of time complexity computation for fib(7)

What about the space complexity? As seen in Figure 1.7, the height of the tree is at the most n —
1. It means that the stack sector of the process running this algorithm.will ‘grow at the most by
n — 1 records. At any instance in time, the stack will hold at the most n.—.1 number of records

of the recursive function. Therefore, space complexity.is O (n).

2n

Similarly, let us take another example T(n) =T (g) +T (?) +n. It divides the task into two,
but with unequal sizes.Figure 1.8 illustrates the recursive expansion.

logalz n

Total:0 (?Togg /’2_71)

Figure 2.9: Recussive expansion for T(n)=T(n/3)+T(2n/3)+n

Every level has n computational cost and there are logs/, n levels. Therefore, asymptotic
complexity is O(nlogs,, n). It will have the space complexity of O(logs,, n), i.e., the height of

the tree.
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1.5.7 Master Theorem

As discussed in the classic book, Introduction to Algorithms, by Thomas Cormen, Charles Leiserson,

Rolard Rivest, and Clifford Stein, the asymptotic complexity of some of the standard recurrence
expressions can be directly obtained using Master Theorem, which is briefly defined below.
Let T(n) be a recurrence expression of the form T(n) = aT (g) + f(n) defined over a non-

negartive integer n, where a = 1 and b > 1 are constent, and f(n) is a function of n. The g in

the recurrence expression represents either EJ or [g] Then, the T(n) has the~following

asymptotic complexity bounds.

1. If f(n) = 0(n'°8 2~#) for some constant & > 0, then T (n) = §(n!°8» ),

2. If f(n) = 6(n'°8 @) for some constant £ > 0, then T'(n) = 6(n'°8 ¢ 1gn).

3.If f(n) = 2(n'°8 3+€) for some constant € >0, and if af (g) < ¢f (n) for all sufficiently
large n and some constant ¢ < 1, then T(n). = 6(f(n)).

In all the above three cases, the functionf(n).is compared with the function n'°8>¢_ If one if
asymptotically larger than the another, the asymptotic complexity.of T (n)is defined as 6 of the
larger function. If they are same, then multiply T'(n) by g n. In case 1,n'8 @ is asymptotically
larger than f(n), so, T(n) = 8(nl°8 %), Incase 3, f(n) is asymptotically larger than n'°8>%, so
T(n) = 0(f(n)). In case 2, they are asymptotically same; so T (n).= 8(Ign f (n)).

Let us take the following examples to understand the above-conditions.

L.

For T(n) = T(g) $1,a=1,b=24and f@)=1"Now, f(n)=nlogse =plog1 =1,
Therefore, T(n) = B(Ignnlog2 1) =6(Ign). If you recursively expand the expression T(n) =
T (g) + 1 with T(1) = 1, you will also see that T(n) = log, n + 1 = 8(log, n).

For T(n) =2T (g) +1, a=2b=2 and f(n) <nl°8r3¢ =nlog22 =n for £=0.
Therefore T(n) = G(nl‘)gzz) =0(n). You have also seen in Example 1.15 that T(n) =
2T (2) +1 = 6().

For T(n) = 2T (%) +n, a=2,b=2 and f(n) = nl°8 2@ = nl°822 = n_ Therefore T(n) =
6(1gnn'°®2) = @(nlgn). You have also seen in Example 1.17 that T(n) = 2T (g) +n=
O (nlog, n):

For T(n).= 2T (g) +n?, a=2b=2 and f(n)=>nlo8ate =plot22 =n for £=0.
Therefore, f(n) = 2(n'°822) = 2(n),and T(n) = 6(f(n)) = 6(n?).

For T(n) = 5T (g) +n, a=5>b=2 and f(n) < nlo8a-¢ = nlog25-0322 = n2 for ¢ =

0.322. Therefore T(n) = 49(n1°g2 5).



48 | Introduction

1.6 LINEAR AND BINARY SEARCH

Given an array of elements, a linear search algorithm will scan all the elements in the array one-by-one

from the first element till the last element and check if the element to be searched is present or
not. A sample linear search program which scans the entire array is discussed in example 1.2. As
this program scans all the elements in the array, its running time can be defined as T(n) = an +
b where a and b are positive constant, and its asymptotic complexity can be defined as T(n) =
o).
Further in Section 4.3, a variant of the linear search algorithm is discussed with its best.case,
worst case and average case scenarios. In the best case, the loop iterates only one time-and hence
T(n) is some constant and its asymptotic complexity is T(n) = 8(1). In the worst case, the loop
iterates for n times with running cost T(n) = an + b, and its asymptotic complexity is-T'(n) =
0(n). In the average case, it has T(n) = an + b running time (see Section 4.3 for a detailed
estimate), and has T (n) = 6(n) asymptotic complexity:

In the above case of linear search, the elements in thearray are allowed to be in any arbitrary
order. Now, let us assume that the elements are in ascending order: (it can-also be in descending
order). Under this assumption, the scanning of the element can be restricted till we find an element
in the array which is equal to or greater than the element to be searched and modify the algorithm
as follows.

Algorithm: LinearSearch

Input: An element e, a sorted array A

Output: Print the index of the element if FOUND
Assumption: A has n elements

BEGIN

1. |Initializei=0

2. WHILEi<n

3 IFAli] == e THEN
4, Break

5. END IF

6 i =i+l

7. END WHILE

8.. IFi < n.THEN

9 PRINT FOUND at i
10. ELSE

11.  Print NOT FOUNT
12. END IF

END
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Similar to the earlier version of linear search given in Section 4.3, the above algorithm also will
its best case if the element is found at the first location, average case if the element is found at
the arbitrary location, and worst case if the element is not found or found at the last location of
the array. Accordingly, its best case, worst case, and average case time complexity are
6(1),6(n) and 6(n) respectively.

If we mandatorily assume that the elements are in sorted order, can we do better? Unlike linear
search, instead of scanning the array from first to last, we can check the middle element directly.
If the element to be searched is found in the middle, we stop searching. If the element. to be
searched is smaller than the middle element, then the element could be in the first half of the
array. In such a case, we search only the elements in the first half and elements in the second half
are ignored. If the element to be searched is larger than the middle element, then‘the element
could be in the second half of the array. In such a case, we search only the elements in-the second
half and the elements in the second half are ignored. In this manner, the above search conditions
are successively applied over the selected half of the intermediate array till the size of the array
is 1 or element is found. This approach is called binary search. It is binary because larger array
is divided into two smaller halves and search the element. Such an approach of dividing a bigger
problem size into a smaller problem size(s)and solve the target problem is known as divide and
conquer. Using divide and conquer, a complex problem may be able-to solve more easily and
efficiently and effectively. Recursive algorithms are generally divide and conquer. The above
binary search approach is illustrated with the example below.

Input Array: A ={3, 5, 6, 10,43, 17, 19, 20}, index start-from 0
Element to be search: 4
Number of elements: n=8
Step 1: As array size is not 1, perform the following.operations.
(i) Check the middlei.e., A [E] — 1] = A[3] and compare with searched

elementi.e., 4

(ii) The middle elementi.e.; 10'is not the searched element. Divide the array
into two halves {3, 5, 6}10 {13, 17, 19, 20}
(iii) As middle element 10 larger than the searched element 4, select the first

halfi.e.;{3, 5, 6}

Step 2: As array size'is not.1, perform the following operations.

(i) Check the middlei.e., A [E] - 1] = A[1] and compare with searched

elementi.e., 4

(ii) The middle elementi.e., 5 is not the searched element. Divide the array
into two halves {3} 5 {6}
(iii) As middle element 5 smaller than searched element 4, select the first half

i.e., {3}, 5, 6}
Step 3: As the array size is 1, the element is not the search element, Print NOT FOUND and
terminate.
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Middle

[3]s5]6]10]13]17]19] 20 |« Searched element not found

Middle
[3[5]6] [ [ T [ ]« Searchedelement notfound
Middle
‘ B | | | | | ‘ | ‘4 - Not found and terminate

In the above scenario, comparisons with only three number of elements (out of 8 elements-in the
array) are performed. This three is nothing but [log, 8] = 3. Instead of 4, if we search 10, we can
find in the first step itself, i.e., one comparison. Likewise, if we search 5, ‘it needs two
comparisons. For search element 3, it needs three comparisons.

If we search for 6, we get the element in three steps as shown in ‘the following figure.

Middle

‘ 3 | 5 ‘ 6 | 10 ‘ 13 ‘ 17 | 19 ‘ 20 |4 -'Searched element not found

Middle
‘ 3 | 5 ‘ 6 | ‘ ‘ | ‘ |4 - Searched element not found
Middle
1 Te] T =T /=~ Foundandterminate

For 13, we get in three steps; For 17;we get in two steps as shown in the following figure.

Middle

‘ 3 | 5 ‘ 6 ‘ 10 ‘ 13 ‘ 17 | 19 ‘ 20 |4 - Searched element not found
Middle

‘ | ‘ ‘ ‘ 13 ‘ 17 | 19 ‘ 20 |4 - Searched element not found
Middle

‘ | ‘ ‘ ‘13‘ | ‘ |4 - Found and terminate
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For 19, we get in three steps.
Middle

[3]5]6]10]13]17]19] 20 |« Searched element not found
Middle

| | | | | 13 | 17 | 19| 20 |4 -- Searched element not found
Middle

| | | | | | | 19| 20 |4 -- Found and terminate

For 20, we get in four steps as shown below. Likewise, if we search any element larger than 20,
it will take four steps.
Middle

3] s5]6]10]13]17] 19 20 |« Searched element not found
Middle

BN |13 J17 [ 19 ] 20 |« Searched element not found
Middle

R | | _[i197] 20|« - Search element not found
Middle

L 1 1T [ 47 12} []20]« - Foundandterminate

An iterative binary search-algorithm is given below. In every iteration of the while loop, the size
of the array is reduced by half by updating the low or high variable by mid+1 or mid-1. Therefore,
the while loop. will iterate at the most upto log, n.
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Algorithm: binarySearch

Input: ele-Element to be searched, A-array

Output: Return the index if found, -1 if not found

Assumption: Elements are in ascending order. There are n number of
elements

BEGIN

1. Initialization low=0, high=n-1, mid=-1

2. WHILE low <= high REPEAT

3. mid = CEILING((low + high)/2)

4. IF A[mid]==ele THEN

5. return mid

6. ELSE IF ele > A[mid] THEN
7. low = mid + 1

8. ELSE THEN

9. high = mid - 1

10. END IF

11. mid = -1

12.END WHILE

END

A recursive binary search algorithm is given below. The recurrence expression of the algorithm
can be definedas T(n).=T (E) + ¢, where ¢ is theconstant factors.

Algorithm: binarySearch(A, ele, low, high)
Input: Array, Element to be searched, start index, end index
Output: Return the dindex 'if found, -1 if not found

Assumption: Elements.are in .ascending order.

BEGIN

1. IF low > high THEN

2 return -1

3. ELSE

4. mid.=.(low + high) / 2

5. IF A[mid] == ele THEN

6 return mid

7 ELSE IF A[mid] < ele THEN

8. return binarySearch(A, ele, mid + 1, high)
9. ELSE THEN

10. return binarySearch(A, ele, low, mid - 1)
11. END IF

12. END IF
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Best case: the element is found in the middle. It will take asymptotic constant time i.e., T(n) = 6(1).
Worst Case: The element is not found or found in the last step. It will take asymptotic log, n i.e.,
T(n) = 6(log, n).
Average case: Given an array with n elements, we observe the following generalizations from the above
examples.
e There is 2° index in the array that needs one comparison.
e There are 2! indexes in the array that need two comparisons.
e There are 22 indexes in the array that need three comparisons.
e There are 27! indexes in the array that need i comparisons.
e There are 2'°82™~1 indexes in the array that need log, n comparisons.

l 1
Given n indexes, probability of an index with i number of comparisons is —=: Therefore, average

k1

number of comparisons is T(n) = 1—+2 +3 + + k2 p Where n=2k ie, k=

log, n.

Therefore, T (n) ——Zl L2t =—Z - i2t = [21 (k+1)n+2kn] :

27 === k~1+2k
=k—1+;zlog2n—1=0(log2n)

So, the average case time complexity is O(log, n).

UNIT SUMMARY

In this unit, the concept of data structure and algorithm, their relationship from the aspect of solving a
problem through a computer program have been’ discussed in detail with appropriate examples.
The contents of the unit have been logically organised for understanding the following thematic
concepts:

e  What is a data structure, and what are the terminologies related to data structure?
e Categorization-of data structures based on the
o Structural relationship between the data elements (linear or non-linear).
o Memory allocations (static or dynamic, and contiguous or non-contiguous).
o Different types.of data structures (array, linked list, stack, queue, tree, graph)
e  What is an-algorithm and what are the properties of algorithm?
e . Approaches of evaluating an algorithm?
o _~Asymptotic notations
o “Time complexity and space complexity
o Best case, worst case, and average case
e Estimating complexity of a given algorithm
o Iterative and recursive
o Recurrence expression, recursive tree and Master’s theorem
e Searching — linear search and binary search
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EXERCISES

Many of these questions have been compiled from various sources including past GATE examinations.

Multiple Choice Questions
Q1. Consider the following C program segment:
int i=1, n;
while (i <=n)
i=1i*2;
The number of comparisons made in the execution of the loop for any n > 0 is:

(A)  [logzn] +1 B) n (C)  [log,nl (D)  |log; n}+1

Q2. Consider the following C program segment:
int i=1, n;
while (i <=n)

i=1*2;

For any n > 0, the time complexity of the above program segment is:

(A)  6(logzn) B) 6 (© 0(1) D) o(n*)

Q3. Consider the following C program segment:
int i=1, n;
while (i <=n)

i E0ivog

For any n > 0, the'space complexity of the above program segment is:

(A)  6(logan) (B) 0(n) © o) D) 6(n?)

Q4. The following C function determines GCD of two positive integer numbers n and m. Letn > m.
int gcd(n,m) {
if (n $ m ==0) return m;
return gcd(m, n%m);

}

How many recursive calls are made by this function?
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(A)  6(log;n) B) 0om (O 6(oglogzn) (D) 6(Va)

Q5. What is the time complexity of the following recursive function:
int do (int n) {
if (n <= 2) return 1;
else return (do(floor(sgrt(n))) + n);
}
(A) 6(log, ) (B) 6(nlogon) (C) 6(logylog,n) (D)  6(n?)

Q6. Consider the following code segment:
int isPrime (n) {
int 1i,n;
for (1i=2;i<=sqgrt (n);i++)
if(n%i == 0) {
printf ("Not Prime\n”) ;

return 0;

return 1;

}
Let T (n) denote the number of times the for loop is executed by the program on input n. Which of the

following is TRUE?
(A) | T(n) = 0(Vn) and T(n) = 2(n) B) | T(n) = 0(vn) and T(n) = 2(1)
(©) | T(n) = 0(n) and T(n) ="02(v¥n) (D) | None of above

Q7. Consider the recurrence equation T'(n) = 2T(\/ﬁ) +1,T(1) = 1. Which one of the following is
true?

(A) T(m) =@(oglogn) (B) T() =0(ogn) (O T(m)=6(Vn) (@) ()

Q8. Consider the functions. f(n) = 2™, g(n) = n®, and h(n) = n'°8™. Which one of the following
statements about the asymptotic behavior of the functions f(n), g(n) and h(n) is true?

(A) | f(n) = 0(g(n)) and g(n) = O(h(n)) (B) | f(n) = 2(g(n)) and g(n) = O(h(n))
(©) | g) = 0(f(m)) and h(n) = 0(f (M) (D) | h(n) = 0(f(n)) and g(n) = 2(f (n))
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Q9. The minimum number of comparisons required to determine if an integer appears more than n/2
times in a sorted array of n integers is

(A) 6(n) (B) 6(logn) © 9(%) D) 6(1)

Q10. Let W(n) and A(n) denote respectively, the worst case and average case running time of an
algorithm executed on an input of size n. Which of the following is ALWAYS TRUE?

A) Am=02Wm) @B AN ©) A D) A
= 0(W(n)) = 0(W () = o(W(n)
Q11. The recurrence relation capturing the optimal execution time of the Towers of Hanoi problem with
n discs is
(A) T(n) =2T(n—2) +2 (B) Tn)=2T(n—1+n
© T(n) = 2T (g) +1 D) | T(n) =2T(n— 1)+ 1

Q12. Find the returned value of the following function.
int unknown (int n) {
int i, j, k =.0;
for (i = n/2; i <= n; i++)
for (J = 2; J <=n;'jJ =9 *.2)
k=% +n/2;
return k;

}
(A) o(n?) (B).” 0 (n?logn) ©) 6(® (D) 6(n’logn)
Q13. Find the returned value of the following function.
int unknown (int n) {
int i, 3, 'k = 0;
for (i = 1; 1 <= n; 1i++)
for (j = 1; j <= n; Jj++)
k=%k + 1;

return k;

(A) 0(n?) (B) 6(n?logn) © 0(n®) (D) 6(n3logn)
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Q14. Find the returned value of the following function.
int unknown (int n) {
int i, j, k = 0;
for (1 = n/2; i <= n; i++)
for (J = 2; jJ <=n; j =3 *2)
k=%k + 1;
return k;
}

(A) 0(n?) (B) 6(n?logn) (C) H(nlogn) (D) 6(n)

Q15. Which one of the following correctly determines the solution of the following recurrence

relation?
n
T(n) = 2T(§)+logn, n>1
1, n=1
(A) o(n) (B) 6@?).  (C) - 0(nlogn) (D) 6(logn)

16. Which of the following statements best describes the relationship between algorithms and data structures?
A) Algorithms are used to define the structure of data in a program.

B) Data structures are used to define the approach of using the data to solve a problem.

C) Algorithms and data structures are inherently related and go hand in hand.

D) Data structures are more important than algorithms in developing efficient programs.

17. Which of the following is not'true about contiguous memory allocation-based data structure?
(A) The non-linear data structures can be implemented.
(B) Contiguous memory allocation does suffer from internal fragmentation.
(C) The size of'the storage structure can be changed during runtime.
(D) If the address-of the first data element is known, the address of any data element can be
directly derived by its index without scanning the other data elements

18. Which of the following is NOT a common operation that can be performed over the data of a data
structure?

(A) Addition
(B) Deletion
(C) Updation
(D) Creation
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19. Which one of the following is NOT true regarding Linear and Non-Linear Data Structures?
(A) A linear Data structure stores its data sequentially.
(B) A non-linear data structure orders its data elements non-sequentially.
(C) Arrays, queues, and stacks are common examples of linear data structures.
(D) Non-linear data structures cannot be implemented using contiguous memory allocation.

20. What is the output of the following code?

main () {
int a[l1l0];
al0] = 3;
all] = 1;
al2] = 7;
printf (“%d”,al10]);

}
(A) Segmentation fault

B) 7
(C) 9999999
D) 0

21. Analyse the time and space complexity of the following program.
int fact (int n) {
if(n == 1)
return 1;

return n*fact (n-1);

(A) T(n) = 0(n) and S(n) = 6(1)
(B) T(n) = 6(n) andS(n) = 6(n)
(C) T(n) =6(1)and S(n) = 06(n)
(D) T(n) = 6(1) and S(n) = (1)

22. The Best case; Worst case and Average case of a Binary search algorithm given in respective order is
given by
(A) 0(n),0(logn),6(n)
(B) 6(n),6(n?),6(logn)
(C) 6(1),6(logn),8(ogn)
(D) 8(logn),8(logn), 8(logn)
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Short and Long Answer Type Questions

Q1. Consider the following function and determine the functionality of foo. Estimate time complexity
and space complexity of the function.

int foo(int a, int Db){
if(a == b)
return a;
if (a > b)
foo(a - b, b);
else
foo(a, b - a);

Q2. Consider the following function and determine the functionality of foo. Estimate time complexity
and space complexity of the function.
int foo(int a, int b, int.res) {

if (a == b) return fes*a;

else if((a%2 ==.0) && (b%2 == 0))
return foo(a//2, b//2, 2*res);

else if (a % 2 == 0)
return foo(a // 2, b,«xes);

else if (b 5 2 == 0)

return foo(a, b // 2, res);

else if (a > Db)
return foo(a.= b, b, res)y

else return foo{a, b - a, res);

Q3. Prove or disprove
1. Iff(n)= O(nlogz C) for some constant positive c, then T(n) = 6(n!82¢).
2. If f(n) =6 (n'°82¢) for some constant ¢ > 0, then T(n) = 6(n'°82¢1gn).
3. f(n) = 0(g(n))ifandonly if g(n) = 2(f (n)).
4. f(n)=o(g(n)) ifandonly if g(n) = w(f(n)).
5. loggn= %10g n

Q4. If the time complexity of an algorithm is defined by T(n) = 1 X2 +2 x 22 4+2x 23 ...+ 2 x 2™,
What is the asymptotic time complexity of T (n) in term of big-O?

Q5. If the time complexity of an algorithm is defined by T(n) = Y.i-;|log, i]. What is the asymptotic
time complexity of T'(n) in term of big-O?
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Q6. If the time complexity of an algorithm is defined by (n) =1+ (1 - %) n+ (1 - % + %) n(n —
1)+ (1 - % + % - %) n(n —1)(n —2) + --- . What is the asymptotic time complexity of T (n)
in term of big-O?

Q7. If the time complexity of an algorithm is defined by T(n) = 1% + 22 + 32 + --- + n2. What is the
asymptotic time complexity of T'(n) in term of big-O?

Q8. Prove or disprove

cO(f (n)) = 0(f (n)) for some constant positive c.
0(f(m) +0(f(n) = 0(f(n))

0 (0(f(m)) = 0(F ()

0(f(mg(m) = 0(f(n)g(n))

0(f(mgm) = f(0(g(W)

Q9. Prove or disprove: 0(f(n) + g(n)) = f(n) + 0(g(n)), if f(n) and g(n) are positive for all n.

A S e

Q10. Prove or disprove: 8(e™) < 8(n™) for an arbitrary m.

Numerical Problems

Q1. Find the asymptotic time complexity in terms of 0, 8, 2,0, w, wherever feasible, of the following
expression.

1. T(n)=2T (g) +3T (g) +1,7(1) =1

n

2. T(m) =T (g) +T (2?") +1,T(1) =1

3. T() =T (g) +T (g) + o), T() =1

4. T) =T (3)+37 (3)+ 6@, T(1) =1

5. T(n) =T(n—1) +2T(n.=2) +1,7(0) = 0, T(2) = 1

Q2. Consider the following recurrence equation and estimate its asymptotic complexity in terms of O.
n
T(n) = 3T (Z) +n,T(1) =2
Q3. Consider.the following recurrence equation and estimate its asymptotic complexity in terms of O.
n
T(n) = 2T ([;j) +Vn, T =2

Q4. How many substrings of different non-zero length (but less than or equal to n) can be formed from
a string of length n?

Q5. Given an array with n number of integer numbers. What is the minimum number of exchanges
required in worst case, if we want to arrange the numbers in the array such that all negative
numbers occur before all positive numbers.
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PRACTICAL

Q1. Consider two matrices of orders n X k and k X m. Write a program to multiply the two matrices
and estimate the time complexity of the algorithm.

Q2. Consider two matrices of orders n X m. Write a program to add the two matrices and estimate the
time complexity of the algorithm.

Q3. Write a program to find second smallest element in an array of n elements, and estimate its time
complexity.

Q4. Write a program to solve Tower of Hanoi problem, and estimate its time complexity.
Q5. Write a program to find LCM of two positive integer numbers, and estimate its time complexity.
Q6. Write a program to find prime factors of a positive integer number and estimate its time complexity.

Q7. Write a program to convert a number with radix a to its‘equivalent number with radix b and estimate
its time complexity.

Q8. Consider a set with n integer numbers. Write aprogram to generate all permutations‘of size k < n,
and estimate its time complexity.

Q9. Write a program to find square root of a given positive.integer.number, and estimate its time
complexity.

Q10. Write a program to find log.a given positive integer number based b, and estimate its time
complexity.

KNOW MORE

Loop Invariant: Given a program, the problem of guaranteeing the correctness of the program is one
of the core challenges in software development. Researchers and practitioners use a variety of
techniques to validate correctness of the program. For an iterative problem, loop invariant is one
of the approaches which can'be used to help understanding correctness of an algorithm/program.
The loop invariant of a given loop.is a Boolean condition which is true — (i) before the loop starts,
(i) during the execution of the.loop, and (iii) after the loop.

A loop can be realized as'the following template.

while' E {
S

where E is the loop condition also known as loop guard, and S is the loop body. The loop invariant
should be true — (i) before the execution of the while loop, (ii) before the execution of S and
after the execution of S during each iteration of the loop, and (iii) after exiting the loop. Let us
illustrate the above conditions with the following algorithm which estimates the sum of the
elements in an array.
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Algorithm: SUM
Input: A - an array of integers

Output: sum - sum of the elements in A

Begin:

1.1 =20

2. sum = 0

3. while (i < len(d))

4 sum = sum + A[i]
5 i =1+ 1

6. return sum

END

For a given problem, identifying an appropriate loop invariant condition is the most crucial task.
One needs to identify the condition which willhold for before, within-and after thedoop justifying
the correctness of the program. For the above example, we define the loop invariant as follows.

Invariant(i,sum): 0 < i < len(A) AND sum = Y;ZVA[j]

The above invariant condition ensures that at a particular instance of loop iteration, the sum will
hold the sum of all the effected elements in the array. The above loop invariant holds true during
the following stages.

1. Before the start of the loop, the value of i is 0 and'sum is also 0. The invariant is true.
2. For an arbitrary value of i while iterating the loop i.e., 0 < i < len(A), the sum is equal to
Zj'-;%, A[]] before the start of S'and after executing S. Thus, the invariant is true.

3. After the exiting the loop; i = len(4) and sum = A[0] + A[1] + ---+ A[len(A) — 1]. Thus,
the invariant is true.

The above algorithm can be annotated as follows.

Algorithm:~SUM
Input: A= ancarray of integers

Output: sum. = sum.of the elements in A

Begin

1. 1 =20

2. sum = 0

3. // loop invariant holds here

4. while (i < len(A))

5. // loop invariant holds here
6. sum = sum + A[i]

7. i=1i+1

8. // loop invariant holds here
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9. return sum
10. // loop invariant holds here

END

Prove of Correctness of a Program: Prove of correctness of a program can be performed using

induction on the invariant. The following three steps are generally performed.

1. Base Step: The loop invariant is true just before entering the loop.

2. Induction Step: Assume that the loop invariant and loop guard are true at an arbitrary iteration
in the loop. Then, prove that they are also true in the next iteration.

3. Postcondition Step: The loop invariant and negation of the loop guard are true after exiting
the loop. Satisfying negation of loop guard is important to ensure successfully exiting the
loop.

Let us illustrate the above steps with the example program above.

1. Base Step: Just before entering the loop, i = 0 andsum = 0. Now.let us check the invariant
-1

Invariant(0,0): 0< 0 < len(4) AND 0.= ZA[]’]
j=0
Both the conditions are true.

2. Induction Step: Let us assume that the invariant is true at.the time of entering an arbitrary
iteration k, that is Invariant(0, k): 0 < k <.len(A)AND sum,, = Z}‘;(}A[i] is true.
Now, we need to prove for Invariant(0;k +1):0 <k + 1 < len(A)AND sumy 4 =
sumy + Alk].

Given that loop guard holds during the iteration. The next iteration of k is k + 1.
At the k" iteration, sum,, is equal to'the sum of the first k elements in the array. Now,
sumyq = sumy, + Alk] i.e; Zj-‘zoA[]']. Therefore, sum, ., is the sum of the first k + 1
elements in the array. Hence, the induction is proved.
3. Postcondition Step: When i = len(A), the loop guard fails i.e., negation of loop guard is
true. At this instance, sum = Zﬁ’g(‘q)_l A[j]- That is, the sum of all the elements in the array.
Then, the loop invariant and negation of the loop guard are true.

Additional Examples on Loop Invariant:
Example 1:

Algorithm: Balance decrement and increment of two variables

1. 1 =n

2. 3 =0

3. while (i > 0){
4. i =1i-1
5. J o= J+1
6. }
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7. Print the values of i and j

Invariant(i,jn):0<i <nANDO<j<nANDi+j=n

Example 2:

Algorithm: Find maximum value in an array A

Assumption: few positive values(at least one) are present

0
int 1 = 0; 1 < len(d); i++) {
(A[1] > max) {

max = A[i];

~N o O WN

. Print max

Invariant(i, max): 0 < i < len(4A) AND max =max(4[0 ... (len(4) — 1D)])

Further Reading

Readers are encouraged to explore the following E-Books/E-Resources for additional examples, and
discussions on related topics.

L.

Complexity of Algorithms. Chapter 1, Electronic Lecture Notes - DATA STRUCTURES AND
ALGORITHMS, by Y. Narahari (https://gtl.csa.iisc.ac.in/hari/wp-
content/uploads/2021/10/dsa.pdf)

Arrays, Iteration, Invariants. Chapter 2, Lecture Notes for Data Structures and Algorithms, John
Bullinaria, School of Computer.. Science, University of Birmingham, UK
(https://www.cs.bham.ac.uk/~jxb/DSA/dsa.pdf)

Algorithm Analysis, Chapter 2, Data Structures and Algorithm Analysis in C++, Weiss, Mark
Allen, 4th Ed: (https://www.uoitc.edu.ig/images/documents/informatics-
institute/Competitive  exam/DataStructures.pdf).
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2 Array, Stack and Queue

UNIT SPECIFICS

This unit discusses the following linear data structures:

o Array,
o Stack;
e Queue;

Each data structure is first conceptually-introduced and-then followed by storage structure,
applicable operations with appropriate examples and diagrams.. The algorithm for each of the
operations is also discussed. The complexity of each algorithinis also discussed. Initially, array
data structure and its properties are discussed in. details. Storage structures of different types of
arrays — multidimensional arrays, sparse arrays.are presented with appropriate visualization.
After that, implementations of Stack and Queue data structure using array are given in details
along with their algorithms and sample programs. Few applications of Stack data structure are
also discussed. Implementation of circular queue using array is also presented. The conceptual
understanding of Abstract Data Type (ADT) is briefly introduced, and generalized definitions of
Stack and Queue ADTs are provided.

A large number of exercise’questions of different types - multiple choice, short and long answer
typed questions, practice questions:are also given. For additional questions and reading materials,
a QR code has been provided which is linked to a web page, for further reading and exercises.

RATIONALE

This unit discusses. three of the most fundamental data structures. Among the data structures
(discussed in this unit and later units), array is the most fundamental data structure, which may be
used further implementing other data structures. For instance, the other two data structures — Stack
and Queue discussed in this unit are implemented using array (they can also be implemented using
another data structure called linked list discussed in Unit-111). Therefore, array data structure, its
types, operations on array, etc. are first introduced. It is followed by the conceptual definitions of
stack and queue, their implementations using array.



Data Structures and Algorithms | 67

PRE-REQUISITES

Programming: C programming language (Many of the examples are given in C like statements)
Computer System.: Main Memory

UNIT OUTCOMES

List of outcomes of this unit is as follows:

U2-0O1: Understanding Array data structure, different types of arrays

U2-02: Algorithms of different types of operations on array, and estimating their complexities
U2-03: Understand stack data structure

U2-0O4: Algorithms of different types of operations on stack, and estimating their.complexities
U2-05: Understand stack data structure

U2-06: Algorithms of different types of operations on queue, and estimating their complexities

Unit-2 EXPECTED MAPPING WITH COURSE OUTCOMES
Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
Cco-1 CO-2 CO-3 CO-4 CO-5 CO-6
U2-01 1 - 3 - - -
U2-02 1 - 3 - - -
U2-03 1 - 3 - - -
U2-04 1 - 3 - - -
U2-05 1 - 3 - - -
U2-06 1 - 3 - - -




68 | Array, Stack and Queue

2.1 ARRAYS

An array is a collection of finite number of homogeneous data
elements stored at contiguous memory locations. Elements
Homogeneous means, the data elements are of the same
type. It is a linear data structure, because its data elements
are ordered as first, second, third, and so on. The data
elements of an array are stored at contiguous memory Figure 2.1: Array
locations linearly.

Index defines the location and ordering of the data elements. If the index of the first element is 1, the
index of the second element is 2, the index of the third element is 3 and so on.'The indexes of
the first and last elements of an array are often referred to as lower bound. (LB) and upper
bound (UB) respectively. Figure 2.1 illustrates an example of an array with {5, 7,2,8, 1, 3} data
elements, and its LB and UB as 1 and 6, respectively. The first element 5 is stored at index
LB = 1. The second element 7 is stored at the index LB+1, the third element 2 at the index
LB+2 and so on. The last element 3 is stored at the index UB. The number of data‘elements in
an array is defined by (UB — LB +1) =(6—1+1) =6.

The data element at any arbitrary location can be accessed using its index, without visiting other
elements in the array. Therefore; the method of accessing data’elements of an array is also
referred to as random access method. If the name of an array.is A, the first element of 4 can be
accessed as A[LB], second element as A[LB + 1] and so on. The number of the elements in the
array is limited by the amount of memory allotted for the array-in the memory.

2.1.1 Types of Arrays

An array can be defined as an one=dimensional (1D) array or a multi-dimensional array (more than one
dimension). Figure 2.1 defines an.example of a 1D array. A two-dimensional (2D) array is defined
as an array of 1D arrays. Likewise, a three-dimensional array is defined as an array of 2D arrays,
and so on. Figure 2.2 illustrates 1D, 2D and 3D types of arrays pictorially.

One Dimensional Two Dimensional Three Dimensional

Figure 2.2: Types of Arrays
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While 1D array is defined as A[Columns] where Columns represent the number of data elements, a 2D
array is defined as A[Rows][Columns], where Rows represents the number of 1D arrays. The
sizes of constituent 1D arrays are same. Likewise, 3D array is defined as
A[Plates][Rows][Columns], where Plates represents the number of 2D arrays of same sizes. In
the similar way, higher order array can be defined. In C/C++ programming language, 1D, 2D,
and 3D arrays of integer types can be defined like int A[10], int A[5][10], and int A[3][5][10]
respectively. The number of data elements that can be accommodated in each dimension is also
referred to as the order of the constituent array. In the above example, the order of the 1D array
is 10, 2D array is 5 X 10 and 3D array is 3 X 5 X 10. In general, the order of an array of -
dimensional array is ny, X ng_q; X ng_p X ...n, X nywhere n; represents the size' of the
it"dimension.

2.1.2 Representation of Arrays in Memory

One-dimensional Array: Let 4 be an array of size n. Let the datatype of its data elements be Type,
which needs & number of bytes. While defining the array 4, a memory of size n X k will be
allocated in a contiguous memory location in the computer’s memory. (i.e., main memory). Figure
2.3 illustrates allocation of an integer array of 5 elements. It is assumed that an integer datatype
needs 2 bytes of memory. In this example, the base address, the starting memory address of the
array is 1000. Each memory location has one byte of storage. Therefore, the bytes at the location
1000 and 1001 together store the first element of the array i.e., 4/0], assuming LB=0. Similarly,
successive two bytes of storage store the successive elements,

998
999
1000 1 A[0]
1001
1002 4 Al1]
1003
1004 3 Al2]
1005
1006 10 Al3]
1007
1008 16 Al4]
1009
1010

Figure 2.3: Allocation of an integer array of 5 elements in memory. The lower bound is assumed to
start from O, and {1, 4, 3, 10, 16} are the elements in the array. Each element consumes two bytes
of memory.
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Since the elements are stored at consecutive memory locations, the memory address of the i*"element
of the array can be estimated as below.

Address of Ali] = base address + (i — LB) X k

where £ is the byte required for the underlying datatype. In the above example, base address is
1000, k = 2 and LB = 0. The address of A[3]is 1000 + (3 — 0) X 2 = 1006. Ifthe LB is 1, the
address of A[3] willbe 1000 + (3 — 1) X 2 = 1004. In general, the name of the array represents
the address of the first element.

Example 2.1: Understanding memory allocation of a 1D array.

Let us consider the following array declaration in C/C++ programming language to define the
example shown in figure 2.3. The index starts from 0, i.e., LB = 0.

int A[5];

The array variable name A represents the address of the first element in the array. Therefore,
the following two printf statements will print the same data element 1.

printf ("sd", A[O0])r
printf ("&d", *A)
Similarly, A[1] and * (4 + 1) will point to the second data element 4. Therefore, A[i] and

* (A + i) point to the same i*"data element.

Two-dimensional Array: Let 4 be a two-dimensional array of order n X m, i.e., n number of rows and
m number of columns. Though the‘elements in a 2D array is pictorially arranged as rows and
columns, they are actually storedlinearly in memory as a sequence of n X m memory blocks.
Each memory block holds one data element. The size of the memory block is defined by the
number of bytes required for holding a data element (i.e., size of the datatype of the array). The
2D elements can be arranged in‘memory either in row major order or column major order.

In row major order; the elements are stored row-wise i.e., the elements in the first row, then the
elements in the second row, and so on. Figure 2.4 illustrates storage of a 3 X 6 integer array
sequentially in memory in row major order. Assuming that the base address is 1000, the elements
in the first row are stored in the order of its columns i.e., first element at 1000, second element at
1002, third element at 1004, and so on. After storing all the elements in the first row, the elements
in the second-tow are stored in the same manure. Likewise, elements in the subsequent rows are
stored.

The address of an element A[i][j] in row major order is defined as below.
Address of Ali][j] = Base address + ((i — LBg) X Col + (j — LB¢))k

where k is the number of bytes required for a memory block, Col is the number of columns in the
array, LBy is the lower bound of the row index, and LB is the lower bound of the column index.
The (i — LBg) X Col in the above expression defines the number of affecting elements till the
(i — 1)*" row, and (j — LB.) defines the number of affecting elements in the i** row. Figure 2.4
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assumes 2 bytes of memory for
an integer datatype. Therefore, 10001 5 LA(00]

o 1002 [_7_[A03]
the a'ddress of A[1][3] in Figure 1004 [ 2 A0 1, pouy
2.4 is 1000+ ((1—0) x 6 + 1006 [ 8 [A[0,3]
(3—-0)) x2=1018, where 1| :‘{g'g}
LBr = 0and LB; = 0. 1012 1 [A[L0] columns

. 1004 3 |AL1) Lot o2 3o
In column major order, the 1016 4 _[AL2 ], o( ST
elements are stored column- 1018 [ 1 _[A@L3 |2 oW Rows 1 (=3l sl s )
wise i.e., the elements in the ~ 1020 7 |A[14] £ S G B3 6 S
1022 9 A[1,5] Two Dimensional

first column, then the elements 1024 [ 4 [AR0]
in the second column, and so 1026 8 [A21]
on. Figure 2.5 illustrates the el 253 3 Row
storage of a 3 X 6 integer array 1032 [ 3 [AR4)
sequentially in memory column 1034 5 [A25]

major order. The address of an
element A[i][j] in column

o Figure 2.4: Storing elements in two-dimensional
major is defined as below.

array in memory using row major order.

Address of Ali][j] = Base.address + ((j —LB¢) %Row + (i — LBp))k

where k is the number of bytes required for a memory block-and Row is the number of rows in
the array. The (j — LB¢) X Row in the above expression defines the number of affecting elements
till the (j — 1)t" columns, “and (i — LBg) defines the number of affecting elements in the j&*
column. The address of A[1][3] in Figure 2.5 is 1000+ ((3—-0)x3+(1—-0)) x2 =
1020, where LBy =0 and LB, = 0.

1000 [ 5 [A[0,0]

1002 [ 1 [A[L,0] |2t cCol

1004 [ 4 [A2,0]

1006 [ 7 [A[D1]

1008 | 3 .[A[1,1] [2™Col =+

1010 [ 8" [AR2,1] —— :‘

1012 2 [ A02] Columns

1014 |4 [A[1,2] | 3¢Col <« 0(_s_:(_‘7_:(32_>(_:.:(_1_:(_53_:]
wief 2z w1 eI T
1020 .2 | AlL,3] | 4* Col < £ 08 508 565 500 SR IO
1022 1 A2,3] Two Dimensional

1024 1 [A[0,4]

2026 | 7 [A[1,4] | 5*"Col <

1028 3 [AR24]

1030 3 [A[05]

1032 9 [A[L5] | 6" Col <«

1034 [ 5 [A[25)

Figure 2.5: Storing elements in two-dimensional array in memory using column major order.

Multidimensional Array: As mentioned above, an array could be conceptually of any order, n; X
Ng_q X Ng_p X ...N, X ny. Like in 2D array, the elements in high dimensional array can be stored
in memory either in row major order or column major order.
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Row-major order: In row major order, the elements in the first two dimensions i.e., n, X n, will be
stored in row major order as discussed above, then store the elements in n; in the order of 1%
plate, 2" plate, 3™ plate and so on. Then, the elements in n, in the order of 1% box, 2" box, 3™
box (3D matrix may be referred to as a box) and so on. The idea is to maintain contiguous memory
allocation from the elements of lower dimensional index to the elements in higher dimensional
index. If the array is of (n, X ng_; X nx_, X ...n, X ny) orders, contiguous memory allocation
will start from n,index, then to n,, then ns, then n,, and so on till n,. Figure 2.6 illustrates the
storage of a 3D array using row major order in memory.

1000 | 5 [A[0,0,0] [ 1tCol | 1tRow [ 1t
1002 | 7 [A[0,0,1] [ 2% Col Plate
Rest
1012 | 1 [A[0,1,0] [ 15t Col | 27 Row
1014 | 3 [A[0,1,1] [ 27 Col
Rest
1024 | 4 | A[0,2,0] | 1t Col | 3 Row \ Columns
1026 [ 8 [ A[0,2,1] | 27 Col o(fs_\(_i_\(fz_\(;_\(_:_‘(_53_"_0
Rest Z Z 2 % - I 1 Plates
1036 Al1,0,0] | 1t Col | 1Row | 2nd Rows 1 (% Sl 3lea DJ 2 sl Co eSS 3
1038 A[1,0,1] | 2 Col Plate 2| 2 T B e RS
Rest & - 4 z s 4 2 2k
1048 Al1,1,0] | 1t Col | 27 Row oot e o et
1050 Al1,1,1] | 2n Col
. Rest
1060 Al1,2,0] | 1t Col | 37 Row
1062 Al1,2,1] | 2n Col
. Rest
1074 3rd
Plate

Figure 2.6: Storing elements in three-dimensional array.in memory using row major order.
The effective address of Alis][i,]{i;] in an.array of order (n; X n, X n;) in row major order can
be defined as below.
Address of Ali)lig=1] .- [iz][i;] = Base address
+ (13 P LB3) X (nz X nl) + (lz - LBz) X Tl1 + (11 - LBl)] X k
Figure 2.6 illustrates storage of the elements in a 3D array of order 3 X 3 X 6 in memory. The
address of A[1][2][1] element can be estimated as below, where LB; = 0, LB; = 0 and LB; = 0.
Address of A[1][2][1] = 1000 + [(1 —0) X 3X 6) + (2 —0) X 6 + (1 — 0)] x 2
=1000+ (18+ 12+ 1) x 2 = 1062

Similarly, it can be generalized and the effective address of A[ij][ix—1] ---[i2][i1] in an array of
orders (ny X ny_q X Ny_, X ...n, X ny) in row major order can be defined as below.

Address of Aliy])lix-1] ---[iz][i;] = Base address
+ [(lk — LBk) X (nk_1 X Ng_» X Ny X nl)
+ (ik—l — LBk—l) X (nk_z X Ng_3 X Ny X nl)
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+ (ik—Z - LBk—Z) X (nk_3 X Ng_a X Ny X nl)

+ (i3 — LB3) X (ny X ny) + (i, —LBy) Xxn; + (i; —LBy)] Xk
If we closely look at the above allocation pattern, we observe that the idea is to keep the
elements in the lower dimension in contiguous location before the higher dimension, it keeps
n, before n,, keeps n, X n,before n;, keeps n; X n, X n;before n,, and so on. That means,
contiguous memory allocation in row major order is maintained from lower order index to
higher order index.

Column-major order: Before we discuss how are the elements in multidimensional array are stored
in memory using column major order, let us first look a typical way of storing the elements in a
3D array in memory to justify storage pattern of column major order in memery. In this example,
we store the array in the way we visualise a 3D matrix as array of 2D .arrays i.¢:, store 2D in
column major order, and store them in the sequence of plates. That is, the elements in the first
two dimensions i.e., n, X n, are stored in column major order as discussed. above. The elements
in n  are stored in the order of 1 plate, 2™ plate, 3™ plate and so on, following column major
order in 2D. The following figure illustrates such a storing pattern.

1000 5 A[0,0,0] | 1stRaw | 1t Col 1t
1002 1 | A[0,1,0] [ 2"d Raw Plate
1004 | 4 | A[0,2,0] | 3" Raw
1006 | 7 | A[0,0,0] | 1stRaw. | 2" Col
1014 | 3 [ A[0,1,1] | 2" Raw
1016 [ 8 | A[0,2,1] | 3" Raw
1018 | 2 | A[0,0,2] | 1stRaw [ 39 Col \
1020 | 4 | A[0,1,2] | 2"d Raw Columns
1 2 3 4 5 6

Rest GGG s
1036 A[1,0,0] | 1t Raw | 1stCol 2nd
1038 A[1,1,0] | 2" Raw Plate

wo | . | A[1,2,0] | 374 Raw ST L DDA S ey 9% e iR
1048 A[1,0,1] | 1*Raw [ 2"dCol Three Dimensional Array
1050 A[1,1,1).| 2" Raw

| . [AIL,2,2) [ 3¢ Raw
1060 A[1,0,2] | 1tRaw | 3 Col
1062 Al1,1,2] | 27 Raw

‘s Rest
1074 3rd

Plate

The above storage pattern is easy to visualize and understand, but it lacks generalization. That
means, the elements in n, index are stored in contiguous locations based on the index values, do
not follow continuity for n,and ns, whereas in the row major order the continuity is maintained
from n,till n,. As a result, an application on such storage pattern needs to take special attention
to take care of the irregular continuity pattern.

To take care of the above issue, in column-major order, contiguous memory allocation is
maintained from higher order index to the lower order index. This concept is first illustrated using
the following diagram, where contiguous memory allocation is maintained from the plate index.
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First element in first plate, first row and first column is stored, then the element in second plate,
first row and first column is stored, and so on. In this case, generalization on contiguous memory
allocation from higher dimensional index to lower dimensional index is maintained.

1000 | 5 | A[0,0,0] | 1% Plate | 1% Raw | 1% Col
1002 [ 4 | A[1,0,0] | 2" Plate ~
1004 | 3 | A[2,0,0] | 3" Plate h
1006 | 1 | A[0,,0] | % Plate | 27 g
1008 A[1,1,0] | 27 Plate | Raw 0
1010 A[2,1,0] | 3¢ Plate [T Sk
1012 [ 4 | A[0,2,0] | 1 Plate | 3% Wl ek
1014 A[1,2,0] | 2 Plate | Raw Rows 2 [ e R e D) s
1016 A[2,2,0] | 3% Plate T ey e
N4 /N 8 /N 2 s\ 1\ 3 /NS,
1018 [ 7 | A[0,0,1] | 1% Plate | 1% Raw | 2™ :
1020 [ 7 | A[L,0,1] | 2" Plate Col
1022 [ 7 | A[2,0,1] | 39 Plate
1024 A[0,1,1] | Tt Plate | 2
1026 A[L,1,1] | 2 Plate | Raw
1028 [ .. | A2,1,1] | 39 Plate
1030 Al0,2,1] | 1% Plate | 37
1032 A[L,2,1] | 27 Plate | Raw
1034 [ .. | A[2,2,1] | 34 Plate
1036 31
Col <

Considering the above memory allocation approach, effective address of an element A[k][/][i]
in a 3D array of order n; X n, X ny, where nsis the number of plates, n, is the number of rows
in each plate, and n,is the number of columns in €ach row, in column major order can be defined
as follows.

Effective address of Alk][j][i] = Base-address + [(n3 Xny X (i —LB)) + (n3 x(j—
LB]-)) + (k — LBk)] X k, where k is‘the bytes required for each element in array.

Considering the above estimate, the effective address of A[0][1][1] in column major order is
1000+ [3x 3 X1+ 3 X 140] x2.=1024.

In the similar manner, contiguous. memory allocation for higher dimensional matrix of order n;, X
Ng_q X Ny_z X ...ny X nyin-column major order is also maintained. The effective address of
Alig ig-11+[i2][i1] in.an array of order (ny, X ny_; X ng_, X ...n, X ny) can be defined as
follows.

Ef fective address of Ali]lix—1] - [iz1[i;] = Base Address
+[(nk X nk_1 X X nz X (ll - LBl)) + (nk X nk_1 X X n3 X (lz - LBz))
+ (nk X Np_1 X ... X ny X (13 - LBg)) + e + ng X (ik—l - LBk—l)
+ (ix — LB % k

Considering the above estimate, the effective address of A[0][0][2][0] in an array of order 3 X 3 X 3 X
6 in column major order is 1000 + [3 X3 X3 X0+3 X3 X2+ 3 X0+ 0] X2 = 1036.
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2.1.3 A Special Case of 2D Array: Sparse Matrix

Sparse matrix is a special type of matrix with a relatively high proportion of zero elements. Different
sources define sparse matrix differently. Some of the definitions are — more number of zero entries
than non-zero entries; matrix with more than two third zeroes entries, etc. In this book, if a matrix
has high proportion of zero entries (say, close to half), it is referred to as a sparse matrix. For a
sparse matrix with a large number of zero entries, is it necessary to store the zero entries in
memory, as it is known to have zero values? This section briefly discusses ways of representing
sparse matrices by ignoring the majority or all of the zero elements of the array from storing into
memory, and reducing storage requirements. Some of the standard sparse matrices such as
triangular matrix, diagonal matrix, tri-diagonal matrix, etc. have known index. positions with
zero values. For such matrices, we can predetermine the position of zero values and directly
ignore them from storing into the memory. Some of these standard sparse matrices are-discussed
below.

Left lower triangular matrix: Figure 2.7 illustrates an example representing a left lower triangular
matrix in memory. As shown in the figure, a left lower triangular matrix A has zero entries for all
the indices where row index is smaller than the column index i.e., A[i][j] =0if i < j. That
means, non-zero elements reside only at the index where i >'j.-/As we know that entries at A[{][j],
i < j are zeros, we store only the elements at { = j in the memory. Assuming that the elements
are stored in row major order, the'effective address of A[i][j].in the.memory can be defined as
follows.

2
where base address (BA) is the address of the A[LBg][LB.]-

Alil[j] = base address + ( +( - LBC)> X k

In the example shown in Figure 2.7(a), the lower bounds LBy and LB, are set to 0, and the base
address is 1000. With these values, we can estimate the effective address of a random element
Ali][/] in the array using the above expression, if j < i. Some estimates are given below.

B3-0)(3-0+1)

The address of A[3][2] = 1000 + ( +(2- 0)) x 2 = 1000 + 16 = 1016.

(4—0)(4—0+1)

The address of A[4][3] = 1000 + ( + @3- 0)) X 2 =1026

(2-0)(2-0+1)

The address of A[2][2] = 1000 + ( +@2- 0)) x 2 =1010

For the elements A[i][j] with j > i, by the definition of a left lower triangular matrix, A[i][j] has
zero value, and such element is not stored in the memory. For example, the elements
A[3][4], A[2][4], A[0][3] etc. are not stored in memory, as they have zeros.
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1000 |5 A[0][0]

1002 |6 A[1][0]

1004 [1 Al1][1]

5 1006 |2 Al2][0]

C:' 1008 |4 Al2][1]

i — 1010 [3 AL2)[2]

5 |0 [0 0 |0 - 1012 [8 A[3][0]
6 [1 /0 [0 |0 | mp /__2;_’__4_‘2-1:) wp 1014 [5 A1)
2 14 |3 o |o (58 —55—57—>4 1016 |7 Al3][2]
s |5 17 12 o 1018 |4 A[3][4]
'EERCRERE > 4—>7—>9—>2—>8 1020 [4 Af4][0]
1022 |7 Al4][1]

Lower Diagonal Matrix Row Major Order 1024 |9 Al4][2]
1026 |2 A[4][3]

1028 |8 Al4][4]

Figure 2.7: Left Lower Triangular Matrix

Right lower triangular matrix (Figure 2.8): Assuming thatthe elements are stored in row major order,
the address of A[i][j] in the memory is
(i — LBR)(i = LBy + 1)

Ali][j] = base address + >

+ ((G=LBc)— (UBg=1)) | x k

(2=0)(2-0+1)

For instance, the address of A[2][3] = 1000+ ( >

(3+1) x 2 = 1008.

+((3—0)—(4—2))>x2=1000+

1000
1002
1004
1006
1008
e 1010

5
1 Se—or | 1012
: * T o e 1 — # 1014
8
X

Al0][4]
Al1][3]
Al1]14]
Al2][2]
Al2]13]
Al2][4]
Al3]11]
Al3][2]
Al3][3]
Al3]14]
Al4]10]
Al4][1]
Ala](2]
Al4]13]
Al4][4]

=B =] {=] =]
winv(olo
~Nla|lo|o

NS =T 1016
e A S 1018
C';_T:n —39 —2 —8 1020
1022
1024
1026
1028

V

0
0
0
0
4 |7 19 |2
Lower Diagonal Matri

Row Maior Order

OB N0 (V-1 BVF N 2 ER [P (] [P0 S 0 o R

Figure 2.8: Right Lower Triangular Matrix

Diagonal matrix (Figure2.9): The address of A[i][i] in the memory is
Ali][i] = base address + (i — LBg) X k
For instance; the address of A[3][3] = 1000 + (3 —0) X 2 = 1000 + 6 = 1006

5 |0 |0 |0 O 1000 |5 A[0][0]
0|1 |0 |0 |O 1002 |1 A[1][1]
0 [0 |3 |0 |0 | mp 1004 |3 Al2][2]
o lo lo |2 o 1006 | 4 Al3]1[3]
o o lo o0 8 1008 | 8 Al4][4]

Diagonal Matrix

Figure 2.9: Diagonal Matrix.
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Tri-diagonal matrix (Figure 2.10): Assuming that the elements are stored in row major order, the
address of A[i][j] in the memory is

Ali][j] = base address + ((i —LBp—1)x3+2+(G—i+ 1)) Xk
For instance, the address of A[0][0] = 1000+ ((0—0—1)x3+2+(0—0+ 1)) x 2 =1000.
For instance, the address of A[0][1] = 1000+ ((0—0—-1)x3+2+ (1 -0+ 1)) x2 =1002.
For instance, the address of A[2][2] = 1000+ ((2—-0—-1)x3+2+(2—-2+1)) x2 =1012.
For instance, the address of A[3][2] = 1000+ (3 —-0—-1)x3+2+(2—-3+1)) x2 =1016.

1000 5 A[0][0]

1002 2 A[0][1]

1004 3 A[][0]

5-—>2 1006 1 A

1008 9 AL][2]

5 [2 Jo Jo Jo ﬁ—y 1010 [ 4| Al2IM]
1012 3 Al2]12]

g : : 2 g =) 4—>y = 0 4 Al2]13]
s 1016 7 Al31[2]

0 [0 [7 [4]5 7? 1018 4 ABIE
0 |0 |0 |2 |8 2—>8 1020 5 A[3][4]
Tri-diagonal Matrix 1022 2 Al4][3]
1024 8 Al41[4]

Figure 2.10: Tri-diagonal Matrix in Row Major Order.

In the similar manner, addresses of the elements.stored using column major order may be estimated.
Further, effective addresses of other types of triangular matrices (left upper, right upper) can also
be defined, but left as exercises. to the readers./Searching of an element in the above standard
sparse matrixes should be done by following the corresponding effective address estimates
described above. Further, given an effective address'in meémory of a standard sparse matrix, the
corresponding row and column indexes-of the array can also be estimated, but left as exercises to
the readers.

Representation of Sparse matrices: For the above sparse matrices with regular patterns, the effective
address of an element in memory may be estimated by following the storage sequence. However,
for a random sparse matrix without any: pattern, such estimate may not be feasible. In such a
scenario, the non-zero elements may be stored in an array or linked list along with their
corresponding row-and column information as shown in Figure 2.11.

1000 0 A[0][1]
1002 1
1004 5
1006 1 Al1][2]
0 1 2 3 4 Row Column Element 1008 2
o[o [5 Jo o Jo 0 1 5 10104 3
1012 2 Al2][0]
1[0 |0 |3 0 |o 1 2 3 1014 0
2[1 [0 [o [o |o |™®» [ 2 [ o 1’10151
310 10 |4 0 Lo i i ; 1018 3 AL3][2]
4|(0 |8 |0 0. 0 : 1020 B
Sparse Matrix Non-Zero Elements in 1022 2
an Array 1004 4 | AAI]
1026 1
1028 8

[olals [d>{1Ta s[4+ 2 o 1] ++{sTafa] }—[4a]1]s] |

Non-Zero Elements in Linked List

Figure 2.11: Representation of sparse matrix using an array or linked list in row major order.
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Searching Operation: Since only the non-zero elements in the sparse matrix may be present at arbitrary
locations, the effective address of a non-zero element (in its respective representation — array or
linked list) cannot be estimated following the approaches discussed above. Linear search, as
applicable on array or linked list, needs to be applied.

2.1.4 Operations on a Linear Array (1D Array)

Insertion: An insertion operation on an array is referred to as adding an element at a particular index
position in the array. Insertion can be made at the first position, intermediate position or after the
last element. The number of elements that can be accommodated in an array is defined by the
contiguous memory storage that has been reserved for the array. Insertion of an element-at the
index { > 0 will result in shifting all the elements stored at the index i and higher by one position
towards the tail of the array to create space for the new element. Figure 2.12 illustrates the
insertion of an element at the index i = 0. Letn = UB = LB + 1 = 7 — 0 + 1 = 8 be the number
of elements in the array before insertion, then insertion at the index i = 0'will-result in shifting
n —1i (i.e., UB — i + 1) number of elements. In the examplein Figure 2.12,‘eight elements need
to be shifted by one position. Therefore, time complexity of inserting an element at an arbitrary
index i = 0 in an array with n elements is.0(n). It holds best case time complexity (insertion at
the end i.e., no shifting, but only storingthe element) of 0(1),and average. (half of the elements
are moved) and worst case (all the elements are moved) time complexityof O(n).

Insert 7 at index 0.

v
[3]s]6]10]13]17[19]20] | [ |Givenarray

Algorithm: Shift all the elements by one pasition toward higher index, and make space for the new

element

|

h i
| 3‘ 5 | 6 ‘ 10 | 13 | 17 | 19 | 20 | | | |Shift all elements by one paosition
AV VAV, VAV AP AVAV,

|
|* [3]5]6[10]a3[17]19]20] [ | Create space available at index for the

new element

|

* .
[7]3]5]6]a0la3]17]19]20] | | Copy7atindex0

Figure 2.12: Insertion of an element at the beginning of an array.

An algorithm-for. inserting an element at an arbitrary index i > 0 is given below.

Input: Array A, index i, element ele

BEGIN

1. Repeat for k=UB-1 to 1
2. A[k+1]=A[k]

3. End Repeat

4. A[i] = ele

5. UB=UB+1

END
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Deletion: A deletion operation on an array will remove an element from the array at a particular index
i. Deleting an element at the end will not disturb the other elements, except that UB will be
reduced by 1. Whereas, deleting an element at an arbitrary index i will result in shifting all the
elements from i + 1 to UB by one position towards the beginning. Figure 2.13 illustrates deleting
an element at an arbitrary index i. If there are n number of elements in an array, the time
complexity for deleting an element at an arbitrary index i = 0 is O(n). It holds best case time
complexity (deleting at the end i.e., no shifting, but UB update) of 0(1), and average (half of the
elements are moved) and worst case (all the elements are moved) time complexity of O (n).

Delete the element atindexi = 4,i = 0.

v
[3]s5]6]10]13]17]19]20] | | |eGivenarray

Algorithm: Shift all the elements from the index i+1 to UB by one position toward lower index, and
reduce the UB by 1

v
[3]5]6]10]13]17]19] 20 Shift the elements by one position

[3[5]6]10]17]19J20] [ -] [ |ReduceUBhyonei.e,;UB=6.

Figure 2.13: Deleting an element at an arbitrary index.

An algorithm for deleting an element at-an arbitrary.index { =0 is given below.

Input: Array A, index i
BEGIN

1. Repeat forik=i to UB-1
2. Alk]=A[k+1]

3. End Repeat

4. ‘UB=UB-1

END

Searching of an element in an array (search operation) is discussed in Section 1.4.3.

Update operation of an element at index i simply changes the value at i with a new value. It does not
affect the elements at the other indices. For example, A[i] = new value. As it needs only one
assignment, it holds a time complexity of O(1) irrespective of the index position.
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2.2 STACKS

Stack is a linear data structure in which data elements can be inserted and removed only from one end.
It follows Last-in First-out (LIFO) or First-in Last-out (FILO) operations. LIFO implies that the
element which is inserted at last can only be removed first before removing others. Similarly,
LIFO implies that the element which was inserted at first can only be removed at last. LIFO or
FILO means that elements can only be removed from a stack in the reverse order of their insertion.
A few examples of stack are shown in Figure 2.14.

000

Stack of Balls in a Can Stack.af Rings in a Tower Stack-of Books

Figure 2.14: Example of Stacks

The operation of inserting an element into a stack is known as’ PUSH, and the operation of removing an
element from a stack is known.as POP. A stack is associated with a variable called TOP (top of
the stack), which points to the lastinserted element in the stack. After a PUSH operation, the TOP
will point to the new element which is just inserted into the stack. Similarly, after a POP operation,
the TOP will point tothe element which was inserted just before the removed element. Pictorially,
PUSH and POP operations are illustrated in Figure 2.15.

%o
O/ o PUSH
—_— — —— POP
e o
o) -t
Initial Stack After PUSH operation After POP operation

Figure 2.15: Example of PUSH and POP operation on a Stack
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A stack can be implemented using either an Array or a Linked List data structure. In this unit,
implementation of a stack using one-dimensional array is discussed. Let an array of size MAX
(int storage[MAX]; in C programming language) be defined to hold the elements in the
stack. That means, the stack can hold upto MAX number of elements. Initially, the stack is empty
and the TOP is initialized to -1 i.e., TOP = -1. Now, the PUSH operation can be defined as

follows.

Algorithm: PUSH

Input: element

Assumption: The storage array and TOP are global wariables

BEGIN

1. IF (TOP < MAX-1) THEN

2 TOP = TOP + 1

3. storage [TORP] = element
4. ELSE

5 PRINT “STACK FULL”

END

Similarly, POP operation can be defined as follows:

Algorithm: POP

Output: . the. popped element
BEGIN

IF (TOP > -1) THEN
out = storage[TOP]
TOP = TOP - 1
RETURN out

. ELSE

o U1 W DN

PRINT “STACK EMPTY”
END

Assumption: The storage array and TOP are global variables
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The top of the stack can also be read using storage [ TOP] directly. Since the elements can be inserted
or removed directly by using the index TOP, the time complexity for both the PUSH and POP
operations is O(1). In some applications, the need of scanning the elements in the stack may arise.
In such a case, the following function can also be defined to display all the elements in the stack.
The time complexity of the DISPLAY function is O (MAX).

Algorithm: DISPLAY

Assumption: The storage array and TOP are global variables
BEGIN

1. i=0

2. REPEAT (i<= TOP) THEN

3. PRINT storage([i]

4. i=1+1

5. END REPEAT

END

Putting everything together, the following stack implementation.can.be realised in C programming
language

#include <stdio.h>
#define MAX 10

// Global variables
int storage[MAX];
TOP = -1;

void PUSH (int ele){ // insert an element
1€ (TOP < MAX=1) {
TOP. = TOP + 1;
storage[TOP] =
}boelse{
printf ("Stack FULL");

ele;

}
'

int POP() { // Remove an element
int out;
if (TOP > -1){
out = storage[TOP];
TOP TOP - 1;
} else{



Data Structures and Algorithms | 83

printf ("Stack EMPTY") ;
out = -1; // Assuming that -1 is not a
// valid element.

}

return out;

}

int topOfStack(void){ // Get top of the stack
return storage[TOP];

}

void DISPLAY (void){ // Display all the eleménts
int 1=0;
while (1<=TOP) {
printf ("%d ", storagelil]);
i++;

}
main () {
PUSH (5) ;
PUSH (7) ;
printf("sd ",POP())s
printf ("sd ", POP ());
}
The above program will display “7 5.

2.2.2 Applications of Stack

Stack data structure is used in various computer applications - recursive function, context switching in
operating system,. memory management, etc. One of the popular applications of stack is
conversion of.infix expression to postfix expression, and evaluation of postfix expressions. Few
of these examples are discussed in this section.

Infix to Postfix Conversion: Let E be an arithmetic expression in infix form which involves operands
and operators. Some examples of infix expressions are given below.

a+b, a—b,axb,a/b,(a—b)*(c+d),a/(cxa)+c*b,a—b+c
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The operators may have different precedence and associativity. The table below summarises the
precedence and associativity of a few of the commonly used operators. In this example, lower the
value, higher is the precedence. The precedence of some operators like exponent and unary may
be interpreted differently in different programming languages and tools. In this discussion, the
following precedence and associativity are used. Whenever there is an ambiguity in representing
the expression, it is always good to use parenthesis.

Precedence | Operators Associativity | Example
1 @) Left-to-Right | (a + b) + (¢ +d); (a+b)_ will
be estimated before. (¢ + d)
[] Left-to-Right | [a + b] + [c +d]; [a+ b] will
be estimated before [c + d]
2 1(Exponent operator) Right-to-Left altbTc=alTdc)
+/- (Unary plus or minus) | Right-to-Left —a+~b=—a+ (-b)
3 *, /, % (Multiplication, | Left-to-Right | a* b /c%d = (((a * b)/c)% d)
division, Modulo)
4 +/-  (binary  Addition, |Left-to-Right a+b—c=((a+b)—0)
Subtraction operators)

For converting an infix expression to a postfix expression; the infix expression is scanned from
left to right, and the following steps are followed. Initially, we consider to have an empty stack
and an empty postfix expression.

Step 1: If the current token is operand, append it'to the postfix expression.
Step 2: If the current token is operator, and stack is empty, PUSH the operator
Step 3: If the current token’is “(*’, PUSH it into the stack.

Step 4: If the current token is <)”’, POP tokens from the stack till “(”and append them to the postfix
expression, other than ‘(.

Step 5.1: POP tokens from the stack as long as the popped token is an operator with higher or
equal precedence.than the current token. If popped token is (‘, PUSH ‘(. Else Append the popped
tokens to the postfix. PUSH the current token.

Step 5.2: Else PUSH current token into Stack

Step 6: If scanning of the infix expression is complete, POP all the tokens from the stack and
append them to the postfix.
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The above infix to postfix conversion procedure is illustrated below considering an infix expression a +
b—(c+d)x*e/f.

Token Stack Step Postfix
a 1 a
+ + 2 a
+ 1 ab
- - 5.1 ab+
( -( 3 ab+
c -( 1 ab+c
+ -(+ 52 ab+c
d -(+ 1 ab+cd
) - 4 ab+cd+
* - 5.2 ab+cd+-
e - 1 ab+cd+-e
/ -/ 5:1 ab+cd+e*
f -/ 1 ab+cd+e*f
7 ab+cd+e*f/-

The following program shows the above procedure in‘C programming language.
int precedence (chazr. c) {

if(c=="("}Vlc==")"|dc=="["]|]|c=="]")return 1;

/* p and m.denoté unary plus and unary minus */
else if (c="""||c=="p'||c=="m') return 2;

else if(e=='*'||c=="/")return 3;

else df(c=="+"||c=="-")return 4;

else return 5;

}

int (isOperator (char) {
if  (c==""" [| c=='p'l| c=="m'|| c=="*"|| c=="/"]|
c=="4+"|| c=="=-"|| c=="("|] c==")"|| c=="["]]| c==']") return 1;
else return O;

}
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void infixToPostfix(char infix[], int n) {
/* Assume that a global stack is implemented like the
one shown in section 2.2.1. PUSH(), POP(), isEmpty (), topOfStack/()

are implemented.

The parameter infix is the infix expression and n is
the number of characters in infix expression. */
char postfix[n];

int j=0;
for (i=0; i<n;i++) {
if (isOperator (infix[i])==0) {
postfix[Jj++]= infix[i];
t
else(

}
}

if(infix[iJ=="("||linfix [1]=="101")
PUSH (infix[i]) ;

else if(infix[i]==")"}[infix[i]=="1"){
while (topOfStack () l=" (L ||

topOfStack () '="{"){
postfix [J++]=POP() ;
}
POP ()5
}
else(
while (!isEmpty () &&
precedence (infix[i])>= topOfStack()) {
postfix[j++]1=POP() ;
1
PUSH (infix[i]);

while (!'isEmpty () ) {
postfix[Jj++]1=POP() ;

}

postfix[j]1="\n’;
printf ("PostFix Expression is %s", postfix);
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Postfix Evaluation: Evaluation of a postfix expression can also be done using stack. Let 2+ 5 —
(3 + 6) * 2/3 be an infix expression. The postfix of the expressionis 25+ 3 6 + 2 * 3 /—. The
following steps can be followed to evaluate the postfix expression.

Step 1: Scan the postfix expression.
Step 2: if the token is an operand, PUSH the token into the stack

Step 3: If the token is a binary operator, POP two tokens from the stack. Apply the operator on
the popped tokens (in the sequence <2™ popped token><operator><1* popped token>), and
PUSH the result into the stack.

Step 4: if the token is an unary operator, POP a token from the stack. Apply the operator on the
popped token, and PUSH the result into the stack.

Step 5: Continue till the last operator in the postfix.

The above procedure is illustrated below.

Token Stack Step Remaining token in postfix
2 2 2 5+36+2%3 /-
5 25 2 +36+ 2%3/—
+ 7 3 364+2x3/—
3 73 2 6+ 2+3/—
6 736 2 +2x3/—
+ 79 3 2%3 /-
2 792 2 *3 /—
* 718 3 3/-
3 7183 2 /—
/ 76 3 —

1 3

The following function shows implementation of postfix evaluation in C programming language.

void evaluatePostfix (char postfix[], int n) {

/* Assume that a global stack is implemented like one
shown in section 2.2.1. PUSH(), POP(), isEmpty(), topOfStack()
are implemented.

The parameter postfix is the postfix expression and
n is the number of characters in postfix expression.
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We assume to have functions is 1isBinary() and
evaluate () to check the operator is binary or unary operator, and
evaluate */

int i;
float a, b;
for (i=0; i<n; i++) {
if (isOperator (postfix[i])==0) PUSH (postfix[i])
else{
if (isBinary (postfix[i])) {
a=POP () ;
b=POP () ;
PUSH (evaluate (a,” b, postfix[i])
}
else(
a=POP () ;
PUSH(evaluate(a, postfix[i]);

t
printf ("The value is %f", POP());

2.2.3 Abstract Data Type (ADT)

While primitive data types or the traditional data structures define data from the perspective of storage

and organization, abstract data type (ADT in short) defines data from the point of view of the
users of the data — possible values, possible operations, and behaviour of the operations. While
using primitive data types or the traditional data structures, the application programmer needs to
take.care of everything — from the storage to organization to accessing. Whereas, while using
ADT, the application programmer only needs to know possible values, possible operations, and
behaviourof the operations. Usage of ADT is conceptually separated from the implementation of
the ADT. In ADT, the underlying data storage, and the necessary functions for operating the data
are encapsulated under one data type, which is conceptually illustrated below by defining an stack
ADT.

Let us assume that the keyword <ADT> is used to define an abstract data type, and STACK is the
name of the data type. An ADT will often conceptually have two members — data storage, and
the methods/functions to operate on the data type.
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<ADT> STACK{
DATA:
int storage[MAX]; // MAX is a global variable
//assume that stack stores
// integer values
int TOP=-1;
METHODS :
void PUSH( int ele);
int POP (void) ;
int topOfStack(void);
bool isEmpty(void);
bool isFull (void) ;
bi
Once the above ADT is declared, the definitions of the associated member functions can be

conceptually illustrated as follows. The syntax of the defining the . ADT will be different for
different programming languages.

void STACK: :PUSH (int ele) {
1f (TOP < MAX-1) {
TOP = TOP + 1;
storage [TOP] = ele;
} else{
printf ("Stack FULL").;
}
}
int STACK: :POP (void) {
int«out;
1£(TOP >.=1) {
out. = storage[TOP];
TOP =.TOP - 1;

} else{
printf ("Stack EMPTY") ;
out = -1; // Assuming that -1 is not a

// valid element.

}

return out;
}
int STACK::topOfStack () {
if(TOP == -1) {
printf ("Stack Empty")
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return -1; // Assuming that -1 is not a
// valid element.
} else{
return storage[TOP];

}

}
bool STACK::isEmpty () {

1f(TOP == -1) {
return true;
} else{

return false;

}

bool STACK::isFull () {

1f (TOP == MAX-1) {
return true;
} else{

return false;

}

Once the definition of the ADT is developed, an-application programmer can directly use the
ADT by declaring instances of the ADT in the application program as follows.

<ADT> STACK st;
st.PUSH(10) // forxr ‘inserting 10 into the stack

st.POP() // for-remowving an element from the stack

By separating the definition and usage of the ADT, application programmers conceptually do not
worry about the storage, and implementation of the accessing methods. They only need to
understand the type-of data that can be stored, and the syntax of using the access methods.

Though in several occasions, while defining a customed ADT, the programmer needs to
implement the costumed ADT of his/her own, imagine a case where some developers have
implemented the STACK ADT and distributed for use by application programmers. In such a
scenario, application programmers just need to know the way of using the ADT. They do not
have to worry about whether the storage has been defined using array or linked list, how the
methods have been implemented.

In the above example, the members of the ADT are not protected. Application programmers can
access all the members of the ADT. There will be cases where some of the members should be



Data Structures and Algorithms | 91

protected from application programmers. In the above definition, the storage variable is
accessible to application programmers, and the element of the storage can be directly
manipulated. For example, st.storage[2]=5; . The philosophy behind an ADT is also
to protect accessing of the data directly from the programmers, and access only through few
permissible access methods. To support this, an ADT is generally defined along with the access
control such as PRIVATE and PUBLIC as illustrated below.

<ADT> STACK({
PRIVATE:
int MAX;
int storage[MAX];
int TOP;
void init (int max) {
MAX = max;
TOP=-1;
}
PUBLIC:
void initiate (int n) {
init (n);
}
void PUSH( int).;
int POP (void) ;
int topOfStack(void);
int isEmpty(void).;
int-"isFull«(void) ;

}i

The PRIVATE members are not allowed to access from the application program. They can be
only accessed by -the' member functions of the ADT. Only the members listed under PUBLIC can
be accessed from the application program. Conceptually, both the storage and accessing methods
can be placed under both the PRIVATE and PUBLIC category. But, in practice data storages are
often protected from the public access. In the above example, a private method init () is defined
to initialize the private variables of the ADT. The init () function is in turn called from the
initiate () public member. Object-oriented programming languages generally support a
function called constructor for such purpose. Likewise, destructor can also be defined to clear
data stored in private variables.



92 | Array, Stack and Queue

<ADT> STACK st;

st.initiate (100); //define stack size to 100 and initiate other
//ADT private variables

st.PUSH(10) // for inserting 10 into the stack

st.POP() // for removing an element from the stack

Application Programs

- 1 0 .

I
‘ Method 1 Method 2 Method k

L [ |

Storage Private

\
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<: Methods
|
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Abstract Data Type /

Figure 2.16: Conceptual Visualization of ADT

Figure 2.16 summarises the concept of Abstract Data Type. ADT provides a way of defining a data type
which encapsulates the associated -data elements and necessary access methods together.
Encapsulation and information hiding are'the principal components of an ADT. Encapsulation
defines data elements, storage and access methods together under one unit. Information hiding
defines data access.controls by separating the members of the ADT into public and private.
Different programming- languages may support additional access control policies.
Implementationofan ADT is defined as a c/ass in programming languages like C++, Java, Python
etc. As discussed above, conceptually, Stack can also be defined as an ADT with public access
methods such aspush(), pop(), isEmpy(), isFull(), topOfStack(). The data storage information of
the data elements can be hidden from the application programs, and implemented using different
mechanisms such as array, linked list, pointer, etc.



Data Structures and Algorithms | 93

2.3 QUEUES

Queue is a linear data structure in which data elements can be inserted from one end and removed from
another end. It follows First-in First-out (FIFO) or Last-in Last-out (LILO) operations. FIFO
implies that the element which is inserted at first can only be removed first before removing
others. Similarly, LILO implies that the elements which was inserted at last can only be removed
at last. Few examples of queues are shown in Figure 2.17.

Piiin Qi

o o
AN AN
The process of inserting an element into a queue is. called.enqueue and the process of removing

Figure 2.17: Examples of Queues

an element from the queue is called dequeue. Figure 2.18 pictorially illustrates enqueue and
dequeue operations. A queue maintains two pointers named-Head (also referred to as Front) and
Tail (also referred to as Rear). The Head pointer.points to.the element which was first inserted
among the elements in the queue. The Tail pointer points to the element which was last inserted
among the elements in the queue. Upon a dequeue operation, the Head pointer will be updated to
point to the second element (the element which' was inserted next to the dequeued element).
Similarly, upon an enqueue operation, the Tailpointer will be updated to point to the just inserted
element. A queue may be implemented using an array, or a linked list or a tree. In this unit, the
implementation of a queue using.alinear/(1D) array is discussed. A queue may have the following
operations.

o Engqueue: inserts an element into a queue.

e Dequeue: removes an element from a queue.
o isEmpty: checksif'the queue is empty.

o isFull: checks.if the queue is full.

o  headElement: returns the head element.

o tailElement: returns the tail element.
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Figure 2.18: Enqueue and Dequeue operations.on a Queue

2.3.1 Implementation of Queues

As mentioned above, this unit discusses the implementation of queues using array data structure. The
enqueue and dequeue operations of @ queue may be implemented in different ways. Depending
on the ways these.operations are implemented, the conditions of the queue being empty, full, and
the number of €lements that can be accommodated in the queue will be different. This section
illustrates different.scenarios. Let us assume that the data elements in the queue are stored in an
array named storage, and the size of the array is MAX i.e., int storage[MAX] ;.

Scenario 1: Let us.consider the following assumptions.

e  When an element is enqueue, Tail is incremented by 1.

e  When an element is dequeue, Head is incremented by 1.

o In the initial state of the queue, i.e., before performing any enqueue or dequeue operations, both
the Head and Tail are initialized to -1. Head = —1; and Tail = —1;.

e  When Head == Tail;, then the queue is empty.

e  When Tail = MAX — 1; then the queue is full.

e Tail points to the last enqueue element, and Head +1 points to the first enqueue element.
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With the above assumptions, the following C program segment can be used to implement queue.
#include<stdio.h>
#define MAX 10
int storage[MAX];
int Head=-1, Tail=-1; //initially, queue is empty

int isEmpty () { // check if the queue is empty
if (Head==Tail) {
return 1;
t
else{
return 0;
t
t

int isFull () { // check if the queue is< full
if (Tail==MAX-1) {
return 1;
}
else(
return 0;
}
}

void enQueue (int ele) {
if (isFull () !=1) {
storage [++Tail]l= _ele;
printf ("Engueue ‘successfully");
t
else printf ("Queue Full");

}

int deQueue (void) {
if(isEmpty ().!=1) {
Head++;
return storage[Head];
}
else(
printf ("Queue Empty");
return -1; // Assuming -1 is an invalid queue
// element. Any value representing
//invalid queue element can be returned.
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With the above function, it can be easily realized that the queue can accommodate upto MAX number
of elements. That is, in the initial state of the queue, perform MAX numbers of enqueue
operations, without performing any dequeue operations. After performing the last enqueue
operation, Head has the value -1, and Tail has the value MAX — 1. From this statement, the
above program seems to be an efficient implementation. However, the following issues will be
experienced with the above implementation.

If we dequeue all the elements in the queue, then Tail = Head = MAX — 1. Even if there is
not element in the storage array, we cannot enqueue any more element as the Tail’is equal
to MAX — 1.

At the most, the above program will support only upto MAX number of enqueue operations.

Scenario 2: Practically, one should be able to perform any number of enqueue and dequeue operations
(the number of successful dequeues should be always less'than or equal to the number of enqueue
operations) as long as there are free spaces in‘the storage array. To resolve the problem
reported in Scenario 1, let us change the assumptions as follows.

In the initial state of the queue, i.e., before performing any.enqueue.or dequeue operations, both
the Head and Tail are initialized to -1. Head = —1; and Tail = —1;.

When an element is enqueue, Tail is incremented by-1.

When an element is dequeue, move all the elements in the queue by one position forward, and
decrement Tail by 1.

When Tail == —1;, then the queue is empty.

When Tail = MAX — 1; then the queue is full.

Tail points to the last enqueued element, and Head +1 points to the first enqueued element.

Accordingly, the implementation of the queue is.updated as follows, particularly the i sEmpty () and
deQueue () functions.

#include<stdio.h>

#define MAX 10

int storage[MAX];

int Head=-1," Tail==1; //initially, queue is empty

int isEmpty ()4 // check if the queue is empty

}

1f(Tail==-1) {
return 1;
i
else(
return 0;

}

int isFull () { // check if the queue is full

if (Tail==MAX-1) {
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return 1;
}
else{
return 0;
}
}

void enQueue (int ele) {
if (isFull () !'=1) {
storage[++Tail]l= ele;
printf ("Enqueue successfully");
}

else printf ("Queue Full");

}

int deQueue (void) {
int i, tmp=storage[Head+1l];
if (isEmpty () !=1) {
for (1=0; 1i<Taid; i++) {
storagel[i]=storage[i+l];
}
Tail--;
return tmp;
}
else({
printf ("Queue Empty")s
return -1; // Assuming -1" is an invalid queue
// element. Any value representing
//invalid queue element can be returned.

}

In the above program, Head always-has the value -1. While all the operations in the Scenario 1 have
time complexity 0(1), the time complexity of performing a dequeue operation will be 0(n),
where n is the size of the array.

2.3.2 Circular Queue

Implementation in the Scenario 1 is space inefficient, though operations are of 0(1) time complexity.
Scenario’2 'is time inefficient, though space utilization is efficient. To take care of these
observations; space utilization and time complexity, one can consider circular queue. Pictorially,
a circular queue with example enqueue and dequeue operations is illustrated in Figure 2.19. As
illustrated in the figure, the storage locations are organized in a circular manner, so that the
elements are enqueued in a circular manner to consumption of free space available before the
Head pointer.
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Figure 2.19: Enqueue and Dequeue operations on a Queue

Implementation of Circular Queue: A linear 1D array can be used for implementing a circular queue.
Unlike in the Scenario 1 of the section 2.3.1, if an enqueue operation is performed, when the Tail
pointer is'equal to MAX — 1 and there are free spaces before Head, the Tail pointer will be
assigned to 0 as illustrated below. Similarly, if a dequeue operation is performed when Head =
MAX — 1, the Head will move to index 0. Thus, circular movement of the storage location can
be simulated over a 1D array as illustrated in Figure 2.20. From the figure, it can be seen clearly
that whenever an element is enqueued, the Tail pointer is updated as Tail = (Tail + 1)%MAX.
Similarly, the Head pointer is updated as Head = (Head + 1)%MAX whenever an element is
dequeued from the queue.
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Figure 2.20: Enqueue and Dequeue operations on a Circular Queue

There is oneissue that one need to take when implementing circular queue; what will be the conditions
of queue empty and full? The following scenarios explain the cases.

Scenario 1: Queue is empty when Head == Tail, and Full when (Tail + 1)%MAX = Head.

Initially, the Head and Tail are set to -1. Let us assume that MAX number of enqueue operations are
performed. After performing MAX number of enqueue operations, Tail is equal to MAX — 1, and
all the available spaces are consumed. Now, (Tail + 1)%MAX = 0, but (Tail + 1)%MAX +
Head. The above queue full condition is not satisfied, and the algorithm fails. Ideally, the Head
is expected to have the value 0 to satisfy the queue full condition
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Now, let us change the initial condition to Head = Tail = 0. If we perform one enqueue
operation, the value of Head is 0 and the value of Tail is 1. In this case, the Head pointer points
to one location before the actual first element i.e., (Head + 1)%MAX points to the first element.
With these assumptions (initial condition Head = Tail = 0 and (Head + 1)%MAX) points to
the first element), the cases of queue empty and queue full will be satisfied. However, the number
of elements that can be accommodated will be limited to MAX — 1. Figure 2.21 illustrates the
Head and Tail pointer positions in the circular queue.

Tail Head

Scenario of Circular Queue Full

Head Tail

Scenario of Circular Queue with single element

(S S e I

| T |

Head Tail

Scenario of Circular Queue Empty

Figure 2:21: Head and Tail'pointer Status of a Circular Queue

The following program segment shows implementation of the above scenario in C programming
language.

#include<stdio.h>

#define MAX 10

int storage[MAX];
int Head=0, Tail=0; //initially, queue is empty

int isEmpty () { // check if the queue is empty
if (Tail==Head) {
return 1;

}
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else{
return 0;

}

int isFull () { // check if the queue is full
1f ((Tail+1l) $MAX==Head) {
return 1;

t
else(
return 0;

}

void enQueue (int ele) {

1f (isFull () !'=1) {
Tail=(Tail+1l) $MAX;
storage[Taill= ele;

printf ("Enqueue successfully");

}
else printf ("Queue Full");

int deQueue (void) {
if (isEmpty ()d'=1) {
Head= (Head+1) SMAX;
return storage[Head];
}
elsef
printf ("Queue Empty");
return =1; // Assuming -1 is an invalid queue
// element. Any value representing invalid
// queue element can be returned.
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Scenario 2: Queue is empty when Num = 0, and full when Num = MAX.

In scenario 1, the maximum number of elements that can be accommodated in the queue is one less than
the actual space allocated for the queue. To take care of this, a new counter Num is introduced,
which keeps track of the number of elements in the queue. Head points to the first element and
Tail points to the last element. Whenever an enqueue operation is performed, the Num counter
is incremented by one. Similarly, whenever a dequeue operation is performed, the Num counter
is decremented by one. The queue will be empty when Num == 0, and the queue will be full
when Num == MAX. Figure 2.22 illustrates Head and Tail pointers at different state.of the
queue. With the Num counter, complete allocated space can be utilized.
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Head Tail

Circular Queue with one-element
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Circular Queue with two elements

Num=6
Tail ~ Head

Full Circular Queue

Figure 2.22: Head and Tail pointer Status of a Circular Queue
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The following program segment shows implementation of the above scenario in C programming
language

#include<stdio.h>

#define MAX 10

int storage[MAX], Head, Tail, Num=0;

int isEmpty () { // check if the queue is empty
1if (Num==0) {
return 1;
t
else{
return 0;

}

int isFull () { // check if the queue is full
if (Num==MAX) {
return 1;
}
else(
return 0;
}
}

void enQueue (int ele) {

1f (isFuld () !=1) {
if (isEmpty.()==1){"//. Num==0 condition can also be
//“used
Tail=0; // Assuming that array index
// starts from 1
Head=0;

storage[Tail]l= ele;
printf (“Enqueue successfully”);
Num++ ;

else(
Tail=(Tail+1) $MAX;
storage[Taill= ele;
printf ("Enqueue successfully");
Num++;
}
}
else printf ("Queue Full");
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int deQueue (void) {
int tmp;
if (isEmpty () !=1) {
tmp = storage[Head];
Head= (Head+1) $MAX;
Num—-;
Return tmp;
}
else{
printf ("Queue Empty");
return -1; // Assuming -1 is an invalid queue
// element. Any value representing.invalid
// queue element can be returned.

For implementing circular queues, there could be other implementation scenarios to check whether
queue is empty and queue is full. Other possible implementation cases are left as exercise.

2.3.3 Other Types of Queues

Double Ended Queue (Deque) is‘a generalized version of queue (with-less restriction) which allows
insert and removal of elements from both ends‘as shown in Figure 2.923 . It can be conceptualized
as a data structure integration both stack ‘and queue. By activating/using relevant operations,
deque can be used either as a stack or a queue. Some of the basic operations on deque are listed
below.

e Push Front(): An element is inserted at the Head of the queue.

e Push Back(): An element is'inserted-at the T'ail of the queue.

e Pop Front(): An element is removed from the Head of the queue.
e Pop Back(): An element is removed from the Tail of the queue.

o isEmpty(): Checkif the queue empty.

o isFull(): Checkif'the queue is_full.

o Front(): Return the element.at the head of the queue.

e Back(): Return the element at the tail of the queue.

Push_Fnont| | Pop_Back
O e e e,

4—— A

Pop_Front | | Push_Back

Head Tail

Figure 2.23: Head and Tail pointer Status of a Circular Queue
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Further, a deque can be input restricted deque, where insertion is allowed only from one end, but
removal is allowed from both the ends. Likewise, it can also be output restricted deque, where
deletion is allowed only from one end, but insertion is allowed from both the ends. Queue
implementation in the above sections can be modified to implement deque. However, it is left as
an exercise to the readers. Though deque has been illustrated using array in this unit, it can be
implemented using other data structures such as linked list.

Monotonic Queue: Monotonic queue is another type of queue where elements in the queue are kept in
either increasing (increasing monotonic queue) or decreasing (decreasing monotonic queue) order
of the values. Any element that violates the order is removed. As it involves the removal .of
elements from the tail of the queue to maintain ordering while inserting an element mid-value,
deque data may be a preferred choice for implementing monotonic queue. Figure 2.24 illustrates
insertion operation of an arbitrary element into an increasing monotonic queue. It shows that for
inserting an element somewhere in the middle, elements larger than'the new elements are

removed.
| To Insert ’ C |
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Insert C using Puch_Back() Function

Figure 2.24: Illustration of inserting an arbitrary element into increasing monotonic queue

Priority Queue: Priority queue is another type of queue where elements are removed based on their
priority values. Each element in a priority queue has an associated priority value (which can be
different from the data value). The elements can be inserted in any order, but element should be
removed only in the order of their priority values. Priority queue can be implement using various
data structures such as array, linked list, tree and so on. However, one should choose an
appropriate implementation which can arrange the elements in the order of the priority values to
support efficient dequeue operation. In practice, max heap ADT (discussed in Unit IV)
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implemented using array data structure is generally used. Priority queue can also be realised using
the traditional queues discussed above by using layers of queues for different priority values as
illustrated in the figure 2.25.

Data| A | B | C | D| E F |G H I
Priority | 1 | 2 | 113 [2 1] 3 2 2

Oueueafpﬂorﬁy1| A | C | F | | | | | | |

Queueofpnorny2| B | E | H | || | | | | |

QueueofPHnrhy3| D | G | | | | | | | |

Figure 2.25: Priority Queue implementation using traditional queues

2.3.4 Queue ADT

Further, like in stack, queue can also be defined as an ADT as defined below.

<ADT> QUEUE {

PRIVATE:
int MAX;
int storage [MAX];
int HEAD;
int TAIL;
void init ().

PUBLIC.:
void initiate () {init();}
void. enQueue (int) ;
int deQueue() ;
int headElement () ;
int tailElement () ;
int isEmpty (void) ;
int isFull (void);

}i
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2.4 Applications of Stack and Queue

A Stack data structure can be implemented using Queue data structure. Likewise, a Queue data structure
can be implemented using Stack datastructure. Two such examples are listed below.

Case 1: Implement Stack Using two Queues

The idea here is to implement a data structure that follows Last-In First-Out (LIFO) - a Stack in this
example, using data structures that follow First-In First-Out (FIFO) — two Queues in this example.
We do not physically implement Stack, in the traditional manner. Instead, we mimic oOperations
of a Stack, using physically implemented instances of two Queues and their operations. The target
operations that we wish to mimic are push() and pop() of a Stack data structure, by actually
performing enqueue() and dequeue() operations on the instances of the Queues.

Several approaches can be used to implement the above task. In this book, the following idea is
used to realize the above task. Readers are encouraged to'work out other alternatives.
a) Instantiate two Queues, namely Q; and Q..

b) Always place the last inserted element at the front of the Queue:Qi." A pop-operation is realized
by performing dequeue operation on Q.
¢) Use Q> as auxiliary storage to ensure the above point b.

The following algorithm can be considered to realize the above operational idea.

Algorithm: PUSH

Assumption: Q2 is initially empty

Input: ele — the element to be pushed, Queue Q,,.Queue Q2
BEGIN

1. Qa.enqueue(ele) // eleis the only element in Q2
2. UNTIL (Q:.isEmpty()==False) // Move all from Q; to Q.. ele is at front of Q>

3. Q2.enqueue(Q1.dequeue())

4. UNTIL (QqgisEmpty()==False) // Move all from Q> to Q
5. Q1.enqueue(Qz:dequeue())

END

Algorithm: POP

Output: the popped element
Input: Queue Q

BEGIN

1. ele = Qi.dequeue()
2. RETURN ele
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Time Complexity: The above algorithm has @(m) time complexity for POP operation, where m is the
time complexity of dequeue operation on a Queue. Though m depends on the way the Queue is
implemented, it can be as low as @(1). For instance, a circular Queue, or a Queue implementation
using doubly linked list has ©(1) dequeue time complexity. On the other hand, the above
algorithm has ®(nm) time complexity for PUSH operation, where n is the number of elements
already stored in the Stack, and m is the time complexity of an enqueue/ dequeue operation on a
Queue. If the ©(1) is the time complexity of the underlying enqueue/dequeue operation, the time
complexity of the PUSH operation is ©(n). Space complexity is equivalent to that. of the

underlying Queue.

Case 2: Implement Queue using two Stacks.

The following idea can be used to realize the above task.
a) Instantiate two Stacks, namely S; and S».

b) Always place the oldest element at the top of the Stack Si. A dequeue. operation is realized by

performing POP operation on S;.
c¢) Use S; as auxiliary storage to ensure the above point b.

The following algorithm can be considered to realize the above operational idea. Note that, popping all
the elements from a Stack and pushing the elements in another Stack in the order of popped

sequence reverses the elements in the Stack.

Algorithm: enqueue
Assumption: S2 is initially empty
Input: ele - the element to be enqueued, Stack Si,

BEGIN

// Move all from Si.to Si.

1. UNTIL (S:;.isEmpty()==False&)
2. So.push.(S1.pop. ())

3. S,.push (ele)

// Move all “from. S; ‘to S:

4. UNTIL" (S;.isEmpty()==False)
5. Syepush (S>.pop())

END

Stack Sz

Algorithm: dequeue

Output: The dequeued element
Input: Stack S,

BEGIN

1. ele=Si.pop()

2. Returnele

END
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If a PUSH or POP operation on a Stack can be done with ©(1) time complexity, the above algorithm
has ©(n) for enqueue operation and ©(1) for dequeue operation. Though the above example
shows one specific approach of implementing the task, it can be implemented using different
approaches. Readers are encouraged to work out other alternatives.

UNIT SUMMARY

This unit discussed three data structures — array, stack, and queue. Algorithms for different operations
of these data structures are discussed and the complexities of these algorithms are also estimated.
Working principles of these data structures, and their operations are explained with' appropriate
examples and diagrams.

EXERCISES

Many of these questions have been compiled from various sources including past GATE examinations.

Multiple Choice Questions
Q1. What is a stack data structure?
a) A linear data structure
b) A non-linear data structure
¢) A hierarchical data structure
d) A tree data structure

Q2. If the index of the first.element in an array is 0, What is the index of the 10" element in the
array?

a. 10
b.9
c. 11
d. 0

Q3. What is the time complexity of accessing an element in an array?
a. 0(1)
b. 8(n)
c.8(nlogn)
d. 8(logn)
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Q4. What happens if you access an array element with an index that is out of bounds in C?
a. It will give an error
b. It will access the element at the last valid index
c. It will access the element at the first valid index

d. It depends on the size of the array

Q5. What is the characteristic feature of a stack data structure?
a) First In, First Out (FIFO)
b) Last In, Last Out (LILO)
¢) Last In, First Out (LIFO)
d) First In, Last Out (FILO)

Q6. Which operation adds an element to the top of the stack?
a) Pop
b) Peek (top of Stack)
¢) Push

d) Remove

Q7. What happens when a stack is full'and a push operation is performed?
a) Stack becomes empty
b) Stack overflows
¢) Stack remains unchanged
d) Stack underflows

Q8. What happens when a stack is empty and a pop operation is performed?
a) Stack becomes full
b) Stack underflows
¢) Stack remains unchanged

d) Stack overflows

Q9. Which of the following data structures can be implemented using a stack?
a) Queue
b) Tree
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¢) Graph
d) All of the above

Q10. What is the time complexity of push and pop operations in a stack with a fixed size?

a)6(1)

b) 8(n)
c)8(2")
d) 6(logn)

Q11. Which of the following is not a common application of a stack data structure?

a) Expression evaluation
b) Reverse a string
¢) Binary tree traversal

d) Sorting elements

Q12. Which operation in a queue data structure removes the element from the front of the queue?

a) Dequeue
b) Peek (Front)
¢) Enqueue

d) Remove

Q13. What is the time complexity.of the dequeue operation in a queue implemented using a linked

list? The head of the listpoints.to the first element of the queue.
a)0(1)

b) 8(n)

c) 82"

d) 6(logn)

Q14. Which-of the following operations can be used to add an element to the front of the queue?

a) Enqueue

b) Dequeue

c) Peek (Front)
d) Insert
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Q15. Which of the following is not a disadvantage of using an array to implement a queue?

a) Fixed size
b) Inefficient insertion and deletion at the front
¢) Requires shifting of elements after dequeue operation

d) High memory usage

Short and Long Answer Type Questions

QL.
Q2.
Q3.
Q4.
Q5.
Q6.
Q.

Q10.
Ql1.
QI2.
Q13.
Ql4.
Ql15.
Q16.

Q17.
Q18.
Q109.

Q20.

What is the time complexity of the peek (top of the stack) operation in a stack?
What is the difference between a static stack and a dynamic stack?

What is the purpose of the "isEmpty" operation in a.stack?

What is the time complexity of the "isEmpty" operation in a stack?

What is the purpose of the "isFull" operation in a stack?

What is the time complexity of the "isFull" operation in a stack?

Implement a function in C to reverse‘a string using a stack.

Implement a function in C to convert an infix expression to. postfix-€xpression using a stack.
Implement a function in C to find the size of a queue.

Implement a function in'C to reverse the elements of a queue:

What is a circular queue?

How can you implement a circular queue using an array in C?

What is a priority queue?

How can you implement a_priority queue using a heap in C? (Refer Unit III for details on
Heap)

What is a double-ended queue or deque?
How can you implement a-double-ended queue or deque using a doubly linked list in C?

Consider thetsparse. matrix~implementation discussed in Section 2.1.3, determine the
expression to estimate effective address of A[i][j] of a left upper triangular sparse matrix.

Consider. the sparse .matrix implementation discussed in Section 2.1.3, determine the
expression to estimate effective address of A[i][j] of a right upper triangular sparse matrix.
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Numerical Problems
Q1. What will be the output of the following C program?

#include <stdio.h>
#include <stdlib.h>

void push (int* arr, int* top, int x) {

arr[++(*top)] = x;

int pop(int* arr, int* top) {

return arr[ (*top)--1;

int main() {
int stack[5];
int top = -1;
push (stack, &top, 10);
push (stack, «&top, 20);
printf ("$d\n", pop(stack, &top))%

return 0;

Q2. What will be the output of the following € program?

#include <stdio.h>
#include ‘<stdlib.h>

void engueue (int* arr, int* front, int* rear, int x) {
ifo (Frear == 4) {
printf ("Queue is full.\n");
return;
}

arr[++ (*rear)] = x;
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int dequeue (int* arr, int* front, int* rear) {
if (*front == *rear) {
printf ("Queue is empty.\n");
return -1;

}

return arr[++ (*front) ];

int main () {
int queue[5];
int front = -1, rear = -1;
enqueue (queue, &front, &rear, 10);
enqueue (queue, &front, &reaxr, 20);
printf ("$d\n", dequeue (queue, &front, &rear)).;

return 0;

Q3. What will be the output of the following C program?

#include <stdio.h>
#include <stdlib.h>

void push (int* arr,  int* top, int x) {
if (*top ==.4) {
printf("Stack is full.\n");
return;

}
arr[++ (*top)] = x;

int pop(int* arr, int* top) {
if (*top == -1) {
printf ("Stack is empty.\n");
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return -1;

}

return arr[ (*top)--1;

int main() {
int stack[5];
int top = -1;
push (stack, &top, 10);
push (stack, &top, 20);
printf ("$d\n", pop(stack, &top))s;

return 0;

Q4. Implement a queue using two stacks.
Q5. Implement a stack using two queues.

Q6. Given an integer array A and an integer k, write a program to return the number of pairs (i, j)
where i < j such that |A[i] = A[j]|] == k.

Q7. Given a sorted array A of n integers and an integer x, write a program to find the lower bound
of x. The lower bound of x is the smallest index i such'that A[i] >= x.

Q8. Given an array of integers A and an integer limit; return the size of the longest non-empty
subarray such that the absolute difference between any two elements of this subarray is less
than or equal to limit. . A subarray .is'a contiguous part of an array. Hints: Try to solve this
problem using Double Ended Queue.

Q9. Given an integer array.A and an.integer k, return the size of the shortest non-empty subarray
with a sum of at least k. If there is no‘such subarray, return -1. A subarray is a contiguous part
of an array. Try to solve this in less than 0(n?).

Q10. You are given an integer array A of length n that represents a permutation of the integers in
the range [0,n —.1]. We split A into some number of chunks, and individually sort each
chunk. After concatenating the sorted chunks, the result should equal the sorted array of A.
Return the largest number of chunks we can make to sort the array.
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KNOW MORE

Readers are encouraged to explore the following E-Books/E-Resources for additional examples, and

discussions on related topics.

1. Stacks and Queues. Frank Pfenning, Andre Platzer, Rob Simmons
(https://www.cs.cmu.edu/~rjsimmon/15122-s13/09-queuestack.pdf)

2. Queue. Chapter 6, Data Structures and Algorithms: Annotated Reference with Examples, Granville
Barnett, and Luca Del Tongo,( https://www.mta.ca/~rrosebru/oldcourse/263114/Dsa.pdf)
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3 Linked Lists and Trees

UNIT SPECIFICS

Broadly, this unit discusses two types of data structures, namely linked lists.and trees.  Different
types of linked lists and different types of trees are presented with appropriate examples in details.
To be specific, the following data structures are discussed:

o Singly linked list;

o Doubly linked list;

o Circular linked list;

o Implementation of linked list using array and dynamic allocation;

e Operations on linked list and their algorithms

e Tree, Binary tree;

e Binary search tree, AVL tree, Red-Black Tree, Heap Tree, Threaded binary tree;
e Operations on different types of binary trees and their algorithms,

e B-tree and B++ Tree;

The practical applications of some.of these data structures are discussed with appropriate
examples to further improve problem solving capacity.

A large number of exercise'questions of different types - multiple choice, short and long answer
typed questions, practice questions are also given. For additional questions and reading materials,
a QR code has been provided which is linked to a web page, for further reading and exercises.

RATIONALE

Linked list and tree are two data structures with wide ranges of applications. While linked lists are
considered to be linear data structures, trees on the other hand are non-linear data structures.
Further, linked lists are used to implement other data structures such as stack, queue, B++ tree
etc. While linked lists arrange data elements in linear order, trees order the data elements in a
hierarchical manner. This unit will help the students to visualise linear and nonlinear ways of
organising data, accessing data elements from such organization and usage of such data structures
for different applications
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PRE-REQUISITES

Programming: C programming language (Many of the examples are given in C like statements)

Computer System: Main Memory

UNIT OUTCOMES

List of outcomes of this unit is as follows:

U3-01:
U3-02:
U3-03:
U3-04:

Understanding the concepts of Linked list data structure and its types
Understanding operations on linked list and their implementation
Understanding tree data structure and its types

Understanding operations on trees and their implementation

U3-05: Understanding special types of binary trees < AVL tree, Red Black Tree, B-tree, B++

. EXPECTED MAPPING WITH COURSE OUTCOMES

Outcomes (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)

co-1 CO-2 CO-3 CO-4 CO-5 CO-6

U3-01 1 - 3 - - -
U3-02 1 - 3 - - -
U3-03 1 - 3 - - -
U3-04 1 - 3 - - -
U3-05 1 - 3 - - -
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3.1 LINKED LIST

This unit focuses on two data structures namely /inked list and
tree. Linked list data structure is first discussed in this
section, followed by tree data structure in the next
section. Linked list is a linear data structure where its
data elements are arranged sequentially. Unlike an Information | Address
array, data elements in a linked list are stored at Field Field
non-contiguous memory locations. Therefore, the
elements need to be linked to enable traversal Figure 3.1: Anode in a Linked List
across the data elements. Each data element of a
linked list is generally called node. A node consists of (Pt ] S [Secaia} 3-8 g IX]
two fields; information field which holds the values f
of the corresponding data element, and address. Hed
field which holds the address of next node (Figure  Figure 3.2: Connecting nodes in a
3.1). A special pointer called Head stores the Linked List.
address of the first element. The address field of the
first node holds the address of the second node.

Similarly, the address field of the second node holds
the address of the third node, and so on/(Figure 3.2).
The address field of the last node holds null. Unlike
array, data elements in a linked list are.stored.at
non-contiguous memory locations. As each.node
maintains the data and the address of the next data
element, it is inherently a heterogeneous .data
structure. Further, information field" can ‘also
maintain a set of heterogeneous ‘data values. For
example, a linked list.of student records where
information field consists of nhame, roll no, age, etc.

Depending on whether anodein a linked list maintains the address of the next node only or the addresses
of both the previous node and the next node, a linked list can be Singly Linked List or Doubly
Linked List. The-examples in the Figure 3.1 and Figure 3.2 are of singly linked list. If the type is
not explicitly specified, the term linked list generally refers to as singly linked list. An example
of doubly linked list is shown in Figure 3.3.
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Address of ) Address of
- the previous Ir_\formahon the next —0~—p
node Field node

Node in a Doubly Linked List

First Second Third

— -

Head
Figure 3.3: Connecting nodes in a Doubly Linked List.

3.1.1 Implementation of a Linked List in Memory

A linked list may be implemented using either dynamic memory allocation (allocate. memory for each
node separately) or static memory allocation (using arrays for storing; data‘and address). In C
programming language, the structure of a node for dynamic:memory-allocation can be defined as
follows.

// Structure of a Singly Linked List
struct node{

int info;

struct node *next;

}i

// Structure of a/Doubly Linked List
struct node{

int“info;

struct node *next;

struct node *prev;

bi
Once the structure is defined, memory for each node can be allocated dynamically as follows.

struct node *ptr;

ptr = (struct node *)malloc(sizeof (struct node));
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Putting the above node definition and memory allocation, the following C program create a singly linked
list of the elements 3 -> 1 -> 7.

#include <stdio.h>
#include<stdlib.h>
struct node{

int info;

struct node *next;

}s

main () {
struct node *head;

// The First Node
head = (struct node *)madloc (sizeof (struct node).);
head->info = 3;

// The Second Node
head->next= (struct node *)malloc (sizeof (struct node));
head->next->info = 1;

// The Third Node

head->next->next = (struct node *)malloc (sizeof (struct
node)) ;

head->next->next->info= 7;

// Address field of. the third node is assigned NULL
head->next->next->next= NULL;

printf ("Firstrelement: %d\n",head->info);

printf ("Second element: %d\n",head->next->info);

printf("Third element: %d\n",head->next->next->info);
}

The output.of the above program is:
First element: 3
Second element: 1
Third element: 7

Pictorially, the above linked list can be visualized as follows.
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|t3|—|—~|1|

head
The statement head = (struct node *)malloc (sizeof (struct node));
creates the first node, and the statement head->info = 3; assigns the value 3 in the

information field of the first node.

The next statement head->next = (struct node *)malloc (sizeof(struct
node) ) ; creates the second node and the address of the second node is assigned to the address
field of the first node. If the address of the first node is stored at head pointer, head=>info
points to the information filed of the first node. Similarly, head->next ~points to the address
field of the first node which can hold the address of another node as shown in figure 3.4.
Therefore, head->next = (struct < node _.*)malloc (slzeof (struct
node) ) ; stores the address of the new node (i.e., second node) at.the address field of the first
node. Thus, the first and second nodes are sequentially connected.

Addressof the'next node

Address of the node head- }next

head -h;li—l

Address of the information field —=——phead->info
of the node

Head-=next-=next->next

SE - [ 7 T

Head

Head-=next Head-=next-=next

Figure 3.4: An example of headed linked list
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As head->next stores the address of the second node, head->next->next stores the address of
the address field of the second node. Thus, the statement head->next->next = (struct
node *)malloc(sizeof (struct node)); creates the third node and stores its
address to the address field of the second node, linking the second and third nodes sequentially.

In the similar manner, following C program creates a doubly linked list version of the above singly
linked list. In a doubly linked list, each node has addresses of its next and previous nodes, linking
the node to its next node as well as its previous node. Therefore, we can perform both forward
movements, as well as backward movements. In order to support backward movement from the
last node of the list, we also maintain a tail pointer in the following program, in addition to the
head pointer. The head pointer stores the address of the first node, and the tail pointer-stores
the address of the last node.

#include <stdio.h>
#include<stdlib.h>
struct node{

int info;

struct node *next;

struct node *prev;

}s

main () {
struct node *head, *tail;

// The First Node

head = (struct node “*)malloc (sizeof (struct node));

tail = head;

head->info = 3;

head->prev = NULL; »// The prev field of first node is
assigned NULL

// The Secondi/Node

head->next=<(struct node *)malloc (sizeof (struct node));
tail.= head->next;

head-=>next->info = 1;

head->next->prev = head;

/ /. The Third Node

head->next->next = (struct node *)malloc (sizeof (struct
node) ) ;

tail = head->next->next;

head->next->next->info = 7;

head->next->next->prev = head->next;

head->next->next->next= NULL;

// Print First to Last : 3 1 7
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printf ("First element: %d\n",head->info);
printf ("Second element: %d\n",head->next->info);
printf ("Third element: %d\n",head->next->next->info);

// Print Last to First : 7 1 3

printf ("First element: %d\n",tail->info);

printf ("Second element: %d\n",tail->prev->info);
printf ("Third element: %d\n",tail->prev->prev->info);

The output of the above program is:
First element: 3
Second element: 1
Third element: 7
First element: 7
Second element: 1
Third element: 3

The following figure illustrates the doubly linked list created by the above program.

L ]

null 3 1 7 null

head tail

Linked List Implementation using Array: As mentioned above, a linked list can also be implemented
using an array. A typical implementation using array is shown below. Another form of
implementation is also presented in Unitl.

#include <stdio.h>
struct nodef{

int info;

int: nexty

}s

main ()9
int a[l1l0][2], head=5;
struct node 1list[10];

/* first node */
list[head].info = 3; // data
list[head] .next = 2; // address of second node
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/* second node */
list[list[head] .next].info = 1; // data
list[list[head] .next].next = 8; // address of third node

/* third node */
list[list[list[head] .next].next].info = 7; // data
list[list[list[head] .next].next].next -1; // last node

printf ("First element: %d\n",list[head].info);
printf ("Second element: %d\n", list[list[head].next].info

plintf ("Third element: %d\n", list[list[list[head].next
] .next].info );
}
The output of the above program is:
First element: 3
Second element: 1

Third element: 7

Pictorially, the list created above. is shown in figure 3.5 below. Each row of the array represents
a struct node. The first node is stored at array index 5, the second node at array index 2, and the
third node at the index 8, as'shown in the figure. Unlike dynamic allocation, the next variable
in node is an integer data type.

Index _info next

Bow reD
=
oo

head—5 3 2 -
5]
7
g 7 -1 -
9

Figure 3.5: An example of array implementation of a linked list.
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3.1.2 Operations on a Singly Linked List

Like any other data structure, a linked list data structure also needs to have operations like insertion,
deletion, search, etc. Some of the common operations on linked list are listed below. Though the
operation listed below are applicable for both singly as well as doubly linked list, the functions
discussed in this section focus on singly linked list.

e CREATE: It creates an empty list. It is equivalent to declaring the head pointer, i.e., sStruct
node *head;.

e INSERTION: It inserts an element into the list. Depending on the position of the insertion, the
following suboperations may be defined.
o insertFirst(): it inserts the new node before the current first node.
o insertLast(): it inserts the new node after the current last node.
o insertPosition(): it inserts the new node at.a specified location:

e DELETION: It deletes an element from the list. Depending on the.position of the deletion, the
following suboperations may be defined.
o deleteFirst(): it deletes the first node.
o deleteLast(): it deletes the last node.
o deletePosition(): it deletes a node at a specified location.

o SEARCH: It scans the list and checks for the’occurrences'of nodes with a specified data value.

e TRAVERSAL: It traverses the list from the first node till the last node and displays the data
values. In case of a doubly linked: list;.traversal.from first to last and last to first may be
supported.

TRAVERSAL: Assume that a singly linked list is given and head points to the first node of the list.
The following C function traverses the list from the first node till the last node.

void traverse (struct node *ptr) {
while (ptr != NULL) {
printf("%$d ", ptr->info);
ptr = ptr->next;

The above function takes the address of the node from where the traversal will be started. If we
want to start traversal from the first node, the address of the first node i.e., head should be passed
as parameter while calling the functioni.e., traverse (head) . Initially, when execution enters
the while loop, ptr = head, as shown below and prints the value 3.
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ptr

|
[ 3 [ =] 1 [ s 7 [nul

head

Then, the ptr variable is updated with the value stored at the address field of the node pointed
by ptr,ie., ptr = ptr->next inside the while loop. After this statement, ptr points to
the second node as shown below.

ptr

]
e

head

Likewise, after printing the value 1, ptr is updated with the address of the next node in the next
iteration as shown below.

ptr

|;|—|—>| 1o | =] 7. null]

head

In the similar manner; the loop continues till ptr = ~NULL. The traverse () function
mandatorily visits all the nodes in the list from the first node till the last node exactly once.
Therefore, the time complexity of the function is 8 (n). That means, O (n) and 2(n) also hold.

Instead of a singly linked list, if a doubly linked list is'given, traversal could be from first to last or last
to first. The following function traverses the list either from the first node or the last node based
on the parameter direction. "If the direction is 1, it traverses forward, otherwise
backward. It takes addresses of the first node and last node as parameters.

volid traverse(struct node *hPtr, struct node *tPtr, int
direction) {

if (direction == 1){ // From first to last
ptr = hPtr;
while (ptr != NULL) {

printf ("%d ", ptr->info);
ptr = ptr->next;
}

}
else( // From last to first
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ptr = tPtr;

while (ptr != NULL) {
printf ("%d ", ptr->info);
ptr = ptr->prev;

}

As the above function performs either a forward traversal or a backward traversal, its time
complexity is still 8(n).

SEARCH: Search operation scans the list from the first node till the last node and checks the presence
of the element to be searched. The following function takes the address of the first node pt r and

the element to be searched e1e as parameters. If the element e 1e is found, it returns’1, otherwise
0.

int search(struct node *ptr; int ele){
while (ptr != NULL) {
if (ptr->info == ele) {
printf ("Found") ;
return 1;
}
ptr = ptr->next;
}
printf ("Not Found");
return 0;

}

Unlike the traverse function, the sea rch-operation not necessarily visits all the nodes in the list. It
terminates at the first occurrence of the searched element in the list. It scans the entire list only
when the searched element is present at the last node or the searched element is not found.
Depending on the scenario, its time complexity will be different. The best case happens when the
search element ispresent at the fitst node. It requires visiting only the first node. Hence, the best
case time complexity.is.O0(1). The worst case happens when the searched element is present at
the last node or the searched element is not found. For this case, all the nodes are visited, with the
worst-case time.complexity of order O(n), where n is the number of nodes in the list. On an
average, the function will visit n/2 number of nodes, with average case time complexity of order
o(n).

In a list, an element may occur repeatedly. However, the above search function terminates at
the first occurrence of the searched element. Instead of just checking the presence or absence of
the searched element, the above function may be modified to count the number of occurrences of
the searched element as follows. If the count is 0, then the searched element is not found.
Otherwise, it is found.
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int count (struct node *ptr,

int ele) {
int cnt=0;
while (ptr != NULL) {
if (ptr->info == ele) {
cnt++;

}

ptr = ptr->next;
}

return cnt;

As the count function mandatorily visits all the nodes in the list once, its time.complexity is O (n)

INSERTION: Depending on the position of the insettion, the scenario will- be different..Given a singly
linked list, insertion at the first position can be illustrated as follows.

5tep 1: Create a new node and store the element to beinserted at the information field

nFtr = (struct node *)mallocisizecf (struct nodel);
nPtr—->info = 4;

L2 | I|13|—|—b|

head

[

|~ 7 .[inun |

Step 2: Store the value of head at address field of the node
nPtr—->next=head

|4|—|—>|;~|—|—>| 1 [ 7 [nul]

head

Step 3: Update head tothe first node
head=nPtr;

| a | == 2 [ 1 [ a4 7 [nul]

Following the above steps, the insertFirst () function below inserts a node before the
existing first node. As it processes only one node, its time complexity is 0(1).
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volid insertFirst (struct node **hPtr, int ele) {
struct node *nPtr;

// Step 1

nPtr = (struct node *)malloc (sizeof (struct node));
nPtr->info = ele;

// Step 2

nPtr->next = (*hPtr);

// Step 3

(*hPtr) = nPtr;

Insert at last operation traverse the list till the last node, and insert the new element as the last node of
the list as illustrated below. As this operation scans the entire list, visiting each node once, its
time complexity is O (n).

Step 1: Create a new node and store the element to be inserted at the information field

nPtr = (struct node *Jmalloc(sizecf (struct nodel);
nPtr->infoc = 4;
nPFtr—>next = NULL;

Iil-l—rl 1 | = 7 | nuil] |14|nu"|

head

nPtr

Step 2: Scan the list 4ill the last node

ptr = hEtr;

while (ptr->»next != NULL) {
ptr = _ptr—>next;

|t3'|-|—*| 1 | Sl 7 | null] -ﬂi null

L% = ™ £ N ...._.*
head pir scan the list ptr nPtr
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Step 3: Connect the last node to the new node

ptr—->*next = nPtr;

3 | 4|

=

S 7 T+ [

t f

ptr nPtr

An implementation of insertLast () function is shown below.

volid insertLast (struct node *hPtr, int ele) {

struct node *ptr, *nPtr;

// Step 1
nPtr = (struct node *)malloc (sizeof (struct noede)).;
nPtr->info = ele;

nPtr->next = NULL;

// Step 2

ptr = hPtr;

while (ptr->next != NULL) {
ptr = ptr->next;

}

// Step 3
ptr->next = nPtr;

Insert at a position: Instead of inserting a node at first or at last, it can also be inserted at any arbitrary
position. In such a case, the list.should be scanned from the head till the specified position and
insert. Let us say, the position starts from 1, and position at 1 means insert as first node. Likewise,
position 2 means insert as second node and so on. The function given below follows the following
steps and inserts an element at'the position pos.
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Step 1: Create a new node and store the element to be inserted at the information field

nPtr = (struct nods *)malloc(sizecf (struct node));
nPtr->info = 4;

nPFtr—>next = NULL;

I?I—l—rl 1 [ 4 7 [nun]
head

nPtr

Step 2: Scan the list till the specified position
cnt=1
ptr = hPtr;
while {cnt < pos-1){
ptr = ptr-Fnext;
cnt++;

cnt=1 cni=2
ptr ptr.

lECanthEl'St .1 pos=3

L2 |+—{ 1 | o—{ 7 [nui]
head “

nPtr

Step 3: Insert the new.node
nPtr->next = ptr->next;
ptr—->next = nPtr;

ptr

|
s Tgpelr ol

head

[ a [ ]

nPtr

void insertPosition(struct node **hPtr, int ele, int pos) {
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struct node *ptr, *nPtr;

// Step 1

nPtr = (struct node *)malloc (sizeof (struct node));
nPtr->info = ele;

nPtr->next = NULL;

// Step 2

if (pos == 1) {
// insert as first
nPtr->next = (*hPtr);
(*hPtr) = nPtr;

}

else{
int cnt = 1;
ptr = (*hPtr);

while (cnt < pos-1 && ptr!=NULL) {
ptr = ptr->next;
cnt++;

}

// Step 3
if(ptr == NULL) printf ("Position 4is beyond the range");
else{

nPtr->next = ptr=->nexty

ptr->next = nPtr;

In the above program, the location of the insertion is defined by the sequential index position such as
15, 2", 3 and so on. Instead of defining the location of insertion by index, the location of the
insertion may also be.defined by the data present in the list. For example, insert after the node
having data value 4 ot insert before the node having data value 7, and so on. The following
function inserts.a new node after the node with data value data.

void imsertAfterData(struct node *hPtr, int ele, int data) {
struct node *ptr, *nPtr;

// Step 1: Create a new node

nPtr = (struct node *)malloc (sizeof (struct node));
nPtr->info = ele;

nPtr->next = NULL;
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// Step 2: Scan the list upto the node having data
ptr = hPtr;
while (ptr->info != data && ptr!=NULL) {
ptr = ptr->next;
}

// Step 3: Insert the new node after the node having .data
if (ptr == NULL) printf ("Data not found");
else{

nPtr->next = ptr->next;

ptr->next = nPtr;

DELETION: Like insertion, deletion operation can‘be at first, last or any arbitrary node. The following
function deletes the first node. It can be.achieved by updating-head pointer with the head-
>next i.e., head=head->next; withtime complexity 0 (1) as shownin the figure below.

4 3 | 1 |—|—>| ?|nul||

head head
head = head-Fnext

The function below implements the process of deleting the first node as illustrated above. In the
function below, the address.of the memory location of the head pointer is passed as the parameter
(i.e.,, struct node »**hPtx), instead of the content of the head pointer (i.e., struct
node *hPtr). It is'because, a new head address needs to be assigned at the memory location
holding head pointer address.

int deleteFirst (struct node **hPtr) {
int data = (*hPtr)->info;
(*hPtr) = (*hPtr)->next;
return data;

Delete at Last: The following function deletes the /ast node. It scans the list till the last node. As we
need to set the address field of the second last node to NULL, another pointer keeps track of the
previous node of the currently visited node. As the function visits every node in the list once, its
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time complexity is 0(n). To simplify the implementation, the following implementation assumes
that there are at least two nodes in the list. If there is only one node in the list, this function will
conceptually delete the node, and the value of head pointer needs to be changed. In such a case,
the address of the memory location of the head pointer needs to be passed as done in the previous
function, instead of the content of the head pointer. Reader may referto insertPosition ()
function or deletePosition () function for the same.

// We assume that the list has at list two elements
int deletelast (struct node *hPtr) {

struct node *cur, *prev;

int data;

// Step 1: Scan till the last_node, and maintain the
// address of the previous node
cur = hPtr;

while (cur->next != NULL){
prev = cur;
cur = cur->next;

// Step 3: Delete the last node by setting cur->next=NULL
prev->next = NULL;

data = cur->info;

free (cur);

return datay;

The above function follows the procedure given below.

Step 1: Define the cur‘and prev pointers. The cur pointer is initialized to head pointer.

prev

!

| = 7 [null]

=

L4 [l | 54—
It

head cur

Step 2: Scan the list till the last node using cur pointer. The prev pointers points to the node
before the cur pointer
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!

7 |nuH|

head ! scan the list cur

Step3: Delete the last node by assigning address field of prev to NULL.

prev
]
G54 13— Tmiel 7 ot

head

Delete at a Position: For deleting a node at a random location, the list needs to be scanned from the
beginning till the position. At the same time, the address of the-previous node also needs to be
maintained, as done in deleteLast () function. Unlike deleteliast.() function, the
following function supports deleting the first node.

int deletePosition (struct node **hPtr, int pos) {
struct node *cur=NULL, *prev;
int cnt=1, data;

// Step 1: Scan the 1list tdill pos, and maintain the
// address of the previous node

if(pos == 1){ //«1if first node to be deleted, update head
data = (*hPtr)->dnfo;
(*hPtr) = _(*hPtx)->next;
}
else{
cur = (*hPtr);
while (cnt < pos && cur != NULL) {
prev .= cur;
cur = cur-—->next;
cnt++;

}

// Step 2: Delete the node at the position

if (cur == NULL) printf ("Position out of range.");
else/{
prev->next = cur->next;

data = cur->info;
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free (cur);

}

return data;

Initial: Set the parameters.

prev A
l’ pos=

4 3 | 1 | > 7 [nul]

head our

Step 1: Scan the list till the specified position

prev
l_ pos=4
1 | == 7 | null]
head CLr scanthelist . cur
Step 2: Delete the node.
prev
} ‘ pos=4

1 Jrnulds<e] 7 o]

prev-rnext=cur—>next

The number of nodes visited by the above function is equal to the value of the position. Therefore,
best'case time complexity 0(1) holds while deleting first node. Worst case time complexity O (n)
holds while deleting the last node. On an average, n/2 number of nodes may be visited while
deleting at an arbitrary position, with a time complexity of O (n).

3.1.3 Doubly Linked List

As mentioned above, unlike a singly linked list, each node in a doubly linked list has addresses of both
the previous node and the next node in the sequence. Therefore, it can move in both forward and
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backward directions. It also maintains the addresses of both the first node and the last node. Due
to its ability to move forward and backward, and also availability of both the first and last nodes,
it has advantages over singly linked list specially for insertion at last.

Insertion at last: While the operation for the insertion at first can be kept the same as the one discussed
in section 3.1.2, the insertion at last can be modified as follows. It directly goes to the last node
of the list through tail pointer, update the next field of the tail pointer, update the previous
field of the new node, and update the tail pointer to the new node. As it visits only one node,
its time complexity is O (1). Pictorially the process has been illustrated below.

Step 1: Create a new node and assign necessary values in the node

nPtr = (struct node *)malloc (sizeof (struct node)) ;
nPtr->info = ele;

nPtr->next = NULL;

nPtr->prev = NULL;

null 3 1 P - 7 null null | 8 null
e @
head tail nPtr

Step 2: Update next field of tail to the address of the new node nPtr, and change tail pointer
to the new node

nPtr->prev = tail;
tail->next = nPtr;

tail->next=nPtr

null 3 L 1 < 7 8
1 nPtr-=prev=tail 1 1
head nktr tail

The aboveprocess is implemented as follows. Note that the tail parameter pointer reference
(addressof the tail pointer variable, instead of the pointer content). It is required to update the
content of the tail pointer on the caller functer.

void insertLast (struct node **tPtr, int ele) {
struct node *nPtr;

// Step 1
nPtr = (struct node *)malloc (sizeof (struct node));
nPtr->info = ele;
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nPtr->next = NULL;
nPtr->prev = NULL;

// Step 2
nPtr->prev = (*tPtr);
(*tPtr)->next = nPtr;
(*tPtr) = nPtr;

}

Insertion at any position: Like insertion of a node at last, as discussed above, insertion of a node at
any position can also be benefited. Such an operation can be implemented in different ways.as
listed below.

e C(Case I: If the position is less than or equal to the half of the number of nodes in the list, scan
the list forward from the first node.

e (Case 2: If the position is greater than or equal to thehalf of the number of nodes in the list,
scan the list backward from the last node.

e (Case 3: Scan the list simultaneously in both forward and backward directionsfrom both the
first and last node. Stop scanning the’list.-when scanning from ‘either «direction finds the
position.

The case 1 and 2 can be easily adapted from the singly linked.list implementation, and left as an
exercise. This section discusses the implementation of Case 3. All three cases will scan the list at
the most upto n/2 number of nodes in the list, with a' time complexity of O (n). For simplicity, it
is assume that the list has at least two nodes, insertion ‘does not.happen as first or last node, and
the number of nodes in_the list is known. Reader can modify. the program to support without any
restriction.

Step 1: Create a new node and assign node values.: Initialise the values of forward (hCur) and
backward (tCur) pointers to'head and tail respectively.

nPtr
null 4 null
null | /3 1 7 8 5 | null
1' 1‘ pos=3 1‘ t
head  hCur tCur  tail

Step 2: Scan the list forward and backward simultaneously using hCur and tCur pointers till it
finds the position or scanning reaches middle node. In this example, scanning stop one position
before the actual position, so that insertion happens after the last scanned node.
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nPtr
null 4 null
null | 2 ) 1 o 7 i g8 5 [“null
-+ —_— -~ —
A t

F Y T —

. pos=3 1‘; .
e sEEE R ————— ----—' '

head hcur  scan forward hCur tcur o backward tCcur tail

Step 3: Connect the new node with the node at the position. The pointers used in this connection
depends on, whether the position lies in the first half or second half of the list. In this example,

the position lies in the first half.

nPtr
rull 4
hCur->next->prev=nptr; / v nPtr->next=hCur->next;
t o ¥ >
null | 3 1 St 7 ) g8 5 | null
- 7% i o
t 7 =
head hCur tail

Step 4: Connect the previous node with the new node. Like in step 3, the pointers used in this
connection depends on, whether the position lies in the first half or second half of the list. In this

example, the position lies.in the first half.
nPtr

|
M
7]

3 1 /7 /] 8 5 | null

null _
h #

1‘ "‘ pos=3 t
head hCur tail

nPtr->prev=hCur;

hCur-=next=nPtr;
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Following the above step, the function below inserts a node at a position.

// the list has at least two nodes, insertion does not happen
as first or last node, and the number of nodes in the 1list is
known

void insertPosition(struct node *hPtr, struct node **tPtr, int
ele, int pos, int total) {
struct node *hCur, *tCur *nPtr;
int cnt;

// Step 1

nPtr = (struct node *)malloc(sizeof (struct node));
nPtr->info = ele;

nPtr->next = NULL;

nPtr->prev = NULL;

hCur=hPtr; // assign head pointer

tCur=tPtr; // assign tail pointer

// Step 2

cnt = 1;

while (cnt £ pos && cnt < (total —pos) ){
hCur = hCur->next;
tCur = tCur->prev;
cnt++;

}

// Step 3 and’4

if (cnt == (total - pos)){ // Found second half
// Step 3
nPtr->prev = .tCur->prev;
tCur->prev->next = nPtr;

//Step 4
nPtr->next = tCur;
tCur->prev = nPtr;

}

else( // Found in the first half
// Step 3
nPtr->next hCur->next;
hCur->next->prev = nPtr;
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//Step 4

hCur->next = nPtr;
nPtr->prev = hCur;

Delete at last: The operation of delefe at last can also be done in O (1) using tail pointer. The process
of deleting at last is illustrated below.

Step 1: Go directly to the last node

v

null 3 1 7 null

t

head tail

Step 2: Update the tail pointer to the second last node, and.assign.next address field to NULL

null 3 1 null | \ 7 null
— e
1 it"'""'_"."':’"':"""""'-'
head tail tadl=tail=>prev “5il

The function for delete at last can be implemented as below.

int deletelast (structinode: **tPtr) {
struct node *ptr;

// Step 1
ptr = (*tPtr);
int.data = ptr->info;

// Step 2

(*tPtr) = (*tPtr)->prev;
(*tPtr)->next = NULL;
free (ptr);

return data;
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Delete a node at a position: Like in insertion of a node at a position discussed above, deletion of a
node at a position can also be implemented by scanning the list simultaneously from both ends,
and reducing the number of iterations by half the number of nodes in the list, with time complexity
0(n). Depending on whether the position is in the first half or second half of the list, it can also
have three cases.

e C(Case 1: If the position is less than or equal to half of the number of nodes in the list, scan the
list forward from the first node.

e (Case 2: If the position is greater than or equal to half of the number of nodes in the list, scan
the list backward from the last node.

e (Case 3: Scan the list simultaneously in both forward and backward directions from both the
first and last node. Stop scanning the list when scanning from either direction finds the
position.

The example given below scans the list from both the ends simultaneously, and locate the position to
delete the node. It follows the following steps.

Step 1: Initialize the parameters.

null | 3 - i 1 P ” 7 ) \ g g 5 | null
t t pos=3 t 1
head  hCur tCur  tail

Step 2: Scan the list simultancously from both ends. Stop scanning the list one position before
the actual node to be deleted.

+

null | 3 _ 1 7 2 5 | null
o b 2 = <=

t ?....._. A N ..,..1 p05=3 11——--—---- b i.(-"“a““-‘-h
head  hcur 7 scanforward - pcyr toyr CCAmPatiward ol i)

Step.3: Delete the target node by connecting the nodes one position before and one position after.
Depending on whether the position is found in first half or second half, pointer manipulation will
be different. Following example delete the node from the forward scan.
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hCur-=next=hCur->next-=next;

- \- /r
null | 3 _ 1 fi\\ 7 oA g ) 5 | null
f f M T
head hCur tail

hCur-=next->next-+prev=hCur;

Implementation of the above operation is shown below.

/]t
at £
know

void

he list has at least two  nodes, -deletion does .not happen
irst or last node, and.the number of.nodes in~the list is
n

deletePosition (struct node *hPtr, .struct node **tPtr, int

pos, int total){

struct node *hCuxr, *tCur *nPtr;
int cnt;

// Step 1

hCur=hPtr; // assign head pointer

tCur=tPtr; // assign tail pointer

// Step 2

cnt = 1;

while (cnt. < (pos —. 1) && cnt < (total - pos)-1 ){
hCur«= hCur->next;
tCur = tCur->prev;
cnt++;

}

// «Step 3
iffcnt == (total - pos)-1){ // Found second half
tCur->prev = tCur->prev->prev;
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tCur->prev->prev->next = tCur;

}

else( // Found in the first half
//
hCur->next = hCur->next->next;
hCur->next->next->prev = hCur;

3.1.4 Circular Linked List

A linked list could be circular as shown in Figure 3.6. In-a cireular singly linked list, the next field of
the last node further points to the first node. Similarly,dn a doubly linked list; the next field of the
last node points to the first node, and previous field of the first node points-to the last node. An
advantage of circular linked list is that insertion or deletion operation in a list.can be done by
scanning the list only in one direction.

%
|
!

head == 3 1 7

Figure 3.6: Examples of singly circular linked list and doubly circular linked list.

3.1.5 Linked List with Dedicated Headed Node

In the discussions above, we do not have a dedicated head node. Instead, we maintain a head pointer
variable which points to the first node of the list. Maintaining a dedicated header node which
always points to the first node of the list has advantages while implementing various operations
on a list. As for example, in the insertFirst () or deleteFirst () function discussed
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above, the value of the head pointer changes inside the function. To support this, we need to
pass the memory address of the pointer variable (struct node **hPtr), instead of the
contain of the pointer variable (struct node *hPtr). Likewise, whenever a new first node
is deleted or inserted (last node as well in the case of doubly linked list) in the list, special care
should be taken to handle this issue. Further, when the list is empty, in the implementation above,
the head pointer will not have a valid address, as there is no first node. So, to simplify the
implementation in such a scenario, the above implementations have imposed some restrictions
such as at least two elements, node insertion or deletion at first position, and so on. Maintaining
a dedicated header node will take care of all the above issues, except that there will be one
additional node in the list.

When we create a new linked list, we always assume that an empty linked list is-first created as
shown below (create header node).

head = (struct node *)malloc (sizeofi(struct node))::;
head->next = NULL;

_Header | -
v
head NULL

The above code creates a header node with its address field assigned to NULL to create an empty
list. Figure 3.5 illustrates an example of a singly linked list with a dedicated header node.

|He1ader|—|->| 3 | =t—p| 1] A= x7 | null]

head

Figure 3.7: Example of a singly-linked list with-a'dedicated header node.

We now modify insertFirst() function discussed above as follows. The function takes the address
of the header node. Node that the parameter is struct node *hPtr, instead of struct
node **hPtr. Pictorially, the insertion steps are illustrated below.

Step 1: link the new node with the first node

nPtr->next=head->next

|He15:der|—‘-b| 3 | =t 1 [ d—p] 7 [nul]

head
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Step 2: Link the header node with the new node.

F 3
head->next=nPtr

el 3 | A= 1 | [ 7 [nul]

‘ Header

head

Following function shows implementation of the above steps.

volid insertFirst (struct node *hPtr, int ele) {
struct node *nPtr;

nPtr = (struct node *)malloc (sdizeof (struct node));
nPtr->info = ele;

nPtr->next = hPtr->next;

hPtr->next = nPtr;

In the similar manner, a circular singly linked list can also be created, where-the last node points to the
header node instead of the first node. An example declaration.of an empty circular singly linked
list is shown below, and illustrated in figure 3.8..An example of a.cicular singly linked list with
head node is shown in figure 3.9.

head = (struct node *)malloc (sizeof (struct node));

head->next = head;
I__________W

| Header|.

head

Figure 3.8: Head'node of an empty circular linked list

[eade [ [ 3 | F—»[ 1 | +—[ 7 [ |-

Figure 3.9: An example of a circular linked list.
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3.1.6 Linked List ADT and its Applications

Like in Stack and Queue, linked list can also be defined as an ADT. The example below defines the
declaration of a singly linked list ADT.

<ADT> List({
PRIVATE:

struct node {
int info;
struct node *next;

ti

struct node *head;

void init () {

head=(struct node *)malldoc (sizeof(struct node));

}
PUBLIC:

void initiate () {dnit () ;}

void insertFirst (int) ;

void insertLast (int) ;

void insertPosition (int, int);
int deleteFirst(void) ;

int dedetelast (void).;

int deletePosition (int)s

int isEmpty(void)

int isFull (void);

}i

The isFull () function may not be relevant, if the list is implemented using dynamic memory
allocation. List will be-full only when:memory space in the system is exhausted/overflow.
However, if the list isimplemented using array (static memory allocation), 1sFull () function
is applicable.

Implementation of Stack using a Singly Linked List: Assume that we have the above singly linked
list ADT: Using the insertFirst () and deleteFirst () functions, we can implement a
stack ADT as'shown below.

<ADT> Stack{
PRIVATE:
<ADT> List stack;
init () { stack.initiate();}
PUBLIC:
void push (int ele){ stack.insertFirst (ele);}
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int pop () {
if (isEmpty () !=1) {
return stack.deleteFirst();

}
}

In the similar manner, stack operations can also be implemented using insertLast () and
deletelast () functions.

Implementation of Queue using a Singly Linked List: For queue implementation, we can use
insertFirst() function for enqueue operation, and deleteLast() function for-dequeue operation. An
example queue ADT is defined below.

<ADT> Queue{
PRIVATE:
<ADT> List stack;
init () { stack.initiate ();}
PUBLIC:
void enqueue(int ele) { stack.insertFirst (ele);}
int dequeue () {
if (isEmpty ().'=1).{
return stack.deletelast () ;

}
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3.2 TREES

So far, we have been discussing linear data structure. In this section, we will discuss a non-linear data
structure called 7ree. Many of the real-world data are inherently non-linear in nature. For
example, organizational structure in an institution which may have different campuses, different
departments under each campus, faculty members, staffs and students under each department,
and so on. Linear data structure may not be suitable for storing information for such hierarchical
data.

A tree consists of nodes/vertices and arcs/edges. Nodes are connected by arcs in a specific manner
following parent-child relationships. Every tree has a special type of node called the roof of the
tree. A root node has no parent (only children). There are nodes with no children, but only parent.
Such nodes are called leaf nodes or terminal nodes. All other nodes have both parent node as well
as child nodes, and are called internal/interior nodes. A tree structure T can berecursively defined
as the following.

1. An empty structure is an empty tree, i.e., a tree With'no root.

2. IfTy,T,Ts, .., Ty are disjoint trees, then T is also a tree given:that the-root of the T has the
roots of the Ty, T,,Ts, ..., Ty, as child nodes. In such a case, T\, T,, Ts,..., Ty are called
subtrees of the tree T. If k = 0, then the tree has only root.

3. Only structures generated using the rule 1 and rule 2.above are trees.

The figure below (Figure 3.10) illustrates a tree and .also defines different terminologies
associated with as tree (the same figure is also, given in Unit I (Figure 1.4)).

Root

- Level 0

----Level 1

- Level 2

----Level 3

Sub-tree ibli
Lo Sibling

Figure 3.10: A brief description of a tree.

As shown in figure 3.6, all the child nodes of a node are placed at the same level. The root node
is placed at level 0. The child nodes of the root node are placed at level 1. If a node B is a child
node of another node A, then A is the parent node of the node B. The child nodes of the nodes at
level i are placed at level i + 1 and so on. Likewise, a tree has a height. The height of a leaf node
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is assigned 0. The parents of the node with height 0 is assigned height 1, and so on. In some
literatures, the level and height may be started from 1. The child nodes of a node are called
siblings. Every node in a tree defines a subtree with the node as its root. Unlike natural tree, a tree
data structure is generally depicted upside down with the root node at the top.

The number of child nodes of a node is known as degree of the node. The degree of a tree is defined by
the maximum degree of any of its nodes. A path from a node n; to another node n, is a sequence
of node (n,, ny,ns, ..., Nj_1, Ny, N1, --- Ny ) such that n; is the parent of node n; 1. The length of
a path is defined by the number of arcs in the path (i.e., k — 1). Therefore, height of a'node can
be defined by the longest path length from the node to any leaf node. Height of a tree'is the height
of the root node. Similarly, depth of a node can be defined as the path length from the root to the
node. In the above figure, depth of a node is defined by level. If there is a path from anode n; to
node n;, then n; is an ancestor of the node n; , and n; is the descendent of the node n;. Few

examples of trees are shown in figure 3.11.

an Empty Tree A tree with only root

h [

Figure 3.11: Examples of trees.

Note: In some literatures, a‘tree may be defined as connected acyclic graph (graph is defined in Unit
IV). With such a definition, the tree may not have a root node. However, in this section, we
consider rooted.connected acyclic graph i.e., a connected acyclic graph with a special node called
root.as.tree. Further, some book may also define the edges with direction (parent to child). All
the examples taken in this section are rooted trees.

3.2.1 Some Properties of Rooted Trees

Theorem 1: A tree with n nodes has exactly n — 1 number of arcs.
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Proof: (General Statement) Every node in a tree, except root node has exactly one parent node. And,
every arc in a tree connects a node to its parent. Hence, for n number of nodes, there are n — 1
number of arcs.

(By induction on n) A tree with n = 1 has 0 arc. So, the statement is true for n = 1. Let us assume
that the statement is true for n = k i.e., k — 1 number of arcs. If we add one more node i.e., n =
k + 1, this will add one more arc and the number of arcs for k + 1 number of nodes will be k.
That means, it is also true for k + 1 number of nodes. Hence proved.

Corollary: A tree with n — 1 arcs has n nodes.

Theorem 2: If n is the sum of the degrees of the nodes in a tree, then there are n +1 number of
nodes in the tree.

Proof: (By induction on n) If n = 1, there will be two nodes in the tree i.e., Toot node and a leaf
node as the child of the root. So, the statement istrue for n = 1. Let us‘assume that it is true
for n = k. That means, there are k + 1 number of nodes n the tree. If we increase the sum
of the degrees of the nodes in the tree by 1; it means that a leaf node.is"added to one of the
nodes in the tree. Therefore, with k+1 as'the sum of the degrees of the nodes, there will £+2
number of nodes in the tree. Hence, the statement is also'true for n = k'+ 1 degree sum.

Corollary: A tree with n nodes has n —1 degree sum.

Theorem 3: Consider a tree with degree k = 1, and height h = 0. The maximum number of nodes that
Khtig

this tree can accommodate is N

Proof: (By exact estimate) Since we are estimating-the maximum number of nodes that can be
accommodated in the tree, the following conditions are satisfied.

1. All the leaf nodes are at thedevel h.
2. Except for the leaf node, all other'nodes have degree k. That means, every level has the
maximum possible number of nodes.

Therefore, at level 0, there is.one node i.e., root node. It can be represented as k°.

At level 1, there are k number of nodes because the root node has k number of child nodes. It can
be represented as k*.

At level 2, there are k2 number of nodes, because every node at level 1 has k child nodes.

Continuing the sequence, at level h, there are k" number of nodes. Since the tree has height h,

the nodes atthe level h are leaf nodes. Now, the total number of nodes in the tree is k® + k* +
Kh+i_q

k? + k3 4+ 4+ k"1 + k" It is a GP (geometric progression) series. Hence, the sum is —

Theorem 4: 1f a tree with degree k > 1 has n number of nodes, then the minimum possible height of
the tree is |logy n]. The height of the leaf node is 0.

Proof: Left as an exercise.
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Similarly, reader can also attempt to answer the following questions.

Question 1: 1f a tree with degree k > 1 has n number of nodes, what will be the maximum possible

height of a tree?

Question 2: 1f a tree with degree k > 1 has n number of nodes, what will be the maximum possible

number of leaf nodes?

Question 3: If a tree with degree k = 1 has n number of nodes, what will be the minimum possible

number of leaf nodes?

Question 4: 1If a tree (rooted tree) has n = 2 number of nodes, what are the maximum and minimum

possible number of leaf nodes?

3.2.2 Representation of a Tree

One way of representing a tree is to create a node consisting of an information field and a'set of address
fields, as done in the linked list, and connect the nodes to form the necessary.structure. We can
define a generalized node using struct to define a node of'a tree with degree 'k > 1 as follows.

struct node {
int info;
struct node
struct node
struct node

struct node

}i

*child 1;
*child 2;
*child 3;

*childk;

The above declaration of a node has natural ways of visualizing a tree. However, it has the

following disadvantages:

1. For a generalized declaration of'a tree, we may not have the information about the degree of
the tree. Therefore, the value of k has to be large enough at the time of declaration to cover

all the expected cases.

2. Every node hasto-have children close to k, otherwise lots of pointer space will be wasted.

3. As there is_no-ordering of the child nodes of a node, any child node can take any of the
available child pointers. Therefore, while processing a node, we need to scan all the k child
pointers to check which ones are taken. Even for a node with degree 1, all the k child pointers
should be checked, as any one of the k pointers can be used.

One way of solving the above issues is to use first-child and next-sibling representation as shown in the
figure below. Every node has two pointers — (i) pointer to its first child, and (ii) pointer to its

sibling.

struct node {
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int info;

struct node *firstChild;

struct node *sibling;
bi
If a node has child nodes, one of its child nodes is considered as the first child and connect it to
the £irstChild pointer. If the node has its siblings, the sibling nodes form a linked list and its
first node is connected to the sibling pointer. In the figure 3.12, the root node A has four child
nodes (B, C, D, E) and no sibling. Considering B as its first child, firstChild pointer-of root
node connects to B and NULL to its sibling pointer. Similarly, node B has two child nodes
(F, G) and three sibling nodes (C, D, E). Therefore, node B connects F as its first child node and
C, D, and E as sibling nodes through a linked list. In the similar manner, all the nodes in the tree

are connected.

»Null

A4

H &« % » \4 s
Example Tree
/ N
! |
v
Null
»Null —»Null 0 »Null
o~ 0~ 0~
v v
Null Null Nl

Y
Null

First Child Next Sibling representation

Figure 3.12: First Child Next Sibling representation of a tree.
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This form of representation of a tree has the following advantages over the multi-child pointer
representation.

e A tree with any degree can be represented.

e Every node has only two pointers. The number of NULL pointers is likely to be lesser as
compared to multi-child pointer representation. In multi-child pointer representation, if the
degrees of the nodes are closed to the number of child pointers, lots of NULL pointer will be

present.

e [t can traverse the tree level wise, just by following the links associated with the nodes.of the
tree.

o Both breadth first search, as well as depth first search (defined in Unit IV) of the tree can be
supported.

3.3 BINARY TREES

The tree defined above can have any number of child nodes. A binary tree is a special type of tree in
which a node can have at the most two number of child nodes (i.¢., the degree of the tree is two),
and the child nodes are named /left child and right child. Formally, a binary tree T can be defined
recursively by modifying the definition of tree given above'as follows.

1. An empty structure T is an empty binary tree (no nodes in the tree).

2. IfT, and T, are two disjoint binary trees, then-Tis also a binary tree given that the root of the
T has the roots of the Ty and Ty trees as its.child nodes. The Ty and T, are called subtrees of
the tree T. If T, is called lefi subtree, the T, is calledwight subtree. The root of Ty is called the
left child of the root node of T, and.the root of Ty is.called the right child of the root node of T.
Note that T, and T, can be empty binary tree.

3. Only structures generated using the rule I and rule 2 above are binary trees.

Few examples of binary trees are given in Figure 3.13. The terminologies such as height, depth,
leaf node, etc. and their definitions defined in section 3.2 for trees still hold for binary trees. The
left child.is known.as the left descendant and the right child is known as the right descendant of
a node:
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An Empty Binary Tree A Binary Tree with only root /

I M,
| \
| \
\\\

Figure 3.13: Few examples of binary trees.

3.3.1 Representation of Binary Trees

Using Dynamically Allocated Nodes, and Left Child and Right Child Linking: A binary tree may
be implemented in various ways, using array, linked list or by allocating dynamic space for each
node and connecting the allocated memory spaces. Using dynamically allocated nodes, we can
form a binary tree in a natural way of visualizing a binary tree. Each node consists of three types
of information; data, address of the left child node and address of the right child node. A typical
example of a binary tree node is shown below, where the data is of char type. Based on the
underlying application, the data type of the data element may be changed.

struct node {

char  info;

struct .node *1Child; // left child pointer

struct node *rChild; // right child pointer
bi
Figure 3.14 shows a representation of a binary tree using the dynamically allocated nodes defined
above. Left child pointer of node A points to node B i.e., the address of node B is stored at
1Child pointer of node A. Likewise, right child pointer of node A points to node C i.e., the
address of node C is stored at rChi1d pointer of node A. In the similar manner, nodes D and E
are stored as the left child and right child nodes of node B. Node F is stored as the right child of
node C. As there is no left child of node C, it is assigned NULL. The left child and right child
pointers of all the leaf nodes, i.e., D, E and F, are assigned NULL.
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o
© ©
Q e G’nulllDlnulll |nu|||E|nu||| ’null|F|nu|I|

Figure 3.14: Representation of a binary tree using dynamically allocated nodes.

The following program creates the binary tree shown infigure 3.10 by creating each-node one by
one and linking the nodes as defined in the figure.

#include <stdio.h>
struct node{

char info;

struct node *1Childy;

struct node *rChild;
}i
main () {

struct node *root;

// Node A

root = (struct node. *)malloc(sizeof(struct node));

root->info = 'A"';

// Node B

root->1Child.= (struct node *)malloc (sizeof (struct
node)) ;

root=>1Child->info = 'B';

/)] Node C

root—=>rChild = (struct node *)malloc (sizeof (struct
node));

root->rChild->info = 'C';

root->rChild->1Child = NULL;

// Node D
root->1Child->1Child = (struct node *)malloc (sizeof
(struct node));
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root->1Child->1Child->info = 'D';
root->1Child->1Child->1Child = NULL;
root->1Child->1Child->rChild = NULL;

// Node E

root->1Child->rChild = (struct node *)malloc (sizeof
(struct node)) ;

root->1Child->rChild->info = 'E';

root->1Child->rChild->1Child = NULL;
root->1Child->rChild->rChild = NULL;

// Node F

root->rChild->rChild = (struct node *)malloc (sizeof
(struct node));

root->rChild->rChild->info =<"'F';

root->rChild->rChild->1Child = NULL;
root->rChild->rChild->rChild = NULLy;

Non-linear representation of a binary tree in an array: The-above example shows how a binary tree
can be created by allocating memory space of the nodes in the tree at non-contiguous memory
locations. A similar structure can also be created using array, where a block of contiguous
memory locations is allocated to store the-node information within the allocated space, but
arranged in a non-linear manner. The example below shows an implementation of a binary tree
over a contiguous block memory.location. The number of nodes in such implementation will be
limited to the number of nodes' that can be:accommodated within the block. The structure of a
node is defined below, where 1Ch1i1d stores the array index of the left child node, and rChild
stores the array index of the right child node.

struct nodef
char .info;
int: IChidd;
int rChild;
}i

Figure 3.15 illustrates the storage structure of the nodes in a non-linear manner in an array.
It creates an array of struct node. In the figure, root node A is stored at the index 2. The
1Child field of node A has the value 4 which is the index value of the left child node B in
the array. The rChild value of node A is 0 which means that the right child C is stored at
the index 0. Likewise, the 1Child and rChild values of node B (i.e., index values 8 and
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6 respectively) are the array indexes of the left child and right child nodes of B. In the similar
manner, all other nodes in the tree are stored. The -1 value in the array denotes NULL.

index info 1Child rChild

0 C -1 10
1
root —» 2 A 4 0
3
° 4 B 8 6
4 3
/ AN 6 E -1 -1
\ ;
e Q 8 D -1 -1
/N . 9
AN \ 10 F -1 -1
' . 3 11
O 0 O 1
Binary Tree Implementation non-linearly over an array

Figure 3.15: Representation of a binary tree using an-array.in.non-linear manner.

The following program shows the implementation of the above example.

#include <stdio.h>
struct node{

char info;

int 1Child;

int rChild;
i

main () {
struct node-BT[12];

/ /- Node A

BT[2] .info = 'A';
BT[2].1Child = 4;
BT[2] .rChild = 0;

// Node B
BT[4].info = 'B';
BT[4].1Child = 8;
BT[4].rChild

Il
o
~.
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// Node C
BT[0].info = 'C';
BT[0].1Child = -1;

BT[0].rChild = 10;
// Node D

BT[8] .info = 'D';
BT[8].1Child = -1;
BT[8] .rChild = -1;
// Node E

BT[6] .info = 'E';
BT[6].1Child = -1;
BT[6] .rChild = -1;
// Node F
BT[10].info = 'F';
BT[10].1Child = -1;
BT[10].rChild =<-1;

Linear representation of a binary tree in an array:'A binary tree can also be implemented using a
linear array. Let BT [MAX] be a 1D array, to store the elements in the binary tree. In array

representation of a binary tree, the following storage policies can be followed to store the elements
in the tree.

1. The root nodeis stored at the first index of the array. Let us say the index starts from 0.

2. Ifiis theindex of a nodein the array, its left child is stored at the index 2i + 1, and its right
child is stored at 2i + 2.

The figure 3.16 below shows storage of the nodes of a binary tree in an array following the above
rules linearly.
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o o Node [A[B]cD]E] [F[ | [ ]
° ndex 0 1 2 3 4 5 6 7 8 9

Binary Tree Implementation linearly over an array

Figure 3.16: Linear representation of binary tree using array.

If the index starts from 1, the left child of a node store at index i will be stored at-2i and right child will
be store at 2i + 1.

3.3.2 Binary Tree Traversal

Tree traversal is the process of visiting nodes ina tree. For a binary tree, there are three standard ways
of traversing the tree — inorder; preorderand postorder. Given a binary tree T, the algorithms for
these traversals are defined recursively as below.

Inorder Traversal Algorithm:

1. Traverse the left subtree of T in.inorder.
2. Process the root of T
3. Traverse the right subtree of T in inorder

Explanation:

1. Before visiting the root node, algorithm visits its left subtree (Rule 1).
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2. Before visiting node B, visit its left subtree (Rule 1).

Q
/ 0

0. 0 o

3. Before visiting node D, visit its left subtree (Rule 1). However, node D has no left subtree.
So, apply rule 2 i.e., process root. As D is the root of this subtree, D is printed.

Inorder Sequence: D
4. Apply rule 3. However, as there is no right child, algorithm returns to B rooted subtree.

With this, processing of the left subtree’of B is over, and it-apply rule 2 to process root
node. As B is the root node of this subtree, B.is printed.

- \
/ N
/ N
o o Inorder Sequence: D B

5. Apply rule 3 to go to the right subtree of B.

AQNA N
0.0 o

6. As E has no left child and no right child, apply rule 2 to print E.
Inorder Sequence: D B E
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7. With this processing of the left subtree of node A is over, and returns to node A. It then
applies rule 2 to process node A, and print A.

0]
o o
o o

8. Apply rule 3 to go to the right subtree of A i.e., C rooted subtree.

Inorder Sequence: D BE A

Yo
© o

9. As C has no left child, apply rule 2 to process node C, and print C

/N
/ \
o ° Inorder Sequence: D BE A C

10. Apply rule 3 to visit the right subtree of node C i.e., F rooted subtree. As F has no left child
and no right-child, apply rule 2 to process node F and print F. with this, as there is no more
nodes to.be visited, the algorithm terminates. Thus, the output of inorder traversal is D B E
ACF.

© ©
// \\ Inorder Sequence: D BE ACF
© © >§\

The sequence in which the algorithm visits the nodes in the tree is illustrated in the figure below.
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Inorder Sequence: D BE ACF

The recursive function for inorder traversal is given below.

vold inorder (struct node* node)

{
if (node != NULL) {
inorder (node—->1Child) ;
printf ("%sc ", node->info);
inorder (node->rChild) ;

}

The recurrence equation of the above function is T(n) = 2T (g) +1,T(1) = 1. If we expand the
expression, we get T(m) =n+ 1 =.0(n).

Preorder Traversal Algorithm:

1. Process the root of T
2. Traverse the left subtree of T'in preorder
3. Traverse the right subtree'of T in preorder

The recursive function for preorder traversal is given below.

void preorder (struct node* node)
{
if’ (node != NULL) {
printf ("%c ", node->info);
preorder (node->1Child) ;
preorder (node->rChild) ;
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The figure below illustrates the sequence of nodes visited by the preorder traversal algorithm.

Preorder Sequence: ABD E CF

Postorder Traversal Algorithm:

1. Traverse the left subtree of T in postorder

2. Traverse the right subtree of Tin postorder:
3. Process the root of T

The recursive function for postorder traversal is given below.
void postorder (struct.node* node)
{
if (node != NULL){
postorder (node->1Child) ;
postorder (node->rChild) ;
printf ("%c ", node->info);
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The figure below illustrates the sequence of nodes visited by the postorder traversal algorithm.

Postorder: D E B F.C A

The inorder, preorder and postorder traversal of the tree is shown below.

° Inorder: D B E A CF
Préorder: ABDE C F

© ©
// \\ A4
O 0.0

Postorder: D E B F C A

3.3.3 lterative algorithms of Inorder, Preorder, and Postorder traversals

The above section presents recursive algorithms of inorder, preorder and postorder traversals. Recursive
algorithms, specially for binary tree traversal, are natural and easy to visualized. Every recursive
algorithm can be converted to an iterative counterpart. This section discusses iterative algorithms
of inorder, preorder and postorder traversals of a binary tree.



168 | Linked Lists and Trees

Iterative Algorithm for Inorder: The idea in inorder traversal is that, given a node, process its left
sub-tree before processing the tree. Once the given node is processed, process its right sub-tree.
A pointer (named as current pointer cur) traverses from a node to another while processing the
tree. While cur pointer moves from one node to its left sub-tree, the node is stored in a stack to
enable to return to it latter. Once the left sub-tree and its intermediate root are processed, the

current pointer jumps to its right sub-tree to process the right sub-tree in the similar manner. An
iterative inorder traversal of a binary tree is given below.

Algorithm: Iterative Inorder Travesal
Input: Root of the binary tree
Output: Inorder Traversal of nodes
BEGIN

// Initialize
1. Create an empty stack S
2. cur= root

/* Loop terminating<condition -.Tf cuxrrent«is NULL and
stack is empty then terminate.: */
3. WHILE ((S.isEmpty()== FALSE) .OR” (cur # NULL))

/* Search for leftmost child node. «Store the
parent in the stackh.as _the current pointer
moves to next left child */

4. WHILE (cur # NULL)
5. S.push(cur)
6. cur{=" cur=>1Child
7. END WHILE
// The left most child is found
8. IF (S.isEmpty()== FALSE)THEN
9. popped element=S.pop ()
10. Print popped elemet->info
11. cur = popped element->rChild
12. END«1F

13. END WHILE
END
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The execution of the above algorithm is illustrated with an example binary tree below.

Action | Stack | Inorder | Operations lllustration after the operations
Initially cur = root, and Ny
Stack is empty. (-]
o o
° o ° Empty Stack
PushA | A As cur # NULL, push cur to -]
Stack. Then, cur = cur—> e «
IChild . 0 .®
\ A
o o ° Stack
Push B | AB As cur # NULL, push‘cur to (]
Stack. Thenycur = cur—> s
. [ AN . | ]
[Child . g, .
° o ° Stack
PushD | ABD As‘cur #= NULL, push cur to o
Stack. Then, cur = cur—=>
(Child. © o >
cur 9 ° ° Stack
\NULL
PopD | AB D As cur'= NULL, pop top of the o
stack. and “print_. the popped
element < as inorder. Then,
assign it to cur = o o S
popped item — rChild.. A
% ° ° Stack
cur
N
NULL
PopB | A DB As cur = NULL, pop top of the o
stack and print the popped
element as inorder. Then, o ) ]
assign it to cur =
popped item — rChild. 00 0 -
Push E | AE DB As cur # NULL, push cur to ®)
Stack. Then, cur = cur—>
IChild . © ©
A
° ° ° Stack
Cl”—"NULf
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Action | Stack | Inorder | Operations lllustration after the
operations
PopE | A DBE As cur = NULL, pop top of the stack o
and print the popped element as
inorder. Then, assign it to cur = o o ]
popped item — rChild. =
A
o °\‘ ° Stack
cur ==NULL
PopA |- DBEA As cur = NULL, pop top of the stack o
and print the popped element as
inorder. Then, assign it to. cur = UG
popped item — rChild. @
° o ° Stack
PushC | C DBEA As cur # NULLypush cur to Stack: ®)
Then, cur = cur—> IChild . A\
o\ 0 —
> NULL
° ° ° Stack
Pop - DBEAC | As cur = NULL, pop.top of the stack o
and print the .popped.-element - as
inorder. Then,” -assign it to‘cur = o O .
popped item — rChild. )
o ° ° Stack
PushF | F DBEAC | Ascur # NULL, push curto Stack. o
Then, cur ‘= cur—> [Child .
L
®ots
cur F
o ° x ‘o Stack
NULL
PopF |- DBEACF | As cur = NULL, pop top of the stack © | morderveeace ‘
and print the popped element as
inorder. Then, assign it to cur =
popped item — rChild. o ©
° o Stack
cur =& NULL
- DBEACF | As cur = NULL and the Stack is -
empty, algorithm terminates
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Iterative Algorithm for Preorder: Like in inorder traversal, iterative preorder traversal also uses a
stack to keep track of its right child and left child of a node. A popped node from the stack is
visited as preorder, and push its right child and left child. An iterative preorder traversal algorithm
is given below.

Algorithm: Iterative Preorder Traversal
Input: Root node of the binary tree
Output: Preorder Traversal

BEGIN

1. Create an empty stack S

2. S.push(root)

// Repeat till all the nodes are visited
3. WHILE (S.isEmpty() == FALSE)

// Visit the node at the top of<the stack
4. popped_element = S.pop()
5. Print popped_element—> info

/* after printing the preorder, save its right child
and left chdld */

6. If(popped_element—> rChild = NULL) -THEN
7. S.push(popped_element—> rChild)
8. END IF
9. If(popped_element—> [Child + NULL) ‘THEN
10. S. push(popped-element—> 1Child)
11. END IF
12. END WHILE
END
Action | Stack | Preorder |-Operations lllustration after the operations
A Create Stack S and S. push(root) °

O ©
A
o ° ° Stack

Pop A | BC A Pop top element A and push its right ~

Push C child C and left child node B (]

Push B
© ©
C
o ° ° Stack




172 | Linked Lists and Trees

Action | Stack | Preorder | Operations lllustration after the operations
Pop B | CED | AB Pop top element B and push its right ‘ Preorder: A B
Push E child E and left child node D °
Push D
® 0
E
© 0 0.
Stack
PopD | CE ABD Pop top element D. As its right child
and left child are NULL, no node is °
pushed into Stack.
~ ¢ -
C
° ° ° Stack
PopE | C ABDE Pop top element E. As its right child ‘ Preorder: AB D E ‘
and left child are NULL, no node‘is °
pushed into-Stack. \
© "0 O0..
Stack
PopC | C ABDEC Pop top element C. As it has only right oreorder: ABDEC
bush F child, only the right child F'ispushed © [ preorder |
into Stack.
© 0 0.
Stack
PopF | - ABDECF | Pop top. element F. As its right child | Preorder: ABDECF
and_left child are NULL, no node is o
pushed into Stack.
o ©
° ° \° Stack
- - ABDECF | As the stack is empty, the algorithm

terminates.
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Iterative Algorithm for Postorder: Compare to the iterative algorithm of inorder and preorder
traversal, iterative algorithm of postorder is a bit more complex to visualize. The idea in this
algorithm is that whenever a node with non-NULL right child node is visited, its right child node
and the node are stored in the stack and it moves to its left child node. Whenever it visits a NULL
left child node, it pops the top elements of the stack. If the popped node has no right child node
or its right child node is different from top of the stack, a postorder node is found.

Algorithm: Iterative Postorder Traversal
Input: Root of the binary tree
Output: Postorder Traversal
BEGIN

// Initialize
1. Create an empty stack S
. cur = root

N

// Do the following until the Stack. is empty
DO
WHILE (cur # NULL)
IF (cur—>rChild # NULL). THEN
S.push(cur—> right)
END IF
S.push(cur)
9. cur = cur—>IChild
10. END WHILE

11. cur = S.pop()
12. IF ((Cur—> rChild # NULL)AND (cur — rChild—> info == S.topElement( )))

O J oy U b W

13. S.pop()

14. S.push(cur)

15. cur = cur=> rChild
16. Else

17. Print cur—> info
18. cur.= NULL

19. END, IF

20 WHILE\(S.isEmpty () ==FALSE)

END
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Let us illustrate the algorithm with an example tree. When the algorithm starts, the cur pointer points
to the root of the tree as shown below.

CUTr

Since cur # NULL, and also cur—> rChild # NULL, the steps 6 — 9 will be executed. Then the
following stack and tree status are obtained.

CUT

_ @
C
Stack o ° o

Since cur # NULL, and cur—> rChild # NULL are further'satisfied; the steps 6 — 9 in the loop will
be executed. Then, the'following stack and tree status are obtained.

&
#

cur d
A0
Stack o °

As cur—> rChild == NULL, only the steps 8 and 9 in the loop will be executed, and obtained the
following stack and tree status.

© ©O
C cur\ ‘o ° °

Stack NULL

(Mm@

MmO
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As cur == NULL, the loop terminates. Now, the top element is popped (step 11). Since the condition

in step 12 fails, the steps 16-18 are executed, and we get the first postorder node i.e.,
Postorder: D. After printing the postorder, the step 11 is executed to obtained the following

stack and tree status.
CUI'\
E

£ o o
C

Stack ° o ° Postorder: D

Now, the condition in step 12 is satisfied, and execute the steps 13-15 to obtain the following status.

/
B cur, o
l \

A

- . 0 ©
Stack

As cur—> rChild == NULL, only the steps 8 and9-in the loop will'be executed, and obtained the
following stack and tree status.

cur
: l °

Stack NULL
As cur == NULL; the loop terminates. Now, the top element is popped (step 11). Since the condition

in step.l2 fails, the steps 16-18 are executed, and we get the next postorder node i.e.,

Postorder:. D E. After printing the postorder, the step 11 is executed to obtained the
following stack and tree status.

|m|m
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A
C
Stack

Now, as the condition in step 12 fails, Postorder:
noted that a postorder node is printed if either - (i) the left child is null or (ii) right child is
present but it is different from the top element of the stack. Further, the algorithm iterates
through the following sequence to produce postorder traversal of the given tree.

Postorder:

D E

D E B is produced. By now, it may be

cur
~

C
Stack o

L r \

Stack

C

F oo

A NULL

Stack ° °

° cur °
3 \
F ° c e ° cur F ° °
A N ‘ C
Stack ° ° A : ( A ° o Curo
AN ° ° ° Stack iu{\_
Postorder: D E BF " Postorder: D E B F C

cur

A
Stack ° ° °

Stack

I ~ CUr

Postorder:
A

DEBTFZC

Algorithm Terminates
as Stack becomes

empty
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3.3.4 Some properties of Binary Trees

Theorem 5: The maximum number of nodes at level [ > 0 of a binary tree is 2!
Theorem 6: The maximum number of nodes in a binary tree of height h > 0 is 21 — 1.

Theorem 7: The minimum possible height of a binary tree with n nodes is |log, n/, if the height of leaf
is 0.

Theorem 8: The maximum possible height of a binary tree with n nodes is n — 1, if the height of leaf is
0.

Theorem 9: In a binary tree where every node has 0 or. 2 child nodes, the number of leaf nodes is always
one more than the number of nodes with 2 child nodes.

Theorem 10: In a non-empty binary tree, the number of arcs is always one less than the number of nodes
in the tree.

Full Binary Tree: A binary tree is said to be full, if and only if every level of the tree has its maximum
possible number of nodes. Every level [ > 0 has 2! number. of nodes. Figure 3.17 illustrates an
example of a full binary tree.

o @ e\o
0000990@

Figure 3.17: An example of Full Binary Tree
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Complete Binary Tree: A binary tree is complete, if and only if every level is full except possibly the
last level, and the nodes in the last level are arranged as far left as possible. Figure 3.18 illustrates
an example of a full binary tree.

S ™,
\ N,
\ / \, /
/ \ i \, /
/ \ / A /
/ \ N\
\ / b /4

Figure 3.18: An example.of Complete Binary Tree

The nodes in the above examples of full tree or complete tree are purposefully numbered level wise
from left to right. It can be seen that the left child node of a node numbered with i is numbered
as 2i, and its right child node as 2i + 1, if the numbering starts from 1. If the numbering starts
from 0, the left child node of a node i will be numbered as 2i +1 and right child node as 2i + 2.
If we consider this numbering as the indexes in a linear array, the nodes in a full or complete
binary tree can be effectively stored in.an array-without any in-between unoccupied indexes.
From an arbitrary node (index in the tree), its left and.right child nodes can be visited using the
above expression. Similarly, if'a node is assigned an index number i > 0, the index of its parent

node will be l%] In practice, considering-its space efficiency, a full or complete binary tree is

generally implemented using array representation. If we use linked list-based implementation,
there will exist 2n or 2n.41 number of NULL pointers, if n > 1 is the number of leaf nodes.
Figure 3.19 illustrates atray representation of a full binary tree.

¥

Node [AlB[c[DfE[F[G] [ [ |
Index 0 1 2 3 4 5 6 7 8 9

A Full Binary Tree Array Representation

Figure 3.19: A full binary tree and its array representation
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3.3.5 Binary Search Tree

Binary search tree is a special type of binary tree, in which the nodes are arranged satisfying the
following properties.
1. The value of a node is larger than the value of its left child node, and
2. The value of a node is smaller than the value of its right child node.

The above properties assume that no node has the same value. In case duplicate values are allowed, the
condition in one of the above two rules may include equal fo condition i.e., larger than or equal
to inrule 1, smaller than or equal to in rule 2. Few examples of binary search trees are¢ shown in

figure 3.20.
© © @0
© o o o S

¥
/

© 00 o 00 ® O

Figure 3.20: Examples of Binary Search Tree

From the above example, the followings are observed.

1. Given a node N, the values of the nodes in the left subtree of NV are smaller than the value of V.
2. Given a node N, the values of the nodes in the right subtree of NV are larger than the value of N.
3. Inorder traversal of a binary search tree will produce a sorted sequence in ascending order.

Search operation on Binary Search Tree: While a normal binary tree takes O (n) time complexity for
searching an element (all the nodes in the tree needs to be visited), searching time complexity is
reduced to O(h), where h is.the height of the tree. However, the minimum height h > 0 of a
binary search tree with n number of nodes is |log, n| and the maximum height is n — 1. Given a
binary search.tree T, the following algorithm finds an element in the tree

Algorithm: BST Search
Input: root- Root of BST and ele - search element
Output:. Found or not
BEGIN
. cur = root
IF (cur == NULL) THEN
PRINT “The element is not found”
. ELSE IF (cur—>info ==ele) THEN
PRINT “The element is found”

g W N
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6. ELSE IF (cur—>info > ele) THEN

7. cur = cur—> IChild

8. Go to Step 2

9. ELSE IF (cur—>info < ele) THEN
10. cur = cur—> rChild

11. Go to Step 2

12. END IF

END

The above algorithm may be implemented recursively as follows in C language.

int BSTSearch (struct node *rPtr, int ele) {

if (rPtr == NULL) return O;

else if (rPtr->info == ele) {
printf ("FOUND") ;
return 1;

}

else if (rPtr->info > ele)
BSTSearch (rPtr->1Child; ele);

else

BSTSearch (rPtr->rChild, ele);

The following figures illustrate traversal.of a binary search tree for searching nodes with the values 6,
and 11. From the figures, it can be séen'that the search operation traverse a particular path from
the root node towards a leaf node, which could be any of the lead node depending on the searched
value. Hence, worst case time complexityis defined by the height of the tree.

/. ™ AN

A \ N\

999

AN

be\oe ebe 00\6

Binary Search Tree Search 6 Search 11
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The above search function returns either 0 for NOT FOUND or 1 for FOUND. This function can be
modified to return the address of the node if FOUND, or NULL if NOT FOUND.

struct node * BSTSearch (struct node *rPtr, int ele) {
if (rPtr == NULL) return NULL;
else if (rPtr->info == ele) {
return rPtr;
}
else if(rPtr->info == ele)
return( BSTSearch (rPtr->1Child, ele));
else
return( BSTSearch (rPtr->rChild, ele));

Iterative Search Function of Binary Search Tree: The binary search tree.can also be implemented
using an iterative approach, as below.

int BSTSearch (struct node *rPtr, int.ele) {
while (rPtr!=NULL) {
if (rPtr->info == ele) {
printf ("FOUND") ;
return: 1;
}
else if(rPtr—>info >= ele)
rPtr = rPtr->1Child;
else
rPtr«= rPtr->rChild;

return 0;

Insert a node in a Binary Search Tree: In a binary search tree, a node is always inserted as a leaf
node, satisfying the binary search tree condition. Therefore, the main task of inserting a node in
a binary search tree is to locate the anchored node which will connect the new node as its left
child or right child depending on the value of the anchored node and the new node. The anchored
node will always be either a node with one child or a leaf node. The following provides the
algorithm for inserting a node in a binary search tree. Depending on the value of the node to be
inserted, the algorithm explores a particular path looking for the anchored node. The anchored
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node could be any node in the tree, and the number of comparisons is the number of nodes in the
path from the root to the anchor node (including the root and the anchored node). Therefore, time
complexity of inserting a node in a binary search tree is defined by the height of the tree i.e.,
0(h).

Algorithm: BST Insert

Input: root - of BST and ele - the element to be inserted
Output: New element inserted BST

BEGIN

1. new = Node(ele) //Create a new BST node and assign value to: it
2. cur = root

3. prev = NULL

4. IF (cur == NULL) THEN

5. IF (prev == NULL)

6. root = new

7. ELSE

8. IF (prev—> info <ele) THEN
9. prev—> rChild = new
10. ELSE

11. prev=>[Child = new
12. END IF

13. END TIF

14. ELSE IF (cur—>info >ele) THEN

15. prev = cur

16. cur = cur—>IChild

17. Go to Step 4

18. ELSE

19. prev = cur

20. cur = cur=> rChild

21. Go to Step 4

22. END IF

END

The above algorithm may be implemented as the following function in C language.

struet node *insert (struct node *rPtr, int ele) {

struct node *nPtr = (struct node *)malloc(sizeof (struct
node)) ;
nPtr->info = ele;

nPtr->1Child = NULL;
nPtr->rChild NULL;
struct node *cur = rPtr;
struct node *prev = NULL;
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while (cur!=NULL) {
if (cur->info >= ele) {
prev = cur;
cur = cur->1Child;

}

else(
prev = cur;
cur = cur->rChild;
}
}
if (prev == NULL) return nPtr;
else(

if (prev->info >= ele)
prev->1Child = nPtr;

else
prev->rChild = nPtr;

return rPtr;

Recursive: The above iterative function for inserting a node in a binary search tree can also be

implemented recursively as follows.

struct node *insert (structinode *cur, struct node *prev, int ele) {

if (cur == NULL) {
struct node *nPtr = (struct node *)malloc(sizeof (struct
node)) ;

nPtr->info = ele;
nPtr->1Child~= NULL;
nPtr->rChild = NULL;

if(prev == NULL)
return nPtr;
else{
if (prev->info >= ele)
prev->1Child = nPtr;

else
prev->rChild = nPtr;

}
}

else{
if (cur->info >= ele)

return insert (cur->1Child, cur, ele);
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else
return insert (cur->rChild, cur, ele);

The following figure illustrates insertion of a node with value 8.

S Al

Given Binary search tree Find the anchored node  Insert the node as the nght child of the anchored node.

Deletion of a node from a Binary Search Tree: Unlike insertion, deletion of a node from a binary
search tree may experience three different scenarios'as defined below.

Case-1: The node to'be deleted is a leaf node.

In this scenario, the node to be deleted is a leafnode. We first search for the node to be deleted.
After locating the node, we simply disconnect the node from its parent as shown in the figure.

Delete 3 ° / \q Delete 3 ° Q
/LN
00O ooe 000

Find the node to be deleted Delete the node After deleting the node
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Case-2: The node to be deleted has 1 child.

In this scenario, the node to be deleted has only one child. Depending on whether the node to be
deleted is a left child or the right child, the child of the deleted node is connected as either as left
child or the right child to the parent of the delete node. If the node to be deleted is the left child
of its parent, after deleting the node, the child of the deleted node is connected as the left child of
the parent of the deleted node. Likewise, if the node to be deleted is the right child of its parent,
after deleting the node, the child of the deleted node is connected as the right child of the parent
of the deleted node. The figures below illustrate the deletion process.

o ] o
e © o o, 0.0

Delete 11 ° ° e Delete 11 ° ° ; é °

Find the node to be deleted Link the‘parent node to the child node = After deleting the node

Case-3: The node to be deleted has 2 child nodes.

In this scenario, the node to be deleted has-both the left child-and the right child. In such a case,
we can proceed in two ways.

1. Replace the node to be deleted by the largest node of its left subtree (i.e., inorder
predecessor), or
2. Replace the node to be deleted by the smallest node of its right subtree (inorder

successor), or

The following figures illustrate:step by step procedure of deleting a node with two child nodes
using the first approach.

Delete10 Q Q Replace by Inorder predecessor
Delete 10 Q
r’f’ \

Find Inorder predecessor Inorder predecessor

Find the node to be deleted Find inorder predecessor ~ Replace the value of the node to be

deleted with the value of the predecessor
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/
/
ﬁ 7
/
y \
/s /
/ N\ /
E / H : \
! N,

/ x AN / N\
/ \
° ° ° .l.; \\‘
Delete Inorder predecessor ° e

Delete inorder predecessor After deleting the node

The algorithm for delete operation can be extended from the search algorithm'given above. It is
left as an exercise to the reader. It has the same time complexity.as that of the seatch operation
i.e.,, O(h). Itis because, once the node to be deleted is found, the remaining operation can be done
in 6(1) complexity.

3.3.6 Expression Tree

Given an infix expression, an expression tree is' a special binary tree in which internal nodes represent
operator, and leaf nodes represent operand of their parent node. The binary tree given below
shows the expression.tree of the infix expression-2* (3 +4)/2 + (4 — 3). Inorder traversal of
an infix expression gives infix expression. Postorder traversal will provide postfix expression.
Similarly, preorder traversal will provide the prefix.expression.
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Construction of an expression tree is generally done using postfix expression, as it simplifies
parsing the expression and identifies the operators and their corresponding operands. In the
simplest approach, it can be two steps process.

1. Convert the infix expression to its corresponding postfix expression.
2. Construct expression tree from the postfix expression.

The algorithm for converting an infix expression to its postfix expression is discussed in Unit II.
It is based on the Shunting Yard Algorithm proposed by Edsger Dijkstra. Given.a postfix
expression of an infix expression, the following algorithm constructs the. corresponding
expression tree.

Algorithm: Construct Expression Tree
Input: Postfix Expression

Output: Expression tree

1. Stack § //Create an empty.Stack

//Scan the postfix expression

2. token = nextToken(postfix expression)
3. WHILE(token! = EoF) // token not equal.to end of the expression
4. new = newNode() // Create a new node
5. new—>info = token
6. new—>1Child = NULL
7. new—> rChild = NULL
// 1if the token is‘an operand
8. IF (isOperand(token) == TRUE) THEN
9. S.push(new)
10. ELSE //+~if the token is an operator
11. popped_elemet.= S.pop()
12. new—> rChild = popped_element
13. popped_elemet = S.pop()
14. new—> IChild = popped_element
15. S push(new)
16. END TF

17. END WHILE

18. root = S.pop() // Only the root will be present in the stack
19. return(root)
END
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The executon of the above algorithm is illustrated using an example postfix extression 234+%2/43-+,

Postfix Token Stack Step Expression tree
234+*2/43-+
34+%2/43-+ 2 2 7
4+*2/43-+ 3 23 7
+%2/43-+ 4 234 7
*2/43-+ + 2+ 9 °
N\
o ©
2/43-+ * * 9 ’
, /,/ \
o 0
© O
/43-+ 2 *2 7
43-+ / / 9 o
@ O
o O0
o O
3-+ 4 /4 U
—+ 3 /43 7
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Postfix Token Stack Step Expression tree
' ‘ g ’ o o
// \\\\ ;’.f
// \\\ l.ll.,."
o 00
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/
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The program for the above algorithm can be defined as follows.

struct node * éxpreesionTree(char postfix[], int n) {

int 4y

<ADT > STACK S; //Rppropriate Stack ADT should be used

struct node *nPtr, *r, *1;
for (i=0; i<n; i++){

nPtr = (struct node *)malloc(sizeof(struct node))

nPtr->info=postfix[i];
nPtr->1Child=NULL;
nPtr->rChild=NULL;
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// Assume that isOperand() exists

if (isOperand (postfix[i])==1) {
S.Push (nPtr);

}

else(
nPtr->rChild = S.Pop();
nPtr->1Child = S.Pop();
S.Push (nPtr) ;
}
}
return (S.Pop());

}

Since the algorithm iterates for n times where n'is the number of tokens in the postfix expression and
at the most two pop operations (constant time), the time complexity of the algorithm is O (n).
Instead of two steps approach, reader can modify the.infix to postfix conversion algorithm (or
Shunting Yard Algorithm) given in Unit Il'so that postfix conversion.and tree construction are
performed simultaneously. However, it is left as an.exercise to the reader.

Evaluation of an expressiontree: It can be noted from the figure that a child operator node will always
execute before its parent. The root node executes at thedast.

int evaluationExpressionTree(struct node *rPtr) {
if (isOperand(rPtr=>info))
return rPtr=>info;
else

return evaluate ( evaluationExpressionTree (rPtr-
>1Child), evaluationExpressionTree (rPtr->1Child), rPtr->info);

}

The recurrence equation of the above function can be defined as T(n) = 2T (g) +1,T1) =1.

If we expand the expression, we get T(n) = n + 1 = 0(n). The figures below illustrate step by
step execution of the above algorithm over an expression tree.
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N

N o.\e

28
5

A tree may be implemented in various ways, using array, linked list or by allocating dynamic space for
each node and connecting the allocated memory spaces.
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3.3.7 Threaded Binary Tree

Consider the binary tree traversal algorithms defined above (both recursive and iterative). When the
algorithm traverses the tree, all the ancestors of the current node are saved to a stack. Space
complexity is proportionate to the height of the tree. For a balanced tree (defined below), height
of the tree is about log, n which is much smaller than the number of nodes n. For an arbitrary
tree, the height can be as high as n — 1. For a large arbitrary binary tree, space requirement for
recursive graph traversal may be high.

Is there a way to avoid the additional space consumption for graph traversal? Threaded binary
tree allows to traverse a binary tree in linear time with O (1) space complexity. In.a binary tree,
if there is no child node (either left or right child nodes) of a node, then the child pointers are
assigned NULL. In a threaded binary tree, instead of NULL, they will store the address of some
other nodes as defined below.

1. Left child pointer stores the address of the inorder predecessor of the node, and
2. Right child pointer stores the address of the inorder successor of the node.

An example of threaded binary tree is shown in figure 3.21 below. The left thread of a node points
to its inorder predecessor, and the right thread points to itsight inorder successor.

’_.' !n'l \\
W\
./I-A. \ I'\ NOR
/ N v YN oG
. VS NV
o Il : °\L II b
b 4 A I L
o ° b L .. : - ‘\ 'I “ II ‘_‘.5

Binary Tree Threaded Binary Tree

1

1 !

. 4
“_ @

Figure 3.21:"An example of a threaded binary tree

While implementing a threaded binary tree, there should be a way to distinguish a thread pointer from
its child pointer. Generally, every node will maintain two thread flags (one for left child and
another for right.child). If the left child pointer is a thread, then the flag is set to true, otherwise
false. Similarly, if the right child pointer is a thread, then the flag is set to true, otherwise false. A
typical node structure looks like the following.
struct node{

char info;

struct node *1Child;

bool 1ChildThread; // set to true if it is a thread
struct node *rChild;

bool rChildThread; // set to true if it is a thread
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From a node in a threaded binary tree, for an inorder traversal, it simply follows the inorder

successor node. Given a node in a threaded binary tree, the following function returns its inorder
SuCCessor.

struct node *inorderSuccessor (struct node *ptr) {
if (ptr->rChildThread==True)
return ptr->rChild;

else(
ptr = ptr->rChild;
while (ptr->1ChildThread != True) {

ptr = ptr->1Child;
}

return ptr;

}

We can call the above function n times starting from leftmost node i.e; D to generate inorder
traversal of the tree. However, there is one problem. To start calling the above function, we should
first go to the leftmost node of the tree. To generalize the above function, we add one more node
known as thread head. This head node connects.the root of the tree as its left child, and its right
pointer as thread pointing to itselfas shown inthe figure 3.22, The left child thread of the leftmost
node points to the headnode. And, the right child thread of the right most node points to the head
node. With this head'node, if we call the above inorder. successor function n + 1 times from the
head, we will get inorder traversal of the tree. It basically means, starting from head, find inorder
successor till the successor is the head node itself.
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Figure 3.22: An example of head node connected threaded binary tree

In the similar manner, by exploiting the threads, we can also perform pre-order and post-order traversals.
The detail is left as an exercise.
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3.4 HEIGHT BALANCED TREE

A binary tree is said to be height balanced tree, if all the nodes in the tree are height balanced. A node
is height balanced, if the height of its left child and right child differs not more than 1. Following
figures show example of height balanced binary tree and height unbalanced binary tree. The
difference between the height of the left child and right child is referred to as balancing factor
(BF). Figure 3.23 shows examples of height balanced and height unbalanced trees.

o-

0-- 0.

Height Balanced Height Unbalanced
Figure 3.23: Examples of height balanced and height unbalanced trees.

3.4.1 AVL Tree

AVL (Adelson Velsky Landis), originally known as admissible tree, is a height balanced binary search
tree. It is a self-balancing binary seatch tree; because balancing of the tree is ensured at the time
of creation. Upon inserting a node in a binary search tree, if it is not balanced, the affected nodes
will be rearranged to.ensure -height balanced. In an arbitrary binary search tree, search time
complexity could be O(n) inthe worst case (skewed binary search tree). By maintaining height
balance, its worst-case time complexity could be reduced to O (log, n).

As the definition suggests, the minimum number of nodes in an AVL tree can be defined by the
following recurrence equation.

AVLh = AVLh_1 + AVLh—Z + 1

where h =0, and AVL, = 0, AVL, = 1 are initial conditions. Though height of a leaf node is
assigned 0'in the above examples, to accommodate empty tree in the recurrence equation above,
the height of an empty tree is assigned as 0, and leaf node as 1. The numbers generated by this
recurrence equation are called Leonardo numbers. The height of an AVL tree with n nodes
satisfies the following bounds.

log,(n+ 1) < h < 1.44log,(n + 2) — 0.328
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From the above bound, it can be seen that the height of an AVL tree is bound by O (log, n).
Further, the percentage difference between the lower bound and upper bound is about 44%. That
means, its worst case search scenario will need 44% more number of comparisons than that of its
best-case search scenario.

Insertion and Construction of AVL Tree: To understand the self-balancing concept in AVL tree, let
us consider construction of a binary search tree considering the following data sequence — 1, 2,
3. The following sequence of trees shows the resultant binary search tree after inserting them.

= bf=0
0 oo &

(a) Insert 1. It is balanced. (b) Insert 2. It.is balanced. (c) Insert 3.1t is unbalanced.

The (c) tree is unbalanced after inserting the node 3. We can.make this tree balanced by rotating
the nodes such that node 1 becomes the left child of the node 2 as shown below.

bf=0
bf=1 - /’o\
rd A

Y
/\\9 ‘bf:u. °bf=|}
bf=0

In the above example,;the newly inserted node is the right child of the right child of the
unbalanced node. The rotation in the above scenario is called RR Rotation (Right Right
Rotation).

Like above, let us now assume that a binary search tree is constructed from the sequence — 3, 2, 1, and
obtained the'below.skewed binary tree.

bf=2
(. )} o

7/ f’#
b=l bf=1 .
/ bf=0/ / N\
bf=0/ :
O (. Q- Q-
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In the above example, the newly inserted node is the lefi child of the left child of the unbalanced
node. The rotation in the above scenario is called LL Rotation (Left Left Rotation).

bf=2

bf=0
*,
\
bf=1 \
AN bf=0 ° bf=0
™,

bf=0

In the above example, the newly inserted node is the right child of the left child of the unbalanced
node. The rotation in the above scenario is called LR Rotation (Lefi Right-Rotation).

bf=2

r

In the above example, the newly inserted node is the left child of the right child of the unbalanced
node. The rotation in the above scenario is called RL Rotation (Right Lefi Rotation).

Generalization: After understanding the above four cases, the four rotations described above are
formally defined below. Let T be an AVL tree. Let Ta be the A rooted balanced subtree.

Right Right Rotation (RR Rotation): It is also referred to a lefi rotation. Let B be the right child of the
node A. The'Tx subtree is initially balanced. The case of RR rotation happens when the node A
is unbalanced after inserting a new node in the right subtree of B. The scenario and the output
after rotation are illustrated below.
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RR Rotation
bf=0 Insert in Bx

h /

h+1

-

N —)
TAT
[\

15 L
Balanced AVL subtree Unbalanced after insertion in Bg Perform RR Rotation

Let parent A denotes the address of the parent node of the node A. Let A ptr and B-ptr be
the addresses of the nodes A and B. Assuming that node A is the right child of its parent, the
sequence of operations to be performed in RR rotationis shown as follows.

1. parent A->rChild = B ptr;
2. A ptr->rChild = B _pr->1Chidd;
3. B ptr->1Child = A ptr;

If node A is the left child of its parent, the step 1 should be changed to.parent A->
1Child = B ptr;.

Left Left Rotation (LL Rotation): 1t is also referred to a right.rotation: Liet B be the left child of the node
A. The Ta subtree is initially balanced. The case ‘of LL rotation happens when the node A is

unbalanced after inserting a new node in the left subtree.of B. The scenario and the output after
rotation are illustrated below.

bf=1

\:u -0 T Insertin B(

Balanced AVL subtree Unbalanced after insertion in By, Perform LL Rotation

LL Rotation

Assuming that node A is the right child of its parent, the sequence of operations to be performed
in RR rotation is shown as follows.

1. parent A->rChild = B ptr;
2. A ptr->1Child = B _pr->rChild;
3. B ptr->rChild A ptr;
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Left Right Rotation (LR Rotation): 1t is also referred to a left right double rotation. Let B be the left
child of the node A. The Ta subtree is initially balanced. The case of LR rotation happens when
the node A is unbalanced after inserting a new node in the right subtree of B, i.e., in the C rooted
subtree. The scenario and the output after rotation are illustrated below. In this illustration, the

new node is inserted as the left child of C. However, it does not matter, whether it is inserted as
a left child or right child.

(1) parent A->rChild = C ptr;

(ii) B ptr->rChild = C ptr->1Child;
(iii) A ptr->1Child = C ptr->rChild;
(iv) C ptr->1Child B ptr;

(v) C ptr->rChild = A ptr;

Balanced AVL subtree Unbalanced after insertion inBr Perform LR Rotation

Right Left Rotation (RL Rotation): It is also referred to a right'left double rotation. Let B be the right
child of the node A. The Ta subtree is initially balanced. The case of RL rotation happens when
node A is unbalanced after inserting a new node in the left subtree of B, i.e., in the B rooted
subtree. The scenario and the output-after rotation are illustrated below. In this illustration, the

new node is inserted as the left child of C. However, it does not matter, whether it is inserted as
a left child or right child.

. parent A=>rChild =/C ptr;

. B ptr=>IChild = € _ptr->rChild;
. A ptr=>rChild.= C ptr->1Child;
C_ptr->IChild A ptr;

. € ptr=>rChild B ptr;

g w N
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Balanced AVL subtree

Unbalanced after insertion in By,

Construct AVL tree of the sequence-35479821

Perform RL Rotation

0 -

Insert 3

ehm

bf=10

Insert 5

Insert 4

O -

’hf=1

bf =0

Insert 7

Insert 9
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.

pm: 2 °bf=1 LL Rotation
/bf=2 bf =0
©

Insert1

As the height rebalancing rotation after a node insertion takes constant time O (i), time complexity of a
node insertion operation in an AVL tree.is equivalent to the time complexity of searching the
position of insertion. Hence, the time complexation of insertion operation is O (log, n).

Deletion in an AVL Tree: Deletion operation of a node from an AVL tree involves the following two
operations.

1. Binary search tree deletion operation, and
2. Heightbalancing, if the resultant tree is unbalanced after deletion.

As seen in binary search tree deletion, there may be three cases — deleting a leaf node, deleting a
node with single child node, and deleting a node with two child nodes.
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Case 1: Delete a leaf node

Consider the following AVL tree shown in (i) and delete the leaf node with value 20. After applying
binary search tree delete operation, we get the tree shown in (ii) which is an unbalanced tree.

0- -

em @\ em Q

e @

(1) (i)
After deleting the node, check the balance factor of the nodes starting from its parent node up till
the root. If a node violating the height policy is found, stop traversing up at that node. It can be
seen that node 40 does not satisfy the balance policy. Since the parent node of the deleted node
lies in the left subtree of the violated node, it goes to the right-subtree and locate the grandchild
node with larger height. If both the grandchild nodes have same height, then select one of the
grandchild nodes. However, to make the algorithm deterministic, select the right grandchild as it
explores the right subtree of the violating node. In the given example, consider node 45, as it has
a larger height than the node 70. Considering the violating node (40), its right child (60), and its
grandchild (45), perform RL rotation to balance the height; as shown below.

_ bf=0
bf o] Q}f =1 bf 0 Q RL Rotation e

. bf=0
6'“@ -0 @
\\
ehf=a ehf=0 em 0 e"' “b

In the above example, the height of the left grandchild (45) is larger than the right grandchild (70). In
case, heights-are same, consider the right grandchild as shown below. Assume that node 70 has
its child nodes.
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Case 2: Delete a node with single child

A node with single child may also be deleted. In this case also; It traverses upward to find nodes with
balance policy violation, as a result of the node deletion. In the following example, after deleting
node 30, it can be seen that node 40 does not satisfy the balance policy. It ‘then finds the
appropriate child and grandchild nodes in the right subtree, and perform appropriate rotation (RL
rotation in this example).

1

bf=2
/N / \
7 ", Vi
/ N
- RL Rotati
/ X 7N
- bf=1 bf-0 Bf 2L T
ehfa ° bf-1 bf=0
N\ \
\\ N // ’;
| \ p /
e"““ ehho e"“" em=0 bf=0

Case 3: Delete a node with.two children

In the example below, a node with twochild nodes is deleted, node 40. After node deletion, it can be
seen that node 35 doesnot satisty the balancing policy. An interesting observation can be made
here that node 35 .is.the same node position of the deleted node, i.e., replaced by inorder
predecessor node, and deleted the predecessor node. As actual node deletion happens at the
predecessor node, the height of the left subtree of the intended node for deleting (node 40) may
be reduced by 1, resulting in balance violation at the same node position. Therefore, checking for
the balance violating node should start from the same position i.e., node 35. It may be noted in
the case 1 and 2 that checking may start from the parent node.
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RL Rotation bf=0

Multiple rotations: From the examples above, it is evident that deletion of a node.in an AVL tree may
result in reducing the height of its parent node, grandparent node and so on-up to-the root. It may
have cascading effects and in turn causes some upward nodes to root in wviolating the height
policy. As a result, we could need to performsmore than one height balancing rotations. Every
rotation may result in another balance violation. Therefore, after deleting a node, we would need
to check the balance factor of upward nodes. An example of such a situation-is.illustrated below.
Deletion of node 30 results in two rotations.

o
o- -
) °hl-1 au-:
o 0. ‘o0 0
ba1/  \bi-o bi=1 / -w ' b
b =1 =1
© 60-0- 00 ™ © 900

- bf=0
.00, 000000 0 060
bf=0
euzo ebr.n

1
ﬁ
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From the description above, it can be seen that after deleting a node, we need to traverse up toward the

root looking for the node which does not satisfy the height balancing policy. Whenever we find
such a node, we perform balancing rotation. Therefore, deletion operation may require two
traversals, forward and backward. Backward traversal is associated with some constant cost for
the rotation, if needed. Therefore, the time complexity for the deleted operation is equivalent to
traversal i.e., O(log, n).

3.4.2 B-Tree

Generalized Search Tree: Given a set of keys, a node in a binary search tree divides the setinto three

subsets — the key in the dividing node, the keys which are less than or equal to the dividing key,
and the keys which are greater than the dividing key. In other word, binary search tree-is-a 2-way
search tree, because a node in the tree splits a key space into two — a lesser half-and a greater
half.

Let us generalized the above condition and allows a node to-hold upto m — 1 number.of keys in
sorted order and upto m number of pointers as defined below.

K, <K, <Kf=-=<K, , <K

P K1|Pz|l(z|Pg|K | Pa | IszIPmllxmllrml

k<K Ky<k Kz=<k
1 <K <R

The keys in a node satisfy the condition K; < K, < K; <--- < K, _, < K,,_; i.e., sorted in
ascending order. There are m pointers. The leftmost pointer P; points to the subtree whose key
values are smaller than or equal to K, P, points to the subtree which holds keys greater than K,
but smaller or equal to K3 and so on. So,«a pointer P; points to a subtree which holds keys greater
than K;_4, smaller than or equal to K;, as'shown above. All the nodes in a generalized search tree
satisfy the above conditions. Such a tree in which a node can hold upto m number of subtrees is
known as a multi-way tree with-order m (m-way tree). Binary search tree is a search tree with
order 2.

| kel
[
L

Km-2 <
k=< Knpa

Km-1
<k

B-Tree: B-tree is a.balanced generalized search tree. A m order B-tree needs to satisfy the following

1
2.
3.
4

properties.
Every leaf node is at the same depth. It is a perfectly balanced tree.
Every internal node, except the root node, has at least [%] child nodes, and can go upto m.
If root is not a leaf node, it has at least 2 child nodes, and can go upto m.
If an internal node has k > [%] child nodes, it will have k — 1 keys. The keys stored in a node

satisfy the condition K; < K, < K3 < - < Kj_, < Kj_;. The subtree of the node pointed by
the pointer P; between K;_; and K; holds the keys larger than K;_; and smaller than or equal to
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K;. Though the equal to condition is associated with left subtree, it can be associated with left
or right subtree.

5. Every node, except the root node, has at least [%] — 1 key elements, and can go upto m — 1.

An example of B-tree with order 5 is shown below for the elements 10, 15, 20, 30, 35, 40, 45, 46, 50,
50, 53, 55, 60, 60, 64, 68, 70, 72, 75, 80, 80, 86, 87, 90, 95. It can be seen that every node, except

root, has at least 2 keys (i.e., minimum E] — 1 = 2 keys). All the keys are arranged in ascending

order. All the leaf nodes are at the same level. All the internal nodes have minimum E] = 3 child
nodes. The root has two child nodes (it is allowed as a special case).

ST T T
1 | Leo] 70 eo]
- g \\\ _,..f""‘, \"-. \\\
- \ .
7 < N ~ \ ™.

.
{ Y

[0l as]20] UasBaol | Haslsol T Wosalssleol Jsales] 1 M2l ss]=o] Wesler]oo]ss]

From the definition of a B-tree, the following theorems can be derived.

Theorem 11: The maximum number of keys that can.be accommodated in a m-way B-tree of height
h>0is m"*1 —1,

Theorem 12: The minimum number of keys that.can be accommodated in a m-way B-tree of height h >
h
0 s 2([3] —1)+1.
2
Theorem 13: The minimum height A >0 of a m-way B-tree with n nodes is |log,, n].

Theorem 14: The maximum height h.> 0 of a m-way B-tree with n nodes is [log[m] (nT_l)J +1.
2

Construction of B-tree: Given a sequence of keys—4 16827291034 1118 152017 16, let us try
to construct-a B-tree of order 5 to understand the process of constructing a B-tree. Initially, the
tree 1s empty. When the first key is inserted, a new node is created, and inserted the first key
element 4 as shown in figure below.

EN I

As there are three free spaces, the next three key elements 1, 6, and 8 are inserted maintaining the
ascending order as shown below.
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[2lale]s]

Now, if we try to insert the next key element 2, as there is no free space, the node is overflown.

[efalels |<=0

To accommodate the new element, this node will be split in the middle of 1, 2, 4, 6, 8 and obtained
the division (1, 2), 4, (6, 8). The middle key element 4 will be inserted to the parent node of the
original node. As there is no parent node, a new parent node will be created, and the new parent
node will act as the root of the tree. The smaller half will be stored in the existing node, and a
new node will be created for the larger half. The node holding the small half (1, 2) will be
connected as the left child node of middle key in the new root. The node holding the larger half
(6, 8) will be connected as its right child node, as shown below.

EN I

rd ‘
. 9
el L dlelsl [

Whenever a root node is split, the height of the tree will be increased by one, and more scope for
accommodating new keys will be created. As seen in the figure above, new root can accommodate
three more nodes as its children. That means, 3(m = 1) additional new keys on top of the existing
free spaces. These three nodes will be created as a result of splits-of the exiting nodes due to node
overflow. This process.can be seen in the subsequent insertions. For the next three elements 7, 2,
and 9, there is no issue. They can be accommodated in the existing nodes as shown below.

(]
X

-

-

[ 3 E
Llefo] Jlel70s]s]

Now, if we attempt to insert the next element, then the second leaf node overflows.

sl 1T 11

y
& E
Lelz020 J[slz]s]s f<=10

The keys in the overflowing node will be split in the middle as (6, 7), 8, (9, 10). As there is free
space in the parent node, it will be inserted in the parent node. The smaller half will be stored in
the existing node, and a new node will be created to hold the larger half keys. This new node will
be connected as its right child node, as shown below.
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Ledado0 J[slz] | | [sfoof | |

In the similar manner, the next key element 3 is inserted without any issue. But, there is overflow
while attempting to insert the next element 4.

lelsl 1 | Gl 1]

~L2,

Ldalolslfs]z0 0 J[ofwl | Jacy[afelofe][s]-T [ 4 [sfowl T 1

Insert 3 Overflow while inserting 4

Like above, the overflown node is split, and middle element is‘inserted in the parent node, as
shown below.

EEE1]
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Lefz] | HH4(IIN [T1GI=L 1]

The next two key elements 11.and 18 are inserted without any issue. But, overflow happens while
inserting 15.

R [anam

~

‘ ..__- u '---.___‘____h‘ — J/ “ - —,
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Insert 11.:and 18 Overflow while inserting 15

Now, split the overflown node and insert the middle key element to the parent.

L2lalsfu]

“ o -.-.-.-"--..__h
CET TG TIECT TG T El=L 1]

Next, insert 20 and 17 without any issue, but overflow while inserting 16.
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(2 Jafs]]

- | --.,_____._.
* . ; ‘ -.____._.’.
Lela0 1 f[sfal 1 Jlsfz1 1 Jfofso] 1 | [asfav]as]20]

. . .I'. ‘ .-.-.-"'--...__’.
el ozt 1 Hedzd 1 Jsdeod 1§ Les]arfae]2okois

Now, this overflow will cause another cascading overflow in the parent node: While inserting 16,
the keys in the node will be split into (15, 16), 17, (18, 20). The middle key 17 will be inserted
in the parent node. However, the parent node is also full, and the parent node overflows. It will
result in splitting of the parent node, and creating a new root node, as shown below. Whenever,
a root node is split, the height of the tree will'be increased by 1.

2 fa]sfut]=l—17

-

LT TRl T T T el 1 Eel 1]

el 1 1 |

o=
!

Ldal 1 Ifsfaf [-J[ela] [ Jf[sdsof [ | [asfas] | | [ef2of | |

In the above process of creating a B-tree by insertion, the following points are observed.

1..~Insert of new keys happens only in the leaf nodes.

2. Whenever a node overflow happens, its middle key is inserted in the parent node. The
smaller half is stored in the existing node, and the larger half is stored in a new node.
The node holding the smaller half is connected as the left child of the middle key in the
parent node, and the larger half as the right child.

3. An overflow may cause subsequent cascading overflows to the parent nodes upto root
node.

4. Whenever a root node is split, height of the tree will be increased by 1.
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Deleting a node from a B-tree: While inserting a key in a B-tree, overflow of a node may happen.
Likewise, while deleting a node from a B-tree, a node may experience underflow (number of keys
lesser than the permissible numbers). Depending on the position of the key to be deleted, the
following two cases may occur.

Case-1: Delete from a leaf node

If the key to be deleted is present in a leaf node, the key will be simply removed from the node. While
removing the key, it may cause one of the following two scenarios.

Scenario -1: After removing the key, the node still has the minimum required number of keys. In
such a scenario, there is no issue. It simply removes the key. No further action is needed.

Scenario -2: After removing the key, the node underflows i.e., the node has less than the required
number of keys. In such a case, we will look at the preceding and succeeding siblings of the node,
and perform one of the followings depending on the ituation.

a) If one of the sibling nodes holds number of keys more than the required number, perform
rotation of keys between the sibling node (smallest key of succeeding sibling is chosen, or
largest key of preceding sibling is chosen), parent node (parent key. of the-deleting node and
selected sibling node) and the deleting node, as shown below.

innomi

__,~—~'” "__ T =

|
o e ! O, —
Ledal 1 Jfsdad | Jfedz0 1 Jfsfool | J[as]arfae]oo]

Delete 10
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node underflows
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fledad 1 dlelz1 1 |
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Llad |

Perform Rotation of Keys

[2]a]8]ss]

Lelof 1 Jfe0af T Jlsfz0 | Jfodaa] J | [a7]as]z0] |
b) If both the sibling nodes hold minimum number of keys, perform merging of the deleting
node, one of the sibling nodes, and the parent key, as shown below.

[2afs]u]

Ledof 1 Jfsfaf 1 Jlsfz0 | Jfslao] | | [as]o7]as]ao]

Delete 6
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Led=0 0 Ifsdaf 1 J0z1 1 1 flofoof | | [as]s7]ae]oof

MNode underflows

21 1 1 Jlsfso] | Jfas]ar]as]ao

Perform merge

e " q"'“-\.‘ ._______._*
Lelad 1 Mfsfadad-] [olaod 1 1 [as]az]as]ao]
Delete parent key from parent, Delete the underflow node

It first deletes the node from the leaf node; and checks if underflow happens.-If it underflows,
check the number of keys in its preceding sibling and succeeding siblingnodes. If both the sibling
nodes have minimum number of keys, select one of the sibling nodes. The preceding sibling node
is selected in the above example. Now, bring the parent key (4 inthe above example) and all the
keys in the underflow node (7 in the above example) to the selected sibling. It results in physical
removal of the underflow node, and rearrangement of the keys and pointers in the parent node,
as shown above. The number of keys in the parent node is reduced by 1.

Now, at this point, another situation may arise. What if the parent node underflows as a result of
node deleting in a leaf node, as-illustrated below?

Lede] T Mfsfs8 T Vleds] 1 QQofso] | Jfasfae] | J[usf2o] | |

Delete 6

L 121 1 1 J[efao] | J|asfae] 1 Jlasfoo] J |

Perform Merge

Ldad 1 Jfs1s
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Node underflows

2l 1 1 |

- . | —
Ledal | Jfsladalz] lefwo] | I Qasfos] [ J[usfoo] T |

In the above example, the parent node underflows as a result of merging of keys. In this situation,
we further perform rotation of keys like in situation 1 above, or merging of keys like in'situation
2. In the above example, the sibling node also has minimum number of keys. Therefore, we
perform merging of keys, and rearrangement of pointers. Such merging operation may further
cause underflow in the parent node and subsequent underflows till its root node. If subsequent
underflow reaches root node, it will result in a reduction in the height of the'tree by 1, as shown

below.
Perform merge
fra]a7] ] |
\ ‘/.__.a' -] __
’/,-' II '.__'_..,.-" ] -
& + e . ~a
Ledaf 1 Jlsfa021071] lefoof T | [as]ue] | | [aefoo] [ 1

(2] 8] ]a7]

| - -~ —

‘,H,v‘ & N 1 -._____‘ T —— —»
Ledzd 1 Mfslafalaffofoo] | Jlasfae] § | [1sl20] | |
Height of the tree is reduced by 1.

Case -2: Delete from an internal node

Deletion of a key from an internal node is similar to deletion of a node with two child nodes in binary
search tree. We will replace the key to be deleted by either its inorder predecessor or inorder
successor key. Therefore, actual physical deletion happens in the deletion of its inorder
predecessor or inorder successor key in the leaf node. Depending on which leaf node (inorder
predecessor node or inorder successor node) holds larger number of keys, a replacement key will
be selected. If both the leaf nodes hold minimum number of permissible keys, one of the nodes
can be selected. Once the replacement key is deleted from the leaf node, the deletion process as
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given in Case — 1 will be applied. An example of delete operation from internal node is illustrated
below.

) Delete 17
1

mEmEn

el T Ml D stz b sl T 0 baslasl [ 0 Laslzol 1.

Replace by inorder successor

Delete 18
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Node underflow, Apply Case-1
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3.4.3 B+ Tree

In B-tree, the keys are distributed across all the nodes in the tree. However, in B+ tree, all the keys are
stored in leaf node, and the index values (not the actual key) are stored in the non-leaf nodes. B+
tree has similar rode structural properties like that of the B-tree, plus additional properties. The
node properties of a B+ tree of order m are defined below.

a) Every leaf node is at the same depth. It is a perfectly balanced tree.

b) Every internal node, except the root node, has at least [%] child nodes, and can go upto m.
¢) Ifrootis not a leaf node, it has at least 2 child nodes, and can go upto m.

d) Ifaninternal node has k > [%] child nodes, it will have k — 1 index values. The index values

stored in a node satisfy the condition K; < K, < K3 < -+ < Kj,_, < Kg_3. The subtree of
the node pointed by the pointer P; between K;_;<and K; holds the index/key values larger
than K;_; and smaller than or equal to K;. Though the equal to condition.is associated with
left subtree, it can be associated with left or right subtree.

e) Every node, except the root node, has atleast [?] —1 key/index elements, and can go upto
m— 1.

f)  All the key elements are stored in the leaf nodes, and non-leaf nodes store the index elements.

g) All the leaf nodes are connected linearly (possibly througha doubly linked list.)

The figure below shows an example B+ tree of a key.sequence.10, 15,20, 35, 40, 46, 50, 53, 55, 60, 64,
68, 72,75, 80, 86, 87,90, 95. As shown in the figure, the leaf nodes hold the keys, and the internal
nodes hold the index values. While the.index values could be any valid values satisfying the
generalized search tree properties, for simplicity, either the inorder predecessor or inorder
successor can be considered. In the example below;inorder predecessor has been considered.
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Keys in the leaf nodes

The process of inserting a node or deleting a node to/from a B+ tree is similar to that of the B-tree.
Given a sequence of keys, the process of constructing a B+ tree is a sequence of insert operations.
Following example shows the process of constructing a B+ tree from a given sequence of keys.
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Construction of B+ tree: Given a sequence of keys —4 1682729103 11 18 1520 17 16, let us
construct B+ tree. Initially, the tree is empty, and the first keys are inserted without any problem
by creating a leaf node, as shown below.

For the first four keys (4, 1, 6,8), there is no issues. They are simply inserted into the leaf node as
shown below.

LlTeT:00

When the next key (2) is inserted, there is node overflow, and the leaf node is split into half. A
new root node is created, and largest key of the left child is inserted into the root node, as shown
below. The height of the tree is increased by 1. Note that, a copy of the largest of the smaller half
is inserted in the parent node as index value, without removing the key from the leaf node.

\
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Then, the next three keys (7, 2, 9)-are inserted without'any split in the existing leaf nodes, as
shown below.
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When the next key (10) is inserted, the leaf node splits into two halves. Then, a copy of the largest
key of the smaller half is inserted‘into the parent node, as shown below.
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Insertion of the next key (3) causes split of the first leaf node into two halves. Then, a copy of the
largest key of the smaller half is inserted into the parent.
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Then, the next two keys (11, 18) are inserted-without any split.
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Now, insertion of'the next key (15) will cause splitting of the last leaf node, and insertion of a
copy. of the largest key of the smaller half in the parent, as shown below.
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Insertion of next two keys (20, 17) can be done without any split, as shown below.
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Next, the insertion of the next key (16) will cause splitting of the last leaf node into halves. A
copy of the largest key in the smaller half will be inserted into the parent. However,the parent is
full, and overflow happens. It then splits the parent note (present root node), and creates a new
root node with the largest key of the smaller half, as shown below. The height of the node is
increased by 1.
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In the similar manner, whenever-anode.is split, a copy of the largest key in the smaller half will
be inserted into its parent node. Insertion to a parent node may further cause parent overflow, and
insertion in the grandparent, and so on till the root not. A split in the root node will add one level
more to the tree.

The deletion eperation-of a key from B+ tree is similar to the Case-1 deletion operation of the B-
tree, as all the insertion happens in the leaf node. However, instead of bringing key from the
parentnode, we only bring the key from the sibling node while merging. It then updates the index
value to subsequent parent nodes upward till root, whenever the largest element of an affected
node getsupdated. Further, merging of nodes may result in shrinking of nodes in the parent, and
subsequent shrinking till root node resulting in reduction of the height of the tree. As the
procedure of delete operation is similar to that of the Case-1 of the B-tree, it is left as an exercise
to the readers.
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3.4.4 Other Balanced Trees

There are other types of balanced trees such as 2-3 tree, red-black tree, weight balanced tree, etc. These
trees are briefly defined below with an example, without much details. Reader may find the details
of these trees from the reference materials.

2-3 Tree: 2-3 tree is a B-tree with order 3. It has two types of internal nodes — (i) 2-Node: nodes with
two child nodes and one data element, and (ii) 3-Node: nodes with three child nodes and two data
elements. Leaf nodes have one or two data elements. All the leaf nodes are at the same level.
Except for 2-node and 3-node condition, other properties of B-tree are also held for:2-3 tree. The
search, insertion and deletion operations of a 2-3 tree are similar to that of the B-tree. While
average and worst-case time complexities of a binary search tree are O(logn) and 0(n)
respectively, 2-3 tree has O(logn) time complexity for both average and worst case. Figure 3.24
shows an example of 2-3 tree.
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Figure 3.24: An.example of 2-3 Tree

Red-Black Tree: Red-Black tree is a height balance binary'search tree, where every node in the tree is
coloured either red or black, and satisfies the following properties.

a) The colour of the root node‘is black.

b) Leafnodes are colouredblack, and are NULL.

c) All the leaf nodes(NULL nodes) have the same black depth. That means, every path from
root to leaf has.the'same number of black nodes.

d) No two adjacent nodes.(both parent and child) are coloured red.

e) The childnodes of'a red node are coloured black.

Red-black trees.are roughly balanced and its operations (insertion, deletion and search) have O (logn)
time complexity-for both average and worst case. It is because, the height of a red-black tree has
a bound O(logn). Few examples of Red-Black trees are shown below. Figure 3.25 shows an
example of red-black tree.
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Figure 3.25: An example of Red-Black tree

Weight balanced tree: A weight balanced tree is a binary tree in which, for every'node, the difference
between the number of nodes in its left subtree and the number of nodes in its right subtree is
controlled by a fraction a. A binary tree is‘an a-weight balanced tree,.iff every node in the tree
satisfies the following balance property.

a< L <1—«

— w(Ty) +w(T) ™

where w(T) = |T| + 1 and |T| = |T, |+ {Tg| + 1, |T| fornil-node is 0. Therefore, w|T| is the
number of nil-nodes in the tree. The figure below shows a weight balanced tree in which, for

every node in the tree, the weight of the left sub-tree is at least half or at most twice that of the
of the right subtree. Figure 3.26 shows an example-of weight balanced tree.

Figure 3.26: An example of weight balanced tree.
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3.5 HEAP

A heap is a special type of binary tree which satisfies the following properties.

1. The tree is a complete binary tree (ref. 3.3.4).
2. Aheap can be either a max heap or a min heap.
a. Ina max heap, for any given node in the tree, its value is smaller than or equal
to the value of its parent.
b. Ina min heap, for any given node in the tree, its value is greater than or equal to
the value of its parent.

Few examples of max heap are shown below (in figure 3.27). For any given node in the trees, its
value is larger than or equal to the values of the nodes in its left subtree and right subtree, if exist.

-3
o 0 0 0
00 00000

Figure 3.27: Examples of max heaps

The following trees are not max heaps, because they violate either one of the properties or both.
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Similarly, following examples are min heap trees.
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Likewise, the following examples are not min heap.
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From the above examples, it is evident that for a max heap, the root node holds the largest value.
Similarly, for a min heap, the root node holds the smallest value.

3.5.1 Operations on heap

The basic operations on heap are insert and mindelete or maxdelete. An insert operation on a heap inserts
a data element in its appropriate location maintaining the heap properties. Unlike other tree, heap
allows deletion of a node only at root of the heap i.e., mindelete if the heap is a min heap or
maxdelete if the heap is a max heap. Before formally introducing the algorithm of insert and
delete operations, we illustrate the operation with-an example:

INSERT OPERATION: Let us assume that-a heap exists and'we try to insert a node with an arbitrary
value into the existing heap. Let us.consider the following min heap and we try to insert a node

with value 8.

©o

The root of the existing heap has the value 9 which is the smallest value among the values in all
the nodes. While inserting a node in a heap, the following steps are followed.

Step 1: While inserting a node into a heap, the tree complete property of heap should be satisfied.
To ensure this property, the new node should be inserted as - (i) the next right most node in the
last level if the last level is not full, or (ii) as the first leftmost node in the next level if the last
level is full). As the last level of the existing heap is not full, the new node is inserted as the next
rightmost node in the last level as shown below.
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Suppose, the last level of the existing heap is full, the new node will be inserted as_the leftmost
node of the next level, as shown below.
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Existing Heap New node inserted as left most node

Step 2: The tree obtained after step 1 is-a-complete tree, satisfying the first property of heap.
Now, we need to check the second propertyof heapii.e., “for any given node in the tree, its
value is greater than or equal to.the value of its parent”.

If this property is satisfied with the newly inserted node, then the node is in its right place and
the process terminates.

If this property does not satisfy. with the newly inserted node, we need to find its appropriate
place by comparingts value with the values of the nodes along the upward path from the node
till the root.

In this example, the value of the new node 8 is smaller than the value of its parent node i.e., 10.
The second property doesnot hold. Then, we will exchange the value of the node with that of
its parent as shown below.
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After this exchange operation, the affected node holding the new value (i.e., 8) will be compared
with its parent node, and exchange the values if the min heap property does not hold, a shown
below. If the property holds, the process terminates.

After this exchange operation, there is no_further parent nodes to compare and the process
terminates. The root of the min heap after.inserting as node-with value 8 has the minimum value
i.e., 8. This operation of placing a newly inserted value'to its right location is known as heapify.
The algorithm for heapify operation<is-discussed in detail, while discussing implementation of
heap in section 3.5.2.

Insertion operation in a max heap is also same as that of the min heap, except that max heap
property will be checked at'the time of heapify operation.

Construction of a min heap from a given set of values: Using the above insert operation, we can
construct a min heap by performing tepeated insertion of all the values into the subsequent heap.
The following diagram shows construction of min heap from a given set of {4, 10, 3,5, 1}. The
values are processed in the order of the values in the set. Initially the tree is empty.

Insert the wvalue 10. It is
inserted as the left child of

4. The new node holds the P

Insert the first-value in the
seti.e., 4 °
)
. d ,
min heap property, no - -
heapify operation is needed. 6 6
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Insert the value 3. As the

new node does not hold min q Q
heap property, perform

heapify operation. 6 é 6 6

Insert the value 5. As the ,
new node does not hold min o\ Q
heap property, perform

heapify operation. 6 o °

Insert the value 1. As the
new node does not hold min q m— Q I

heap property, perform e s
heapify operation. Q o ﬂ o

DELETE OPERATION: As mentioned above, deletion of a node from a heap is allowed only from
the root. That means, only.the root node is deleted. A delete operation on a min heap is referred
to as mindelete; and that of the max heap is referred to as maxdelete. Like in insertion operation,
delete operation is also done in two steps. Let us consider the following min heap to explain the
process of deleting the root-node.

ée
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Step 1: The first step is to delete the root node. Instead of physically deleting the root node, we
replace the value of the root node with the value of the rightmost node in the last level of the heap
as shown below. And then physically remove the rightmost node in the last level. This process
ensures that the resultant tree is still a complete tree.

J 5, /
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Step 2: Once we remove the root node in step 1, the next taskis to check if the resultant tree (i.e.,
the new root node) satisfies the heap property-ornot. In the above example, the new root node in
the resultant tree does not hold the min heap properties. Like in the insert operation, we now need
to find the appropriate location of the root node by traversing the tree downward from the root
toward a leaf node. This operation is also known as heapify, but inthe reverse order of the heapify
operation applied in insert.

We now, compare the value of the root node with that of the values-of its child nodes, if any. The
smaller value of the child nodes. is considered and compared. with the value of the root node. If
the value of the root node is smaller than the-smaller of the child node, then the resultant tree is a
heap. Otherwise, it isnot. In such a case (i.e., root node is larger than the smaller of the child
nodes), the value of the root node and.that of the smaller child node are exchanged. That is, the
small child node has value 15 and it.is swapped with the root node, as shown below.

0 0
15 &35

/

0o °oo

Now, the min‘heap property of the affected node should be checked. If it holds, then the process
terminates.’ Otherwise, heapify operation continues toward a leaf node. The value of the affected
node i.e., 35 is larger than the smaller of the two child nodes i.e., 25. Therefore, the values 35 and
25 are exchanged, as shown below.



Data Structures and Algorithms | 225

.

-

S . A Swap
e o ) 25 & 75

After this exchange operation, the node with value 35 is a leaf node, and thus the process
terminates and obtained the following min heap.

®
o ®
20

3.5.2 Implementation of Heap

Heap may be implemented either using dynamic-memory allocation (like binary tree implementation
discussed in section 3.3.1) or.static memory allocation using array. As heap is a complete tree, it
is simpler to implement a heap using array in terms of memory efficiency and accessing elements
in the tree. Therefore, “heap is ‘generally implemented using array. This book discusses
implementation of heap using array.

Let A be an array of size:7v.which will store the elements in heap. Then, using A, we can store a
heap consisting of upto n nodes. If the index of array A starts from 0, then nodes in the heap are
stored as follows.

1. Theroot nade'is stored at the first index of the array.
2. Ifiis the index of a node in the array, its left child is stored at the index 2i + 1, and its right
child is stored at 2i + 2.

Similarly, if the index of the array starts from 1, the nodes in the heap are stored as follows.

1. The root node is stored at the first index of the array.
2. Ifiis the index of a node in the array, its left child is stored at the index 2i, and its right child
is stored at 21 + 1.
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For the min heap given below,
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its array representation can be defined as follows. The index of the array starts from0.

Arravﬂ|l|3|4|10|5| | | | | |
Index 0 1 2 3 a 5 6 7 8 9

In this representation, we see that the left child of root node i.e 3-is.stored at the.index 2 X 0 +
1 = 1, and the right child of the root node.i.e. 4 is stored at the index 2 X 0 + 2 = 2. Similarly,
the left child of the node 3 is stored at 2X 1 + 1 = 3, and its right child at 2 X1 + 2 = 4. From
the above array, it can be seen that from the array index where the root node is stored till the index
where the rightmost node of the last level is stored are.all occupied.-It.is because the tree is a
complete tree.

To understand the characteristics of the array when we-insert a‘node in the heap, and perform
heapify operation, we insert a node, and explain characteristics of the subsequent state of the
array. The following figure illustrates the state of the tree and its respective array after Step -1 of
the insert process in the heap shown above. It inserts a node with value 2 into the heap.

Step - 1: The new node is inserted as the rightmostnode in the last level of the tree. The new
node is connected as the left child of the node 4. 1t is realized as storing the value 2 at the index
5 of the array. Note that index 5 is the next-available index in the array (existing heap occupies
only upto index 4, and new element is inserted at index 5).

-3
OO

° °ArravAl3|4|lO|5|2 T T ]
Index 0 1 2 3 4 5 [ 7 8 9

Step - 2 (Heapify): Check if min heap property holds with the parent of the newly added node.

The newly inserted node is added at index 5, therefore its parent node is stored at the index lij =

l— = 2. As the value of the newly added node is smaller than that of its parent node, the min
heap property does not hold and the two nodes are exchanged, as shown below.
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Now, the index of the newly added node becomes 2 and its parent index is lz;_1J = lz;_1 =0.

The values of the two nodes are compared. As the min heap property holds, the process
terminates, as shown below.

o N
° ° Min heap property holds

eoo ArravA|1|3|2|10|5|4| | | ‘ |
Index 0 1 2 3 4 5 6 7 8 5

Heapify Operation for Insertion: The following algorithm performs the heapify operation of inserting
a node in an existing min heap, as explained above. This algorithm assumes that the array index
starts from 0, and i is the index of the newly added node in the array, at the time of calling the
algorithm.

Min-Heapify-Insert (A, 1)

/* A: array storing the min heap;.'i: index of the new element */

BEGIN

1. parent = l%

2. IF (parent;=0) THEN

3. 1F «(Ali] < Alparent]) THEN

4. Swap(Ali], A[parent])

5. Min — Heapify — Insert(A, parent)
6. END-IF

7. END«IF

END

As discussed above, the algorithm will traverse from the newly added leaf node towards root,
until it finds the condition satisfying min heap property. As the maximum number of exchange
operations is the height of the tree, its time complexity is O (log, n).
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General Heapify Operation: In the above example, the heapify operation is performed in a bottom-up
direction. A generalized definition of heapify operation which is generally used in converting an
arbitrary array to a heap. In this operation, considering a given node, it traverses downward to
check the heap condition and performs exchange operation whenever a violation condition is
found. Depending on whether we consider min heap or max heap, the algorithm is referred to as
Min-Heapify or Max-Heapify. The following algorithm provides a Min-Heapify algorithm. The
parameter A is an array where the heap is stored, i is the index of the target node.

Min-Heapify (A, 1)

/* A: array storing the min heap; i: index of the new element */

BEGIN

1. left = leftChild (@) // 2i+1,i=0

2. right = rightChild(i) // 2i+2,i =20

3. IF ((left < A.HeapSize) AND(A[left] <A[i])THEN
4. smallest = left

5. ELSE

6. smallest = i

7. END IF

8. 1F ((right < A.HeapSize) AND. (A[right] < A[smallest])) THEN
9. smallest = right

10. ELSE

11. smallest =i

12. END IF

13. IF (smallest # i) THEN

14. Swap(A[i], A[smallest])

15. Min — Heapify(A4,smallest)

16. END IF

Given an arbitrary index i, Min-Heapify(A,i) traverses the tree downward with at most the
number of exchange operations equal to the height of the tree i.e., O(log, n).

Delete Operation on Heap: Now, for deleting a node from the heap (root of the tree), we can apply
Min-Heapify(A, 0) “le., heapify on the root of the tree after Step-1 of the delete operation
discussed in_section 3.5.1. That is, first the A[0] is replaced by A[HeapSize -1], and
HeapSizeisreduced by 1. Therefore, the delete operation needs one Min-Heapify operation,
and henceneeds O(log, n) time complexity.

Converting an Array to a Heap: Once we define Min-Heapify (A, 1), converting an array to a
min heap is simple. We just need to call Min-Heapify (A, 1) function for all the elements in
the array, from the last node in the array till the first node. Therefore, the time complexity of
converting an array to a heap is O(nlog, n) i.e., Min-Heapify () function is called n times.
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As the nodes in the last level are all leaf nodes, the number of calls to Min-Heapify ()
function can be limited only for the elements in the array from the first index till the last index
of the last but one level of the tree. Thus, the following function converts an arbitrary array to a
min heap. The build-Min-Heap () runs on all the nodes in the heap, starting from the right
most node of the last but one level of the tree. It is because we expect that the subtrees of the
affected node are already heaps.

Build-Min-Heap (A)

1. FOR i = lMJ downward to 0
2. Min-Heapify (A, 1)
3. END FOR

It may also be noted that the min-heapify operations inthe higher level nodes.(towards leaf nodes)
take much lesser time than the O (log n). The above O(nlog n) time complexity is not a tight
bound complexity. A better bound complexity ‘can be obtained. In the above algorithm, also
known as Floyd’s algorithm, starts heapify operations from the highest-level nodesi.e., leaf nodes
with height equal to 0 upward to their parent nodes and so on-upto root. The heapify operations
need to be performed for all the nodes in the array, from the.node in the-last index till the first
index. Therefore, we can define the complexity of converting the'array to'a heap f(n) as follows.

f(n) < Z“Ogn 1,1 0(h), noté that number of nodes in heap at height h is less than zn—h

llogn

h
> f(n)<0|n Z DR
h=0
o R
=>f(n)£0<n 22—}1)
h=0
= f(n) = 0(n)

3.5.3 Heapsort and Priority Queue

Heapsort is a sorting algorithm which sorts the elements in a given array by applying Build-Min-
Heap (), repeated application of Min-Heapify () operations. Given an array A with n
elements, we first convert the array into a min heap using Build-Min-Heap () operation.
Once min-heap is constructed, we then exchange the smallest element of the heap (i.e., A[0]) with
the right most node of the last level of the heap. After exchange, the effective size of the heap is
reduced by one and Min-Heapify () function is applied on the new root node. Thus, the
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exchange and heapify operations are performed till heap has only two nodes. Formally, algorithm
for heapsort is given below.

Heapsort (A)

/* The array A stores the elements */

1. Build-Min-Heap(A) // Build initial minheap
// For all the index; higest to the least
2. FOR i = A.Size —1 downto 1
// Store the smallest element to the last index ‘in heap
3. Swap (A[1],A[0])

// reduce the effective heap size by one

4. A.HeapSize = A.HeapSize - 1
5. Min-Heapify(A,0) // from root< to leave within A.HeapSize
0. END FOR

The algorithm sorts the array in descending order (for ascending order, one can apply Build-
Max-Heap and Max-Heapify, which is left as an exercise); For an array of size n, one
Build-Min-Heap () operation<is required with.‘a"timecomplexity of O(nlog,n) for
converting the array to heap. And, n — 2 number of Min-Heapify operations, each operation
requires O(log, n) time complexity. Therefore, the time complexity of heapsort algorithm is
O(nlog,n) + 0(nlog, n) = O(nlog,n).

Priority Queue: As mentioned above, heaps-are used to implement priority queues. Assume that each
element in the queue has its associated priority (weight). As the elements of the queue arrive,
each element is inserted into a heap which-is constructed considering the priority weight of the
elements. This operation is considered‘as the enqueue operation into the priority queue. The root
of the heap will have the queue element with the highest priority. An enqueue operation needs
one heapify operation with a time complexity of O(log, n).

For a dequeue operation, it performs a delete operation, i.e., deleting the root node needing one
heapify operation on.the oot of the tree. It holds a time complexity of 0 (log, n).

UNIT SUMMARY

This unit discussed two data structures namely linked list and tree. Different types of linked lists such
as singly linked list, doubly linked list, circular list are discussed along with their implementation
algorithms. Implementations of stack and queue using linked list are also discussed. Further, tree
data structure is introduced. Binary tree, a special type of tree, is discussed in details. Further,
special types of binary tree namely binary search tree, AVL tree, B/B+ tree, Heap, threaded binary
etc. are also discussed in details.
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EXERCISES

Many of these questions have been compiled from various sources including past GATE examinations.

Multiple Choice Questions

Q1. What is the worst-case time complexity of inserting n elements into an empty linked list, if the
linked list needs to be maintained in sorted order?

1. 0(n?)

2. O(n)

3. (1)

4. O(nlogn)

Q2. N items are stored in a sorted doubly linked list. For a delete operation, a pointer:is.provided to the
record to be deleted. For a decrease-key operation, a pointer is provided to.the record on which
the operation is to be performed.

An algorithm performs the following operation on the list in this order:

O(N) delete, O(logN) insert, O(logN) find, and ®(N) decrease-key. What is the time complexity
of all these operations put together ?

a) O(log’N)
b) ON)

c) OMN?

d) O(N%logN)

Q3. Let P be a singly linked list, Let Q be the pointerto-an intermediate node x in the list. What is the
worst-case time complexity of the best-known algorithm to delete the node x from the list?

1. O(n)

2. O(log’n)
3. O(logn)
4. O(1)

Q4. The following C ‘function takes a simply-linked list as an input argument. It modifies the list by
moving the last element to the front of the list and returns the modified list. Some part of the code
is left blank.

typedef struct node {
int value;
struct node *next;
} Node;
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Node *move to front (Node *head) {
Node *p, *qg;
if ((head = = NULL: || (head->next = = NULL))
g = NULL; p = head;
while (p-> next !=NULL) {
q=PF;
p=p->next;

return head;
}
Choose the correct alternative to replace the blank line.
1. q=NULL; p -> next = head; head = p
2. q->next=NULL; head = p; p -> next = head
3. head=p; p->next=q; q -> next = NULL
4. q->next=NULL; p -> next = head; head =p

return head;

Q5. The following C function takes a single-linked list of integers as a’parameter and rearranges the
elements of the list. The function is<called with the list containing the integers 1,2,3,4,5,6,7 in the
given order. What will be the contents of the list after the function completes execution?

struct node {
int value;
struct node *next;
}i
void rearrange (struct node *list ) {
struct node *p,. % qg;
int temp;

if( !'list | |~ Vlist=> next) return;
p = list; .g = list->next;
while (q). {

temp+= p->value;

p-> value = g ->value;
g-> value = temp;

P = g-> next;

g =p ? p->next : 0;

1. 1,2,3,4,5,6,7
2. 2,1,43,6,5,7
3. 1,3,2,5,4,7,6
4. 2,3,45,6,7,1
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Q6. A circularly linked list is used to represent a Queue. A single variable p is used to access the Queue.
To which node should p point such that both the operations enQueue and deQueue can be

performed in constant time?
ReD

Gmt

Rear node

v

Front node
Not possible with single pointer
Node next to front

Ll S

Q7. Suppose a binary search tree with 1000 distinct elements is also a complete binary tree. The tree is
stored using the array representation of binary heap trees: Assuming that the array indices start
with 0, the 3rd largest element of the tree is stored at index

a) 509
b) 590
c) 608
d) 950

Q8. The preorder traversal of a binary search tree-is 15, 10, 12, 11, 20, 18, 16, 19. Which one of the
following is the postordertraversal of the tree?

a) 20,19,18, 16,15, 12,11, 10
b) 10, 11, 125 15, 16, 18, 19,20
) 11, 12,10, 16, 19, 18,20, 15
d) 19, 16, 18,20, 11,12, 10, 15

Q9. What is the worst-case time complexity of inserting n> elements into an AVL tree with n elements

initially?
a) O
b) O(n’logn)
o) 0@

d  ew)
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Q10. The number of leaf nodes in a rooted tree of n nodes, with each node having 0 or 3 children is

a) n/2
b) (n-1)/3
c) (n-1)2

d  @n+1)3

Short and Long Answer Type Questions

Q1. In a binary tree, for every node the difference between the number of nodes-in'the left and
right subtrees is at most 2. If the height of the treeis h > 0, then the minimum number of
nodes in the tree is...........coeoeuenenn.

Q2. How many distinct binary search trees can be created out of 4 distinct keys?

Q3. Postorder traversal of a given binary search tree T producesthe following sequence of keys
10,9, 23,22, 27, 25, 15, 50,95, 60, 40, 29. Find out the- sequence of keys which represents
the inorder traversal of the tree T?

Q4. A binary search tree contains the numbers-1, 2,.3, 4, 5,6, 7, and 8. When the tree is traversed
in pre-order and the values in eachmnode are printed out, the sequence of values obtained is
5,3,1,2, 4,6, 8, 7<If the tree is traversed. in post-order, the sequence obtained would

Q5. A Priority Queue is implemented as a Max-Heap. Initially, it has 5 elements. The level-order
traversal of the heapis given below: 10, 8, 5, 3,2 Two new elements ”’1° and ”’7° are inserted
in the heap in.that order. The‘level-order traversal of the heap after the insertion of the
elements is.....t. ...

Q6. A binary search tree is' generated by inserting in order the following integers: 50, 15, 62, 5,
20,58, 915 3, 8, 37, 60, 24. The number of nodes in the left subtree and right subtree of the
root respectively is.............oeueen..

Q7. A program takes as input a balanced binary search tree with n leaf nodes and computes the
value of a function g(x) for each node x. If the cost of computing g(x) is min{ no. of leaf-
nodes in left-subtree of x, no. of leaf-nodes in right-subtree of x } then the worst-case time
complexity of the programis....................
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Q8. While inserting the elements 71,65,84,69,67,83 in an empty binary search tree (BST) in the
sequence shown, the element in the lowest level is.....................

Q9. The postorder traversal of a binary tree is 8,9,6,7,4,5,2,3,1. The inorder traversal of the same
tree is 8,6,9,4,7,2,5,1,3. The height of a tree is the length of the longest path from the root
to any leaf. The height of the binary tree above is..........................

Q10. The following numbers are inserted into an empty binary search tree in the given-order: 10,
1, 3,5, 15, 12, 16. What is the height of the binary search tree (the height is the maximum
distance of a leaf node from the root)?

Numerical Problems
Q1. A binary tree T has 20 leaves. The number of nodes‘in having two children is

Q2. The height of a tree is the length of the longest root-to-leaf path in'it. The maximum and minimum
number of nodes in a binary tree of height 5 are and respectively

Q4. The height of a binary tree is the maximum number of edges in any root to leaf path. Find the
maximum number of nodes in a binary tree of height h.

Q5. A scheme for storing binary trees in an array X is as.follows. Indexing of X starts at 1 instead of 0.
the root is stored at X[1]. For a node stored at X[i], the left child, if any, is stored in X[2i] and the
right child, if any, in X[2i+1]. To be able to store any-binary tree on n vertices the minimum size
of X should be

Q6. The numbers 1, 2, ........ , rare inserted in.a binary search tree in some order. In the resulting tree,
the right subtree of the root contains.p nodes. The first number to be inserted in the tree must be

Q7. Let T be a full binary trec with 8 leaves. (A full binary tree has every level full). Suppose two leaves
a and b.of T are chosen uniformly and independently at random. The expected value of the
distance between a and b in T (i.e., the number of edges in the unique path between a and b) is
(rounded off'to 2 decimal places)

Q8. The number of ways in which the numbers 1,2,3,4,5,6,7 can be inserted in an empty binary search
tree, such that the resulting tree has height 6 is . (Note: the height of a tree with
a single node is 0)
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Q9. Suppose we have a balanced binary search tree T holding n numbers. We are given two numbers L
and H and wish to sum up all the numbers in T that lie between L and H. Suppose there are m
such numbers in T. If the tightest upper bound on the time to compute the sum is O( n? log® n +
m® log? n ), the value of a + 10b + 100c + 1000d is .

Q10. When searching for the key value 60 in a binary search tree, nodes containing the key values 10,
20, 40, 50, 70 80, 90 are traversed, not necessarily in the order given. How many different orders
are possible in which these key values can occur on the search path from the root to the node
containing the value 60?

Q11. A complete n-ary tree is a tree in which each node has n children or no children: Let 1 be-the
number of internal nodes and L be the number of leaves in a complete n-ary tree. If L =41, and |
= 10, what is the value of n?

Q12. In a complete k-ary tree, every internal node has exactly k children. The.number of leaves in such
a tree with n internal nodes is

PRACTICAL

Q1. You are given an array of k linked-lists lists, each linked-listis sorted in asecending order. Merge all
the linked-lists into one sorted linked-list and return it.

Q2. Given the head of a linked list, reverse the nodes of the list’k at a time, and return the modified list.
k is a positive integer and is less than or equal to the length of the linked list. If the number of
nodes is not a multiple of k then left-out nodes, in‘the end, should remain as it is. You may not
alter the values in the list'snodes, only the nodes themselves may be changed.

Q3. Given the root of a binary search‘tree (BST) and an integer target, split the tree into two subtrees
where one subtree has nodes. that.are all smaller or equal to the target value, while the other
subtree has all nodes that‘are greater than the target value. It is not necessarily the case that the
tree contains a node with the value target. Additionally, most of the structure of the original tree
should remain. Formally, for any child ¢ with parent p in the original tree, if they are both in the
same subtree after the split, then node ¢ should still have the parent p. Return an array of the two
roots of the two subtrees. The example below illustrates an input and expected outputs for a target
value 2.

/\
Ir'r i
Shoo © bb ©
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Q4. Given a binary tree, find its minimum depth. The minimum depth is the number of nodes along the
shortest path from the root node down to the nearest leaf node. Note: A leaf is a node with no
children.

Q5. You are given an array of k singly linked-lists, each linked-list is sorted in ascending order.

Merge all the linked-lists into one sorted linked-list and return it.

Q6. Given a singly linked list, remove all the nodes which have a greater value on their right side.

Q7. Given the head of a linked list, return the node where the cycle begins. If there is no cycle,

return null.

Q8. Given the root of a binary tree, return its maximum depth. A binary tree's maximum depth is

the number of nodes along the longest path from the root node down to the farthest leaf node.

Q9. Consider all the leaves of a binary tree, from left to right order, the values of those leaves form

a leaf value sequence. Two binary trees are considered leaf-similar if their leaf value sequence
are the same. Given two binary trees, write a C program to find if the binary trees have the
same leaf value sequences.

Q10. Given a binary tree root, a node X in the tree is named good if in the path from root to X there

are no nodes with a value greater than X. Return the number of good nodes in the binary tree.

KNOW MORE

Readers are encouraged to explore the following E-Books/E-Resources for additional examples, and
discussions on related topics.

1. List, Binary Trees, Balanced Trees, Priority Queue. Chapters 2, 4, 5,6, Electronic Lecture Notes -
DATA STRUCTURES AND ALGORITHMS; by Y. Narahari (https://gtl.csa.iisc.ac.in/hari/wp-
content/uploads/2021/10/dsa.pdf)
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3. Trees, Chapter 4, Data Structures and Algorithm Analysis in C++, Weiss, Mark Allen, 4" Ed.
(https://www.uoitc.edu.ig/images/documents/informatics-
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4. Dynamic Information .Structures, Chapter 4, Data Structures and Algorithms, N. Wirth.
(https://people.inf.ethz.ch/wirth/AD.pdf)
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4 Sorting, Hashing, Graph

UNIT SPECIFICS

This unit focuses on three broad topics of data structures and algorithms namely Sorting, Hashing
and Graphs. Within these topics, the following aspects have been looked at:

o Understanding the working principle.of different types of sorting algorithms;
o FEstimating the complexity of different sorting algorithms;

Understanding different approaches of hashing and understanding their complexities;
o A briefintroduction to Graph and traversal on Graph,

While the topics on sorting and hashing are discussed in‘details, discussion on graph has been
limited to an introductory level.

A collection of multiple-choice questions, short and long answer types question and practical
exercise are also provided in the exercises.section. A QR code which links to an external web page
is also provided for additional questions and exercises, additional topics, additional reading
materials. Readers are encouraged-to check the external web page regularly to follow the updates.

RATIONALE

This unit covers three important topics of data structures and algorithms namely sorting, hashing
and graph. In several computing applications, one often needs to arrange underlying data elements
in a particular. ovder — ascending or descending. Several types of sorting algorithms have been
discussed in this unit — comparable/non-comparable, internal/external, stable/unstable sorting
algorithms etc. Estimation of the complexities of these algorithms — best case, average case and
worst case scenarios are also discussed in detail.

Like sorting, hashing is also a class of methods for indexing keys so that the data elements can
be retrieved efficiently. Several hashing methods have been discussed in this unit and effectiveness
of these methods are also discussed. While sorting and hashing topics have been discussed in great
details, this unit only covers an introductory understanding of graphs in terms of representation
and traversal. Other relevant algorithmic topics of graph such as shortest path, minimum spanning
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tree, maximum flow, matching etc. are beyond the scope of this book. Readers are encouraged to
refer to external web page for additional topics beyond the scope of this book.

PRE-REQUISITES

Programming: C programming language (Many of the examples are given in C like statements)

Computer System.: Main Memory

UNIT OUTCOMES

List of outcomes of this unit is as follows:

U4-O1: Different sorting algorithms and estimating their complexities
U4-02: Different hashing methods and understanding their efficiently.
U4-03: Introduction of Graph, representation and{raversal.

Unit-4 EXPECTED MAPPING WITH COURSE OUTCOMES
(1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6
U4-01 1 - - 3 3
U4-02 1 - - 3 3
U4-03 1 - - 3 3
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4.1 SORTING

Given a collection of data elements, the task of sorting is to arrange the

. . . . ) . Given data:
given data in a particular order — either ascending or descending 5813796
(figure 4.1). In many of the real-world data handling situations, Ascending Order:
arranging data elements/objects in a particular order is often one 1356789
of the essential tasks. Searching for an object in a large collection Descending Order:
of random objects could be easier, if the objects are arranged in 9876531

a particular order. For example, binary search operation, or
binary search tree. This section discusses various sorting
algorithms.

Figure 4.1: Sorting

4.1.1 Terminologies

Internal and External Memory Sorting Algorithms: Depending on'wWhether an algorithm canhandle data
in secondary storage or not, a sorting algorithm can be internal memory or external memory.
Internal memory sorting algorithms are the class of algorithms which need the entire data to be
residing in the internal memory. Whereas, for external memory sorting algorithms, the entire data
not necessarily should be in internal memory.

Stable Sorting Algorithm: A sorting algorithm is said to.be stable; if two data elements with the same
value appear in the same order in the sorted output, as they appear-in the unsorted input.

In-placed Sorting Algorithm: Sorting algorithms which do not use auxiliary data structure for storing
data elements other than the original input storage are known as in-placed algorithms. However,
it may use auxiliary necessary variables’ like-iterator or temporary storage of holding a data
element, but not for storing chunks_of data.

Let us consider the following serting approach.Given an array with unsorted data elements, let
us construct a binary search tree of the given-data elements. We further perform inorder traversal
on the binary search tree; and the traversal output is then stored in the original array. This
algorithm is not an in-placed sorting algorithm. Likewise, we can construct a min heap tree from
the given array, and-then perform a sequence of delete root operations on the heap to get the
sorted order. Or, we.can scan the given array to find the first minimum, second minimum, and so
on, and store_the obtained minimums to another array to generate the sorted array. All these
approaches use auxiliary data structures for data processing, not directly on the original input
array. Such algorithms are known as out-of-place sorting algorithms. In an in-placed algorithm,
operations are performed directly on the given input array, overwriting the elements in the array
while processing the algorithm.

Adaptive and Non-adaptive: If time taken for sorting depends on the initial ordering of the elements in
the input collection, the algorithm is known as adaptive. If initial ordering does not affect the
sorting time, the algorithm is called non-adaptive.
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Inversion Count: Given an array, inversion count denotes how far the given array is from its sorted
order. If the elements in the input array is already in the target ordering, then its inversion count
is 0. If the elements in the input array is in the reverse order of the target ordering, its inversion
count is maximum.

Lower Bound Theory: 1t defines the minimum time complexity of a class of algorithms.

Comparison and non-comparison: Sorting algorithms which perform sorting by comparing the values
of the data elements are referred to as comparison sorting algorithms, otherwise, non-comparison.

4.1.2 Bubble Sort

Given an array, bubble sort scans the array multiple times (referred to as pass) from the lower index to
the highest applicable index. The idea is that, in each pass, depending on whether the.algorithm
attempts to arrange the data in ascending or descending order, the algorithm will bubble up the
largest or smallest element. The algorithm can also scan the array from the largest index to the
smallest applicable index, instead of smallest to higher. The process discussed in this section
scans the array from the smallest to highest applicable index. . We first.illustrate ‘the idea and
procedure before presenting the algorithm/program.

Let A be the array to be sorted as shown below. Let the algorithm sorts the array in the descending
order (from largest to the smallest):

A ]@@[][][][][][](]

Index 1 2

We will scan the array from the smallest index to the highest applicable index. When the scanner
moves forward, the smallest element among the elements processed so far will be kept bubbling
up along with the scanner. In the pass 1, the idea is to bubble up the smallest element to the end
of the array. When the scanner is at'the index.0, the algorithm has processed the array upto index
0, in this pass. As the scanner has processed only one element i.e., A[0] = 8, the smallest element
is the element itself i.e., 8.

L Iatat oo oI I

Index

Then, the scanner moves to the second index, i.e., A[1] and compares the element at A[1] with
the smallest element stored-at A[0]. Since A[1] < A[0], the elements are in order. No reordering
is required. A[ 1] has the smallest element, as shown below.

Al (8 @ 3 6 1 5 2 10

Index 0 1 2 3 4 5 6 7 8 9

Now, the scanner moves to A[2] and compares with the smallest element found so far i.e., the
previous element (A[1]). As A[2] > A[1], the elements are not in order i.e., A[2] should have the
smallest element. So, the elements at A[2] and A[1] are exchanged, as shown below. Now, A[2]
has the smallest element.
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Likewise, scanning continues till the last element, as shown below.

A 8 9 4 6 1 5 2 10
Index 0 1 2 3 a 5 6 7 8 9
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As illustrated above, when the scanner reaches the last index, the last index of the array has the
smallest element. It can be noted that as the scanner moves forward, the smallest element is
bubbled up along with the scanner. Hence, the algorithm is named as bubble sort. With this, the
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first pass is completed. In the second pass, the above scanning process is repeated from the
smallest index to the second largest applicable index. As the smallest element in the array is found
and stored at the last index i.e., A[9], the scanning will be done only upto second last index i.e.,

A[8].
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Likewise, the scanning continues for pass 2, 3, 4 and so on upto pass 10, and obtains the following
pass-wise orderings.

PASS -3 lnd:|(s;)|(?|(;)l(g)|£:)|@|C;)|?IQ§)|(?|
|
PASS -4 md;|<?|<f>|<§>|<?|%o|@|?|@|@|@|
]
PASS -5 md;|<?|<f>|<§>|@|@|?|@|@|@|@|
|
PASS -6 md;|<?|<f>|@2@|@|?|@|@|@|@|@|
|

PASS-?ldﬂ|(&:})|@1®|C§)|?lQ?le)|C:)|C§)|C§)|C?|
1
Pass -8 A|(9)|G®|Q|C?IC?|(?|C?I@|C?|(QJ

Index 0 1 2

i
PAss-gldA|@3>|?|<2)|%>|Q1)|<55>|Q;>|%>|%>|<?|
|
pass -10 A|@|Q2)|Q;)|Q1)|Q;)|C:)I@IC§)I(?I

Index 0

|

In the first pass, the algorithm performs n — 1 number of comparisons. When the scanner is at
the index 0, no comparison requires. It can simply move forward. As such, when the scanner is
at index 0, we can start comparison with the second element, reducing the scanning in the first
pass only upto n — 1. In the second pass, the algorithm performs n — 2 number of comparisons.
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Likewise, n — 3 number of comparisons in 3™ pass, n — 4 number of comparisons in 4™ pass and
so on. Though, there are 10 passes for 10 elements, the passes can stop at 9™ pass, the element at
index 0 will be in order by default at the end of the 9™ pass. Therefore, there are 1+ 2 + 3 +

st —2) + (n—1) =12

number of comparisons.

The algorithm is a comparable based algorithm as elements in the array are ordered by comparing
between the values of the element and exchanging the unordered two elements. The algorithm is
stable, in the event of having elements with same value, as the scanner can simply move forward
without exchange. The algorithm is in-place algorithm as we do not use auxiliary data structure
except for temporary variables for iterators, and possibly another variable for~exchange
operations. The algorithm is internal memory algorithm as it processes the elements in an‘array,
and the entire array needs to be in RAM. An algorithm for bubble sort is given and briefly
discussed in Unit 1. The following program shows an implementation of the above process.

void bubbleSort (int A[], int n) {
int 1, J, temp;

for (1 = 0; i <n - 1; i+4){
for (jJ = 0; J < n —<1i —.1; j++){
if (A[J] < A[J + 17){
temp = A[J];
A[j] = A[Jj+11]1;
A[j+l] = temp/

}

In the above program, irrespective of the.initial .ordering of the elements in the array, every
n(n-1)

consecutive pairs are compared. The algorithm will perform number of comparisons for

all the input array. Therefore, the above program is not adaptive, and it has O(n?) time
complexity for all the cases— best case, average case, and worst case.

The above algorithm/program can be modified and made adaptive as follows. In the modified
program given below, we.incorporate a flag to check if the given input or intermediate array is in
sorted order. Whenever there is an exchange of elements in any pass, the flag is set to true. If it
finds a particular pass.without any exchange, it means that the array is already in sorted order and
the algorithm/program terminates. Hence, bubble sort algorithm can be modified to make it
adaptive,

void bubbleSort (int A[], int n) {
int 1, Jj, temp, flag;

for (1 = 0; 1 < n - 1; i++){
flag=0;
for (j = 0; 3 <n -1 - 1; j++){
if (A[J] < A[J + 1]){
temp = A[J];
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A[J] = A[j+1];
Alj+1l] = temp;
flag=1l;
}
}
if (flag==0) break;

}

The above program terminates if the inner loop does not set the flag. It means, the underlying
array processed by the inner loop is already in the sorted order. With this modification, if the
given input array is already in the sorted order (i.e., inversion count of the input array equals to
0), the algorithm will scan only one time and terminate. Therefore, the time complexity of this
situation (best case) could be enhanced to O(n). A detailed analysis of best case, average case
and worst case is provided in Unit 1.

4.1.3 Insertion Sort

The idea in the insertion sort is to insert an element in a sorted subarray. Likein bubblesort, the insertion
sort will also scan the array multiple times through different passes: However, unlike bubble sort,
it assumes to have an intermediate‘sorted subarray, and anew clement s inserted in order to the
sorted sub-array in subsequent pass, as described below. Let us consider the following array, and
sort the array in ascending order.

gLCNOROIIVIICHIOIICIOIIOIO]N

Index 0 1

In the first pass, we assume to have.an empty sorted array, and the scanner inserts the element at
index O to the empty sorted array: Thus, it produces-a sorted subarray of element 8.

L IQl)I(gz)I(z)l(f;)I(?\Cz)l(i)l(lgo)l@l
1

In the second pass; it considers the'sorted subarray obtained from pass 1, and the scanner inserts
the element at A[1] to the sorted subarray in order (ascending) by scanning backward, as shown
below. As the element to be inserted 4 is smaller than the largest of the sorted subarray 8, 4 and
8 are exchanged:

Sorted array

IION - SICNOIGIOIIGIOOIG]
t

T SONONONCIIOIIONGIONO)

Index D\\H',JVI 2 3 4 5 [3 7 8 ]

|
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In the third pass, it considers the sorted subarray obtained from pass 2, and the scanner inserts the
element at A[2] i.e., 9 to the sorted subarray (4, 8) in order (ascending) by scanning backward.
However, 9 is larger than the largest element in the sorted sub array. Therefore, 9 is already placed
in order, and terminate the pass.

Sorted arrav

S [@ IQZI(:)I%)I(ls)\(r;)l(?l@g@\(?l
1

In the fourth pass, the scanner inserts the element at A[3] i.e., 3 to the sorted subarray (4, 8, 9) by
scanning the array backward. 3 is smaller than 9, so 3 and 9 are swapped. Then, 3 and 8 are
swapped. Lastly, 3 and 4 are swapped.

Sorted array

ldAIQ:J)I@l)ICZ)\?I%)IC?\(:)I(?IG;D\C;)I
1

Sorted array
A 4 8 9 6 1 5 2 10
Index 0 1 2 4 5 6 7 8 9

1
“ICDI@@I(%)I(?(Z)I(?I%@@

Index 0

1
ld“@l@?@I%)I(?(:)I(;)ICED@I
i

From the above passes, it can be seen that the first pass places the first element in order in the
sorted subarray. The second pass places the second element, 3™ pass places the 3 element, 40
pass places the 4™ element in order in the corresponding sorted subarrays. In the similar manner,
the remaining subsequent passes will place the corresponding element in the sorted subarray
obtained from the previous.pass, as shown below.
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For the above example, it can be seen that in a partlcular pass, if the element to be inserted is
larger than the largest element in the sorted subarray, that pass will perform only one comparison.
Pass 3, 6 and 9 perform only one comparison as the target element is already in order. One
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comparison is required to check if the element is in order i.e., comparison with the largest element
of the sorted subarray. This observation brings up the best case scenario. If there are n number
of elements in the array, there will be n passes. Though we have included the first pass, it can be
ignored as the first element is already in order. If the input array is already in the sorted order
(inversion count 0), then each pass will need only one comparison. That means, the algorithm
will need a total of only n number of comparisons, giving an asymptotic time complexity of O (n).
As the number of comparisons required for sorting the array depends on the order of the elements
in the array, insertion sort is adaptive. It can also be easily seen that the insertion algorithm is
also stable and in-place. Since all the elements need to be in an array, it is also an dnternal
algorithm.

On the contrary, in a particular pass, if the element to be inserted is smaller than the smallest
element of the sorted subarray, then the element to be inserted needs to be compared with all the
elements in the sorted subarray and move all the elements by one position forward. Then, the
target element is inserted at the first location. If such‘a case happens in the i pass, it will need
i — 1 number of comparisons. Pass 2, 4 and 6 perform full comparisons: Now, if the input array

is in the reverse order, every i*" pass will need i — 1 number of comparisons. This situation gives

the worst-case scenario. So, atotal of 1 +2+ 3+ -+ (n—2)+ (n=1) = @

comparisons. That means, the worst-case asymptotic time complexity of insertion sort is 0(n?).

number of

. . . , . i~1 .
Now, for an arbitrary input array, at an arbitrary pass i, there will'be LT number of comparisons

N . 1,23 -2
on an average. Therefore, the average asymptotic .time <complexity is i e S nT +
n—1 nn-1)

= = 0(n?). A sample program of insertion sort is given below. The outer loop selects

the element to be inserted in the sorted. subarray.. The inner loop scans the sorted subarray
backward. As the outer loop starts from index 1 (array index starts from 0), it ignores the first
pass of the illustration above, and starts from pass 2. The AND (&&) operation in the inner loop
ensures that backward scanning stops at the ordered position of the element to be inserted, which
makes the algorithm adaptive.

void insertionSort (int A[], int n) {
int i, j,. ele;

for (1 =.1; 4 .< npoi++){
3V, N ;
ele = A[1];

}

Like bubble sort, insertion sort is stable, in-place, internal memory, and comparable based sorting
algorithm. Further, it is adaptive, as the running time depends on the initial ordering of the input
array.
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4.1.4 Selection Sort

In the above bubble sort and insertion sort algorithms, whenever two successive elements are out of
order in the inner loop, they are exchanged. Though asymptotic complexity is not affected, actual
computational time will be affected by the O(1) swap operations. Can we reduce the number of
swap operations while sorting an array? Selection sort is motivated by this question. Unlike
bubble or insertion sort, selection sort does not swap the element immediately. Instead, a pass in
the selection sort algorithm selects a location and scans the unordered array to find the element
to be placed in the selected location. It, then, swaps the elements at the selected location-and the
location where the target element is found. For ascending order, the minimum element will be
considered. However, for descending order, the maximum element will be considered. Letus say,
we are sorting the array in ascending order, and in the i** pass, the i*" minimum element in the
unsorted subarray is found at loc. Then, A[i — 1] and A[loc] are swapped. We.consider A[i — 1],
because array index starts from 0, and pass numbering starts from 1, in our discussion below.
Each pass performs at the most one swap operation.

Consider the following array and sort the elements in ascending order.

Al (s @ 9 3 6 1 5 2 10

Index 0 1 2 3 4 5 6 7 8 9

In the pass 1, scan the entire‘array and find the location of the smallest element loc. After finding
the smallest element, swap the elements at A[0] and A[loc], as shown below. Each pass divides
the array into two parts — sorted subarray-and unsorted subarray.

st 2| @ IQ?I@I(Z)I@I@I(Z)\(i)l(?l@l

Index

Selec‘tedILocation Minimum Location

H@IQ)I@IC:)I@I

Index 0 2

|<2)‘(§>|<f>|@|

5

Selec‘tedlocation Minimum Location

In the pass.2, scan the entire unsorted array and find the location of the smallest element loc.
After finding the smallest element, swap the elements at A[1] and A[loc], as shown below. Pass
2 obtains the second element of the sorted subarray.
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PASs -2 AI@IOLI@ICZD\%)I@I(Z)I@IG;)I@I

Index 0
Selec‘te:]Location Minimum Location
"D G ' ' ' ’ ' (- JAOINED)
Index 0 1 3 4 5 7 8 9
Selec‘teJLocation Minimum Location

Like in pass 2, in pass 3, the scanner locates the location of the smallest element 3,.and it is
swapped with the element in the selected location, as shown below.

s A[(D @D @@ [® @I @D @ID]
0 3 4 5

Index 1 2 6 7 8 9

I Minimum Location
Selected Location

PN
JICONICY D (O [ O DIW@IG
Index 0 1 2 3 a 5 6 7 8 9

I Minimum Location
Selectad Location

In the similar manner, in the subsequent passes, the minimum elements are located and placed in
the corresponding selected locations, as shown below.

— =
IO OMNOIIOIIONOIL - JIOIO1
3 2 3W? 8 9

Index 0

Selected Location Minimum Location
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S
PASS -5 A|®|GP|(?‘(?|(5?|®| = ‘@|@SED|C;>|

Index 0 5

Selected Location Minimum Location

£\
mss Al D [ O [OTOO @ @I OIWIH]
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Index 0
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|
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s A (D [ [ O [OW[@DIE @] @ [Go ]
1 2 3 4 5 6 Wg

Index 0

Selécted Location Minimum Location

2N
PASS -9 A‘@‘@‘@‘@|Cﬁ)|(‘?|@|@|(§)| -

Index 0
I Minimum

Selected Location
Location

In the above example, pass 1 performs n — 1 number of comparison operations to locate the
minimum element. Likewise, pass 2 performsn — 2 comparison operations, pass 3 performs n —
3 comparison operations; and so‘on. The last pass (i.e., n — 1 pass) performs one comparison
operation to obtain the sorted. array. Therefore, selection sort performs a total of (n — 1) +

(n—2)+-+3+2+1="20D
for a given n elements, finding minimum needs exactly n — 1 number of comparisons irrespective

of its initial ordering. Therefore, every i pass performs n — i number of comparison operations.
n(n-1)

number of comparison operations. It may also be noted that

So, for all the cases (best case, average case, and worst case), selection sort will perform

number of comparisons, and has 0(n?) asymptotic time complexity.

An implementation of the above process is given below. The outer loop acts as the pass, and
selects the location for which an appropriate minimum element should be found. The inner loop
scans the unsorted subarray and finds the minimum element. The if-condition swaps the element
in the selected location and the minimum. Like bubble and insertion sort, selection sort is
in-place, internal memory, comparable, but unstable and non-adaptive sorting algorithm.

void selectionSort (int A[], int n)
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{

int 1, Jj, min, temp;

for (i = 0; 1 < n-1; i++){ // selected location
min = 1i;
for (j = i+l; j < n; j++){ // find minimum location
if (A[j] < A[min])
min = j;
t
if(min !'= i){ // swap elements
temp = A[min];
A[min] = A[i];
Ali] = temp;

4.1.5 Quick Sort

Quick sort is an algorithm based on the divide and conquer approach. In‘the divide and conquer
problem-solving approach, a given problem is divided into smaller problems, and solve the
smaller problems. The outputs of the smaller problems aré then .combined to provide the output
of the bigger problem. In the divide and conquer based sorting algorithms, a bigger array is split
into smaller arrays. The smaller arrays are then.sorted. The sorted smaller arrays are then
combined to get the bigger sorted array.

Given an array of data elements, quick sort divides the array into two smaller parts around an
element called pivot. The process of dividing the input array into two smaller parts is generally
called partitioning, and it is_the main  operation in quick sort. Before discussing quick sort
algorithm, let us first try to understand the concept of partitioning an array around a pivot value.

Let A be an array with n number of elements, and let x be the pivot which can be one of the
randomly picked up element from A. Then, the idea of partitioning A by x is to find the correct
position of x in A'such that all the elements preceding x are smaller than or equal to x, and all
the elements succeeding x are larger than x. If i is the position of x returned by the partitioning
algorithm, then after partitioning, all the elements from A[0] to A[i — 1] will be smaller than or
equal to x, and all the elements from A[i + 1] to A[n — 1] are larger than x, as shown below.

Smaller than

— - —— Larger than x —

“— orequaltox

A ] (©) [ N R

Index 0 1 2 3 4 5 6 7 8 9

Different partitioning algorithms have been proposed in the literature. A typical partitioning
approach which scans the array from two directions (left-to-right and right-to-left) is discussed in
this book. Before describing the algorithm, we first explain the operational steps.

Let us consider an example array given below to describe the partitioning idea.
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MO OO OO OO ® @

Index 0

Let us consider the first element of the array i.e., A[0] as the pivot. You may find different
partitioning algorithms in different sources. Any algorithm that partitions the array into two
around the pivot could be used. In principle, we should be able to select any random element as
pivot, and devise an appropriate partitioning algorithm. For simplicity, the first element of the
given array has been considered as pivot. The procedure adopted below also uses another two
pointers - left and right to mark the beginning and end of the array, as shown below.

pivot

l
‘dAICE? IC%? I(%D I(é) \(%) I(g) \(%) I(%) |<%D| (§>|

left right

The 1eft pointer scans the array from left to right direction, and the ri ght pointer scans the
array fromright to left direction. Whenever the left pointer finds an element larger than the pivot,
it stops scanning. Similarly, whenever the right pointer finds an element smaller than or equal to
pivot, it stops scanning, as shown below:

ldA|<%>‘<%? \C?i\(%) I(%) I(g)l (g)l C?i|<%b |<§>|
I!t ri‘g[t

It then swaps the two elements pointed by 1eft pointer and right pointer.

A53159m7

Index 0 1 2 3 4 5 [} 7 8 9
left right

After swapping the two elements, repeat the above scanning process i.e., left pointer moves till it
finds an element larger than pivot, and the right pointer finds an element smaller than or equal to
pivot. It then swaps the two elements, and so on. The process continues as long as the left pointer
is smaller than the right pointer.
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JIOTIOCIIONOI : IO : JMIONONO)
2 3 8 9

Index 0 1 5 6 7
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i

FNICILOINOIIOINOIL : 1K : JIOIIONON
1 1

When the right pointer is smaller than the 1eft pointer, the scanning terminates. Then, the
pivot element and the element pointed by the ri ght pointer are swapped, as shown below. With
this, the final position of the pivot is found.

f[(OTOI OO TO® [ &6 [E (@&
2 /3/5 6 7 8 9

Index 0 1
ri‘gtt left

Now, the array is partitioned into two — left partition holds the elements smaller than or equal to
pivot, and the right partition holds the elements.larger than the pivot, as shown below.

-h

| CIECTROIICIRG) ORI [OIIOIIOIION

Index

Smaller than or equal to pivot Larger than pivot

As the above partitioning-algorithm scans the array in linear time, it has 8(n) time complexity.
For any partitioning algorithm, as it needs to visit every element in the array at least once, it will
have at least 8(n) time complexity.

The following function.shows an.implementation of the above partitioning procedure.

int partitiom(int A[], int left, int right) {
int 1 = left, r = right, temp;
int pivot =A[left];
while (1<r) {
/* Scan left to right as long as current element
is smaller or equal to pivot */
while ((A[1l] <= pivot) &&(1<= right))1l++;
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/* Scan right to left as long as current element
is larger than pivot */

while (A[r] > pivot) r--;

/* move element smaller than pivot to the left side of
the possible possible location of pivot, and larger

element to the right side */

if (1<) {
temp = A[l];
A[l] = A[r];
A[r] = temp;

}

// r has the location of the pivot

temp = A[left];

Alleft] = Alr];

Alr] = temp;

return r; //return the position' . of -the pivot

}

Quick sort algorithm applies the partitioning algorithm'recursively over the partitions obtained.
The recursive quick sort algorithm can be defined as follows.

void quickSort (int A[l], dnt left, int right) {
if (left < right) {
int p = partitdion (A, ‘left, right);
quickSort (A, lefty . p - 1);
quickSort (A, p #.1, right);

}

Time complexity: The best-case scenario will happen when partitioning algorithm always divides the
array into equal halves. If T'(n) is the time taken by the algorithm to sort an array of size n, then
the recurrence equation of quick sort algorithm in its best scenario can be defined as below.

_ (2T(n/2) + n, ifn>1
T(n)‘{1 . ifn=1

where n is the time taken for the partitioning algorithm and combining results from recursion. As
no cost for combining results from recursion involves, it is basically the cost for partitioning the
array. If we expand the above recurrence equation, we get the expression defined below.

T(n) =2T(n/2) +n=2[2T(n/2%) +n/2] +n=22T(n/2%)+n+n
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=22[2T(n/23) +n/4l+n+n=23T(n/2)+n+n+n
=22T(n/2Y) +n/8l+n+n+n=2*Tm/2)+n+n+n+n

=2T(n/2")+n+-+n+n+n+n
=2kT(1) +n+ - +n+n+n+n, Assume thatn = 2k
=nlog,n+n = 0(nlog,n)

We can also visualize the estimate using recursion and estimate the running time of T'(n) =
2T (n/2) + n as follows. The computation cost at every level is n, and there are log, n number

of levels.

”TF; """"""""" n
W)

P . non

(To/2)) (Ttn/2) - 7tzo0
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L \ - \
X - e
o T Tl et AAVR monon
logz n Qn_ﬂi (@ ("' Q@ 3TETETET

'S R, 9 \’
6{9 @ @_é @ @ (T{l]\ {1), (T{@
Total: @(nlogzn)

Therefore, the best time complexity of quick.sort is 8(nlog, n). Likewise, worst case time
complexity happens when the pivot partitions the array into an empty array and another array of
size n — 1. This situation.will happen when the smallest/largest element is always selected as
pivot. For the worst-case scenario, the recurrence equation can be defined as below.

T(n—1) +n, ifn>1
T()—{ , ifn=1

We can expand the expression as follows.
T(n) =T(n—1)+n
=Tn-2)+(n—-1)+n
=Tn-3)+(n—-2)+(n—1)+n
=T +2+3++(mn—-2)+(n—1+n

— n(nz_l) — 9(n2)

Using recurrence tree, we can also estimate as follows.
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The average time complexity of quick sort is 8(nlog, n). Reader may-check the reference
material for average case analysis. The above quick sort algorithm is internal, in-place, non-
adaptive, and non-stable. The above algorithm can also be modified to.make it adaptive. However,
the adaptive version of quick sort algorithm is left as an exercise to the reader.

4.1.6 Merge Sort

Like quick sort, merge sort is also a divide and conquer based: sorting algorithm. It involves the
following two basic steps.

Divide: Divide the input array into two-almost-equal halves.

Conguer: Sort the smaller subarrays (the two halves obtained from above divide operation), and
merge the two sorted subarrays to‘produce a combined sorted array.

Merge sort performs the above divide and conquer steps recursively. The procedure of the
algorithm is described below with an illustrative example. Let us consider the following array.

A|(%)|Q11) |(9?|(2)|Q§1)|(15)|(2)|(§)|

Index

Given an array A with n elements, the algorithm takes two pointers defining the beginning index
and the ending index of the array (first and last). Considering the beginning and ending index of
the array, a middle index of the array is defined as below to partition the input array.

last + first
——
The middle index (mid) partitions the given array A into two halves - A[0 : mid — 1] and A[mid :
n — 1], as shown below.

mid =
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A|<5>|(£)|@2>|<3>JQ§)|<15>|<?|<?|

Index 0 1
first last
MO W O] OO G)]
Index 0 1 2 3 4 5 6 7
1 1 1

last last last

Once we get the smaller two subarrays, the easiest thing that we can do is to apply a sorting
algorithm over the two smaller subarrays, and then combine the two sorted subarrays to-produce
the target sorted array. If n is large, its corresponding.subarrays will also be large: So, we may
further need to partition the subarrays subsequently till we get reasonably small subarrays. In
merge sort, a bigger array will be partitioned into'two-halves in a hierarchical manner spanning
many levels, till we obtain reasonably small subarrays. Once we ‘get small subarrays which can
be sorted in O (1) time (probably single element), we hierarchically combine two sorted subarrays
in the reverse order to generate the targetsorted array. This process is‘illustrated pictorially below
with an array of size 8. We have considered array. size 8 in this’example-to obtain equal size
partitioning. However, it is not necessary that the array size should be power of 2. The array is
partitioned into two halves of size 4 in the first level. Then, these two subarrays are further
partition in the middle to obtain four subarrays of size 2;.in the:second level. They are further
partitioned into halves to obtain eight subarrays of size 1, in the third level. At this point, we stop
partitioning the array, as. shown below.

Al (e) [Ca) G 3 | @ G 5 2
6 7

Index 0 1 2 3 g 5

Level 1 A|<?|Q:)/\j%9)|(?| |Cf)|%>‘|%">|@|

Index
/ /
Iy *
4 Y ¥ \4
etz AlO[@) ] O] [
Index 0/ 2 '\_..3 4 N5 6 ?

Nl

AN /\ AN

Index

When an array has single element, it is sorted by default. Once we get the sorted subarray with
single element, we then pick up two-two sorted subarrays of size 1 at a time and merge to generate
another sorted array of size 2, in the first level. Then, in the second level, we pick up two-two
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sorted subarrays of size 2 and merge to generate another sorted array of size 4, Likewise, the
merging process repeats hierarchically in the reverse order till we get completely sorted array.

A@@@@----

Index
y / /// /
\ V4 y ‘ ) /
it 4G ro][e] o od oo
N N\ /// / S
e N\

K
Level 2 o " e o

RH\ ‘///
Level 3 0@906060
6 7

Index 0 1 2 3 4

¥

The above sorting process can be implemented either recursively-or iteratively. It is simpler to
implement and visualize the process of merge sort using recursive partitioning. The following
algorithm/function puts the above procedure together to sort an array recursively, and defines the
function for merge sort. It takes the array. A, the first index and the last index as parameters. It
then partitions the array into halves, and each half is then partitioned recursively, till the subarrays
have single element (i.e., first = last). Once recursive partitioning reaches the last level, the
mergeSortedArrays () function merge two sorted subarrays upon returning from the
recursion.

void mergeSort (int A[], int first, int last) {
if (first < _last).{

irst+l
mergeSort (A, first, [M] -1 ;

[fzrst+last]

mergeSort (A , last);

[first+last]
2

mergeSortedArrays (A, first, , last)

}

Various ways can be adopted to merge two sorted arrays. One simple approach is to use auxiliary
space to store the sorted subarrays, and then linearly merging them. If the sizes of two arbitrary
sorted arrays are m, and m,, combining these two arrays to produce a combined sorted array
should ideally need scanning the arrays once. Therefore, we should be able to consider any
algorithm which takes O (m; + m,) merging time. The merging algorithm given below extracts
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and temporarily stores the sorted subarrays from A into two auxiliary arrays. Then, the two sorted
arrays in the auxiliary spaces are linearly scanned to generate combined sorted array, and to store
back in A.
void mergeSortedArrays (int A[], int first, int mid, int last) {
int i, J, k;
int sl = mid - first;
int sr= last - mid + 1;

// Create auxiliary space
int L[sl], R[sr];

// Extract subarray from A to L and R
for (1 = 0; 1 < sl; 1i++) L[1] Alfirst + i];
for (1 = 0; 1 < sr; 1i++) R[1] =A[mid + i];

// Combine the two arrays in<sorted order
i=3=20;
k = first;
while (i < sl && j < sr){
if (LI1] <= R[J1)H{

Alk] = L[i];
i++;

}

else{
Alkl.= R[J];
BRa

}

k++;

}
while (i1 < sl){»//If R .remains

Alk] = Llil]s
i++;
k++;
}
while (3 <«n2){.// If L remains
Alk] =RI[J]/
J+E:
k++7

}

Unfolding the execution of the above recursive merge sort function over an example array, and
time complexity estimation using a recurrence tree is illustrated as below.
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From the above figure, it'can-be seen that time complexity of merge sort is 6(nlog,n).
Irrespective of the initial ordering of the given array, algorithm needs to call recursion till the
subarrays have single .element.. Further, irrespective of the initial sorted orders, the
mergeSortedArrays () functionneed toscanall the elements in the given array once. While
partitioning.is done.in. 8 (1), merging two sorted arrays to a sorted array is done in 8(n). As the
depth of. the recursion*is. ‘8(log, n), the total cost can be approximated as 6(log,n) +
f(nlogy, n) =68(nlog, n), for all cases — best case, average case, and worst case. The above

complexity can also be estimated using recurrence expression T(n) = 2T (g) + cn, which is

equivalentto 8(nlog, n), as seen in quick sort. As different partitions of the merge sort can be
stored, sorted, and merge using different arrays, which should not necessarily be present in RAM
at the same time, merge sort is external. It uses auxiliary arrays to store intermediate partitions, it
is an out-of-the-place algorithm. Merge sort is stable and non-adaptive.
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4.1.7 Lower Bound of Comparable Sort Algorithms

The lower bound theory of a class of algorithms for solving a particular problem defines the lower bound
time complexity that any algorithm must take to solve the given problem for an arbitrary input.
This section defines the lower bound of any comparable-based algorithm to sort arbitrary n
elements.

Given a set of n arbitrary elements, it will have n! number of possible permutations. Depending
on the values of these n elements, the sorted sequence of the n element will be one of the n!
permutations. For example, if n is 3, and the possible elements are {a, b, c}, then.its possible
permutations are (a, b, c), (a,c,b),(c,a,b),(b,c,a),(b,a,c), and (c,b,a). If the given set is
{a =2,b =5,c = 3}, then the sorted permutation is (a,c,b). If the given set'is {a’=5,b =
1, c = 2}, then the sorted permutation is (b, c,a). Therefore, for any arbitrary n_elements, its
sorted sequence is one of the permutations.

For a set of n elements, its permutations can be generated uising a.decision tree. If n = 3, the
decision tree to generate a sorted permutation for an arbitrary input set can be constructed, as
shown below. Depending on the values of the elements in the sét, we traverse from root to one of
the leaf nodes to find its sorted permutation. The path length defines the number of nodes (i.e.,
comparisons) that need to be visited to find its sorted permutation.

£ @\

ye

./

Theorem: The height h > 0-of a.binary tree with n > 1 number of leaf nodes, where every non-leaf

"\._ no

node has.two child nodes, is at least log, n.

Proof: (By induction on n) If n = 1, the tree has only root node, and it is also a leaf node. As the height
of a leaf node is 0, it is true for n = 1. Let us assume that it is true for n > 1. It can be seen that
at least one of the subtrees of root will have at least % number of leaf nodes. That means, the

height of the subtree with at least % number of leaf nodes is at least logzg =log,n—1. If we

add one more leaf node, in one of the subtrees, the above condition will still hold for the subtrees
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as % + 1 < n. As the height of a binary tree is the height of the tallest child subtree plus one, the
height of the binary tree with n 4+ 1 leaf nodes is at least log, nTH +1=1log,(n+1).

For an arbitrary set of n elements, there are n/ number of permutations and all the permutations have an
equal probability of being picked up as the sorted permutation. There may exist more than one
decision trees for the same set of n! permutations as leaf nodes. To define lower bound, we need
to prove that the expected height of any decision tree for sorting n element is at least log,n .

Let T be a decision tree for sorting n elements. It has exactly n! number of leaf nodes.-Let D (T)
be the sum of the depths of all the leaf nodes in T. Let M(T) be the minimum D (T).over all
possible decision tree with n! leaf nodes. If i be the number of leaf nodes in the left subtree of the
root of T, then there will be (n! — i) number of leaf node in the right subtree. Then'D(T) can be
defined recursively as below.

D(T) = D(T;) + D(Tou—y) + n!

The n! in the above expression is additional depth of 1 from root to the.roots of left and right
subtrees for all the n! leaf nodes. Now,

M(T) = arg miin{D(Tl-) + D(Tyy_;) +n'}

Now, our target is to prove that M(T).> n!log, n! for proving the expected height of any decision
tree for sorting n element is at least log,n!. We can.prove it by induction on n. When n =1,
M(T) = 0!log, 0! = 0. The condition holds for n =.1.

Let us assume that the condition holds.for n — 1. For n elements, we can define M(T') as

M(T) = argmin{D(T;):+ D(T,,.;) + n!} = arg min{ilog, i + (n! — i) log,(n! — i) + n!}
13 13

2 . .. . n! n! .
The above expression will be minimum when i = < As > < (n —1)!, we can write

n! n! n! n!
>_ — l—— l—— !
M(T) = > log, > +(n. 2>log2(n. 2>+n.
=nl! logzn;!+ n! = n! (log, n! — 1) + n! = nllog, n!.

Now, there are n! number of leaf nodes in M(T). So, the expected height of the decision tree
which constitutes M(T) is @ = log, n!. Therefore, the expected height of a decision tree for an

arbitrary set of n elements is a least log, n!.
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Further, determining a sorted sequences from the decision tree with n! number of leaf nodes, the
expected number of comparisons will also be defined by expected height of the decision tree.
Therefore, lower bound of any comparable sorting algorithm for an arbitrary input set of n
elements is defined by the expected height of the corresponding decision tree i.e., log, n!. We see
below that it is equal to 2(nlog, n).

Theorem: Any comparable algorithm to sort n number of arbitrary elements runs in 2(nlog, n).

Proof: Since, for n number of elements, the decision tree will have n! number of leaf nodes, the
minimum height of the decision tree is log, n!.

n

log, n! > log, (n(n - D(n-2).. [g]) > log, (g); = g[logz n—1] = glogz n —g

= N(nlog, n).
4.1.8 Counting Sort

All the above sorting algorithms discussed so far are comparable-based algorithms, and their expected
lower bound is 2(nlog, n). Can we do better?. Counting sort.is a non-comparable sorting
algorithm whose time complexity is asymptoticlinear for all the cases. This algorithm is briefly
described below with an example. This algorithm works only for real numbers.

Let us consider an input array A as given below.

O DI TO I W IW[ @O

Index 0

The algorithm needs an auxiliary array Count which stores the count of each element. The size
of the auxiliary array is defined by the maximum value in the input array A. In the given array,
the maximum element is'4. So, the'size.of Count array is 5 to store the values from 0 to 4. If the
array has negative values, or minimum is larger than 0, accordingly the Count array and its
indexes can be defined. For simplicity, we have considered positive values and index starting
from 0. Each value in A corresponds to an index in Count. The i*" index in Count will store
the frequency count of'i as element in A, as shown below.

Count| 2 [ 3 [ 2 | 2 | 1 |
Indkex. 0o 1 2 3 4

Count [0] is 2. It means, the element 0 occurs two times in A. Likewise, the element 1 occurs
three times in A, element 2 occurs two times in A , and so on upto element 4. Now, the counts in
Count array are sequentially summed, so that Count [i] stores the cumulative sum from
Count [0] to Count [1], as defined below.

Count‘2|5‘7‘9|10‘
Index 0 1 2 3 4
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We define another auxiliary array B to store the elements in A in sorted order. Now, we scan the
array A from right to left. It can also be done from left to right. In this example, we have scanned
from right to left, to make the algorithm stable. The last element in A is 1. Now, go to index 1 of
the Count array and get the frequency of 1 i.e., Count [1]=5. It means that this element will
be the fifth element in the sorted array. As the index starts from 0, the element 1 is stored at B[4].

!
MNOTOTOOOOOIO® @]
2 3 [ 5 6 7 8 9

Index 0 1
; |
Count| 2 l 5 ] 7 | 9 I 10 ‘
Index 0 1 2 3 4
o
ol [ [ [ T *[] &l [ [ .
Index 0 1 2 3 4 5 6 7 8 9

After storing the last element in B, the value of Count[1] is reduced by 1, i.e., one of the
occurrences of the element is stored in its position B.

cont| 2 [ &4 [ 7 ] 5 T m |
Index 0 1 2 3

Now, repeat the same procedure for all the remaining elements; as shown below. At the end of
the algorithm, the Count array will have the starting index of the respective elements in B.

1 !
(OO @O@OO @@ @[] HIONOHIONIISIIONIIOIION : JMIOIIO)!
Index 0 1 2 3 3 5 5 7 s 3 %ad 0 T 2 9 2 S s s 3 5
| ‘ |
M ¥
Count[ 2 [ 4 [ 7 [ & [ 0] cont[ 3 [4 ] 7 [ 8 [ |
Index 0 3 % S
l k- ‘ 7-1=6
L4
T 1 [ (31 F a0 T T T 7 o 5T ]
Index 0 1 2 3 3 5 5 7 B 5
Index 0 1 2 3 2 5 B 7 B 3
1 ]
(O OIOO@[@IEIE @] (OO0 EO @ TOI®IEIE]
Index 0 1 2 3 4 5 3 7 B 9 Index 0 1 2 3 2 5 & 7 B 9
¥ v
comt[ 2 | 4 | 6 | 8. ] 10 ] cont[ p [ 4 [ 8 [ 8 [ 3]
Index 0 1 2 % 4 Index a
lafass | o8 \_.“
v
L T ROT .o N[ T3 7T+ | e[ [ [ [t [t Tl T&=]z=]
ndex 0 1 2 3 4 5 5 7 B ] ndex 0 1 2 3 2 5 5 7 3 3
1 1
AOLORIOVION - SIOIIOIIOIIONIO)N JIOTIONOI : IION©) [OITOIE.
Index 0 1 2 3 4 5 G 7 B 5 Index 0 1 2 3 4 5 & 7 3 3
oy | |
v v
count[ 3 [ 3 [ & | 8 | = | Coum‘ 1 ‘ 3 ‘ 6 | 8 ‘ 9 ‘
Index @ 1 2 3 3 Index 0
e[ [ o] T[]+ T=7 [537]¢] e[ [ o[ [ +[+[ [=2T]s7[5s[4]
Index 0 1 3 [ B 6 7 B 9 Index 0 T 2 3 % 5 G 7 B 3
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4
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r][x]r][]r]rr]rr
I

v

count[ 3 [ 3 [ 8 [ 7 [ 9 | ot g [ 2 [ 6 [ 7 ] @ |
Index @ 1 2 3 1 Index 0

v v
B[ o T o ] 1 1 2 3 3 4 B[ o o | | I I N 3 3 4
Index 0 1 2 3 4 5 6 7 8 9 Index 0 1 2 3 4 5 6 7 B 9
4
@O GIOIOIOIOIEIM
Index 0 1 2 3 4 5 6 7 B 5
count| o [ 3 [ 5 [ 7 [ 9 ]
Index 0 i 2

v
e[ o T o [ 1 [ 1 1 2 2 3 3 4
Index 0 1 2 3 4 5 6 7 B 9

Once the sorted elements are obtained in B, copy them to A to obtain the final sorted array. As we need
to scan the input array thrice — first for finding the maximum value; second for counting
frequency, and third for scan the input array for final sorting. Similarly, the-algorithm scans the
Count array once for estimating cumulative values. Therefore, the running time for counting
sort algorithm is 8 (n + k), where n is the size of the inputarray and k. is the size of Count array.

4.1.9 Radix Sort

Radix sort is also a non-comparable sorting algorithm, ‘where soring is done by the index of the data
elements. We illustrate the algorithm with an example below. Let us consider the following set
of 10 elements.

312,20,87,881,402,7,100, 243, 68,524

Radix sort processes the data elements index by index from the least significant index to the most
significant index. The figure below illustrates the sorting of data using radix sort. It simply sorts
the data elements by the digits-at different significant positions, starting from the least significant
position to the higher.
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Data Index 0 Index 1 Index 2
312 210 1 10]0 7
20 1 0]0 4 (0]2 20

8 7 8 8|1 7 6 8
g8 1 Sort by index 0 3 112 Sort by index 1 3 (12 Sort by index 2 77
4 0 2 Place in ord 4 0]2 2|10 , " 1{0 0

ace in order Place in order Place in order

10 g of oceurrence § : i of occurrence g i g of oceurrence § T g
243 717 6|8 410 2
6 8 7 77 512.95
52 4 6 |8 8 |18]1 8|8 1

The time complexity of radix sort is O(dn) where n is the number of elements in the array, and
d is the number of digits of the largest element. It is because, sorting of the elements by an index
position can be done in linear time i.e., 0(n) by temporarily storing the-elements into b number
of buckets (bucket sort), and we need to repeat the process for d times. To be specific, the time
complexity is O(d(n + b)). As n is likely to be much larger than b, it is simplified as 0(dn).

4.1.10 Bucket Sort

Bucket sort distributes the data elements into different ordered buckets which can hold data within a
defined range. The elements within each bucket aressorted using another sorting algorithm. Then
the sorted list within €ach of the ordered buckets are simply concatenated to get a big sorted list.

Bucket sort is illustrated in the following figure using the set of data element listed below. The
elements in the given list are distributed among six buckets, each bucket can hold 100 elements.

312, 20, 87, 581, 402, 317, 243, 213, 68, 524
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312, 20, 87, 581, 402, 317, 243, 213, 68, 524

Distribute among the bucket
by the bucket range
20

o 243 312 202 581
o ' 213 317 ' 524

0-100 101-200 201-300 301-400 401-500 501-600

Sort the elements inside
the bucket
20

P 213 312 60> 524
o 243 317 581

0-100  101-200 201300 301-400 401-500 501600

Concatenate the sorted
buckets

20, 68, 87, 213, 243, 312, 317, 402,524, 581

As evident in the above example, some of the buckets may be empty or may hold very few data
elements. If the number of data elements is few and it’has large value range, with non-uniform
distribution, bucket sort may not be an_efficient algorithm in terms of space as well as
computation. Further; the time complexity. of bucket sort algorithm depends on several factors
such as distribution of elements to the buckets, the ‘sorting algorithms employed for sorting
elements in each bucket, and the number-.of buckets used, etc. For complexity estimate under
different scenarios, reader may refer to the additional reading materials, cited by the QR code.

The classification of different sorting algorithms discussed in this section is listed below.

Algorithm | Internal .| Stable |- In-place Adaptive Comparison
Bubble Yes Yes Yes No (could be modified to be adaptive) Yes
Insertion Yes Yes Yes Yes Yes
Selection Yes No Yes No Yes
Quick Yes No Yes No (could be modified to be adaptive) Yes
Merge External Yes No No Yes
Radix Yes Yes No No No
Count External Yes No No No
Bucket External Yes No No No
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4.2 HASHING

Search operation is one of the core fundamental operations required for any data structure. The running
time of any search operation also depends on the position of the element to be searched in the
data structure. For the traditional data structures such as array, linked list or tree, we have no clue
of the expected position of the element to be searched, and end up searching the entire elements
in the data structure in worst case, or half of the element on an average. The performance of the
search operation improves by storing the data in an ordered manner by the value of the data, as
we have seen in binary search or binary search tree. However, for all these approaches, we have
no clue of the position of the data element in the data structure (through a vague idea can be
guessed in the case of ordered data structure). Unlike the data structures that we haye seen so far,
hash is a data structure in which the location of the data element in the data structure is defined
by the value of the data element itself. That means, if we know the value of the data element, we
know the possible location where it might have stored in the data structure. Therefore, we can
directly go the expected location and find the element.

Let us try to understand the concept through the following example. Let us-assume:that we have
an array A of size 10, and we wish to store the following 10 elements 64, 31, 42, 55, 87, 78, 29,
43, 96, 20. Given an element, the idea is.to estimate the index where the element will be stored
in the array from the value of the element itself. That means, we need a function to estimate the
index given the value of the element to be stored as parameter: This function is generally called
hash function. Let us assume the following hash function.

f(key) =key %S

where % denotes modulo operation and S represents the size of the array. Now, to store the first
element 64, we perform f(64) = 64 % 10. = 4. That means, 64 is stored at A[4]. Likewise, 31
is stored at A[1] as f(31) = 31 % 10 =1, and so on.“The figure below illustrates storing of the
above elements in an array of size 10 using the above hash function.

Index HASH Hash function
20 f(20)=0
31 f(31) =1
42 f(42) =2
43 f(43)=3
64 f(64) =4
55 f(65)=5
96 f(96) =6
87 f(87)=7
78 f(78) =8
29 f(29)=9

[F=J R R = R O RN R SSR S R =]

Once the elements are stored into the arrays using the above hash function, we use the same hash
function to search an element in the array. If we want to search the element 42, we estimate
f(42) =42 % 10 = 2, and directly access the 4/2] to find the element 42. From the above
example, we can see that an arbitrary element can be found in 6(1) time, if the element is stored
at the location defined by the hash function. In hashing, the above array is generally referred to
as table or buffer. In the following discussion, we will refer it as table.
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4.2.1 Hash Functions

A hash function should return a valid index in the table. Several hash functions have been used. This
section presents a few of the commonly used hash functions. Let key denotes the element to be
inserted into the hash, m be the size of the table, and h() denotes the hash function.

Division Modulo: The hash function used in the above example is known as modulo/division modulo
hash function, which is formally defined as follows.

h(key) = key % m

This function returns the remainder when key is divided by m. In other word, h(key) = key —
key
m

positive integers.

J m. It will always return a value between 0 to m — 1, inclusive, when both key and m are

Given a set of arbitrary key values, there is a possibility that the hash functionreturns same values
for more than one key. In such a scenario, more than one key will be. competing for same storage
index. This scenario is called hash collision. Collision is a problem in hashing: Details about
collision will be discussed in Section 4.2.2. Collision reduces. efficiency of hashing. In modulo
hash function, it is important that m is.chosen carefully to reduce the number of collisions. Studies
reported that the number of collisions get reduced when key and'm are coprime. To ensure that
no integers evenly divide m except by 1 and m, m is generally considered to be a prime number.

Though the key is expectedto be a positive integer, it can.also be applied on non-integer values.
Let us say, character, string, alpha numeric, etc. One simple way to convert a string to an integer
could be sum of the ASCII values of the character present in the string. However, it is always a
good idea to generate a large value to reduce possibility of collisions, say, multiplying by power
of some constant and summing. One approach could be to multiply by power of m with each of
the character value and then sum as defined below.

m® X (first char) + mt x (second char) + m? X (third char) + -

Though, the above expression may produce lesser number of collisions as compared to simply
summing of the ASCILvalues, it will experience collisions for the words with same first character.
Another commonly.used approachtoreduce collisions is to apply multilevel hashing, also known
as double hashing, as defined below.

h(key) = (key % d) % m
for large prime d > m. Let us consider two keys 35 and 55. For a table size m = 10, both the
keys return same index 5, i.e., 35%10 = 5 and 55%10 = 5, resulting in collisions with single

level hash function. Let us assume d=15, and apply double hash function. Now, for the key value
35, h(35) = 5, and for the key value 55, h(55) = 10.
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Folding: In folding, the given key is divided into multiple parts, then the parts are combined and then
the combined value is passed to a hash function. Generally, the key will be divided into equal
size, except for the last left over fold, if any. Let us say, key = 513472881, and the key is
divided into three parts of equal size, say - (513), (472), (881). Then, the fold values are combined
with some function, say addition, 513 + 472 + 881. Then, the value is passed to a hash function,
h(513 + 472 + 881). Similarly, if the key is 51347288176, and is divided into parts consisting
of three characters/digits, then the partitions could be (513), (472), (881), (76). Except the last
one, all others have three characters/digits.

Folding can be generally of two types — shift folding and boundary folding. The above example
is of shift folding type. In the boundary folding, the idea is that the key is written on.a piece of
paper and folded the paper at a defined boundary. Then, the parts of the key written on each side
of the fold are seen in alternate reverse order, when they are looked at from top. For the key =
513472881, when it is divided into three parts of equal size, we get (513), (472),.(881). When
these parts are looked on a folded paper, they are seen as (513), (274), (881). Note that the digits
in alternate folds are seen in reverse order. Now, they are added and-passed to.a hash function,
h(513 + 274 + 881).

Mid-Square Function: Mid-square function is considered to be one of the effective hash functions for
integer keys. The idea is to generate an index by considering all the digits in the key, so that
chances of generating two different indexes.is higher for two.different key values. In mid-square
function, it takes the square of the key, and considers the middle digits as the index. As for
example, let us consider a key with the value 6218 Take the square-of 6218 to produce 38103904.
If we consider a table of size 100, consider the. middle.two elements 03 as the index to store the
key 6218.

Alternatively, we can also consider the size of the table as an integer with a power of 2, say m =
2% k > 0, and instead of considering the-middle-digits, consider binary representation of the
square of the key, and then select middle k bits.

Extraction: In extraction methods; instead of considering the entire key element, consider only part of
the key for generating hash value. As for example, consider the key = 513472881, and divide
the key into parts,'say (513), (472), (881). Now, consider one of the parts or a combination of a
few parts to gencrate a value which will be passed to a hash function. Let us say, we consider the
first part and-used h(513) to-get the index, or combine few parts, say the first two digits from the
first part and the-lasttwo.digits from the last part, i.e., 5181, and pass it to a hash function to get
index ice., h(5181).

Radix Transformation: In this method, a key value in one radix is transformed to another number with
another radix. Then, the new value is passed to a hash function. For example, the key 6218 in
decimal is transformed to 14112 in octal. Then, pass 14112 to a hash function, i.e., h(14112).
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4.2.2 Collisions Resolution

Like other data structures, hash data structure is also associated with insertion, deletion and search
operation. The way the data structure is explored for the insertion operation and search operation
are same. For better perception, we first discuss the insertion operation (or creating a hash from
a set of data elements), before discussing the search operation.

For two different keys, if the hash function returns the same index, then collision happens. Let us
consider the following sequence of keys — 21, 31, 41, 64, 34, 44, 54, 87, 78, 29, and a hash table
T of size 10 to illustrate collisions. Let us consider modulo hash function for simplieity. When
we insert the first key 21, the index is h(21) = 21 % 10 = 1, and T[1] is empty. So, 21 is stored
at T[1] = 21. When we try to insert the next key 31, it has the index value h(31) = 31 %10 =
1. Since T[1] is already been occupied by 21, there is a collision. How to resolve this issue?
Several methods have been proposed in the literature..Some of the commonly used methods are
discussed below.

Open Addressing: Open addressing is one of the collision resolution methods. In"open addressing, all
the keys are stored in the hash table itself. Therefore, the size of the hash table should be larger
than or equal to the number of keys that we wish to store. If there is.a.collision, when we try to
insert a key, then starting from the hash index obtained using h(key), an.alternative available
index in the hash table is searched (or, probed). Three.commonly.used open addressing methods
are linear probing, quadratic probing, and double probing. All the probed sequence as defined
by the respective probing methods will be looked.. The-direction of the probing can be either
clockwise (smaller to larger index) or anti-clockwise in'a circular fashion. The examples in this
section consider clockwise probing direction. If nv denotes. the size of the hash table, and p()
denotes the probing function; the open addressing probing sequence at the event of a collision can
be defined as (h(k) + p(i)) % m, for i’ = 0,1,2,3 ... For all the probe sequences discussed
below, this formula is applied, if not explicitly mentioned.

Linear probing: Linear probing is the simplest of three probing methods where p (i) is defined as p (i) =
i. That means, at the event of a collision, starting from the h(k), all the consecutive indexes will
be probed in a cyclic sequence, as shown below.

h(), (k) ¥4, h(k)+ 2, ..., m —2,m — 1,0,1,2 .. h(k) — 1

This probing sequence is illustrated with the key sequence - 21, 31, 41, 64, 34, 44, 54, 87, 78, 29,
and m = 10./As discussed above, key 21 is stored at index 1 and needs only one probing. While
inserting 31, there:is-a collision and need two probes to find the next available index. Then, we
will start probing starting from index h(31) =1, then h(31) + 1 =2, then 3 and so on
sequentially-until we find an available free index or table is full. Since the index 2 is free, 31 is
stored at.index 2, i.e., T[2] = 31, and needs two probes. When the next 41 is inserted, as the
index h(41) = 1is already occupied, probing for next available index starts. Since T[2] is already
occupied, it goes to T3] and finds available (three probes). So, 41 is stored at T[3]. In the similar
probing manner, all the remaining keys are stored as shown below.

HASH[ 29 [ 21 [ 31 [ 41 [ 64 | 3¢ | 44 | 54 | 87 | 78 |
Index 0 1 2 3 4 5 6 7 8 9
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From the above figure, it can be seen that except for the keys 21 and 64, collisions occur for all
the other keys (marked in red and bold) i.e., a total of 8 collisions out of 10 insertions. The total
number of probes of all the keysis (1+2+3+14+2+3+4+2+2+2) =22, and the
average number of probes per key is 2.2.

Now, let us reorganise the sequence as 21, 64, 87, 78, 29, 31, 41, 34, 44, 54. From the figure
below, it can be seen that the number of collisions reduces to 5 (marked in red and bold). From
this, it is evident that the number of collisions depends on the sequence in which the keys are
inserted. But, it has the same total number of probes (1+1+1+1+1+2+3+2+3+
7) = 22, and average probes 2.2, as that of the first example.

HASH[ 54 [ 21 [ 31 [ 41 | 64 [ 34 [ 44 [ 87 [ 78 | 29 |
Index 0 1 2 3 4 5 6 7 8 9

Let us further reorder the sequence as follows - 21, 64, 87, 31, 34, 55,41,96, 78, 29, and obtain
the hash table as shown below.

HASH| 20 | 21 [ 31 [ 41 [ 64 [ .34 | 55 | 87 | .9 | 78 /]
Index 0 1 2 3 4 5 6 7 ] 9

There are 7 collisions, butonly (1 + 1+ 142+ 2+ 2 + 3+ 3 +2 +:2) = 19 total probes and
1.9 average probes.

Another extreme case is illustrated below. Consider the key sequence — 20,29, 31, 42,43, 64, 55,
96, 87, 78. There is no collision for this sequence as‘shown below, In fact, as no two keys will
return the same index value, there will not be any collision for anyarbitrary order for the above
set of keys.

HASH[ 20 ] 31 [ 42 [ 43 [ 64 ] 55 [ 96 [ 87 [ 78 [ 29 |
Index 0 1 2 3 4 5 6 7 8 9

Let us assume that the key 29 is replaced by 10 to get the sequence 20, 10, 31, 42, 43, 64, 55, 96,
87, 78. For this sequence, except for key.20, there are collisions for all the keys i.e., 9 collisions
out of 10 insertions. However; the total number of probes is 18 and an average probe 1.8.

HASH|[ 20 [.20 ] 31 [ 42 [ 43 | 64 [ 55 [ 9 | 87 | 78 |
Index 0 1 2 3 4 5 6 7 8 9

From the above examples, the following important points may be noted.

i. Number of collisions depends on the order of the keys in which the keys are inserted,
provided at least two keys are mapped to a same index.
ii. The number of probes is not proportional to the number of collisions.
iii. A<key will experience a minimum of 1 probe (no collision) and a maximum of m probes
(every.index is occupied except h(key) — 1 in cycle). Therefore, the best case time
complexity of inserting in linear probing is 8(1) i.e., no collision, and the worst case is 8 (n).

Further analysis on Linear Probing: Let us consider the hash table shown below. The shaded cells
denote already occupied cells. There are clusters of occupied cells (often referred to a primary
clusters). Given an arbitrary sequence of keys, now, what is the probability of filling up an empty
cell? When the hash table is initially empty, each cell has an equal probability of filling in. Once
a cluster is formed, the probability of filling in an empty cell next to an occupied cluster is higher
than that of an empty cell next to an unoccupied cells. That means, the probability of filling in
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T[3] is higher than the probability of filling in T[7]. That is because the chances of occurring keys
in an arbitrary sequence competing for the cells T[1] and T[2] together will be higher than that of
T[7] only. The larger the size of the occupied cluster, the higher is the probability of occupying

the adjacent available cell next, resulting in growing of the size of the existing cluster. The
sizeof (cluster)+1

probability of filling an empty cell can be defined as

mase [ [ [ [ [ T [ [ [ T T [T [ [ [ 1]
Index 0 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15

From the above discussion, it can be inferred that the number of probes required for inserting a
key is proportional to the size of the cluster in which h(k) lies. The cluster size distribution will
in turn relate to the number of occupied cells in the table. The load factor a of a table.can be
defined as below.

number of occupied cells in the table

total number of cells.in the table

The average number of probes for inserting an arbitrary key into’a hash table of an arbitrary
occupied status is approximated, in the book Art of Computer Programming Vol 3, by Donald
Knuth as below.

1 1
Avg number of probes = > (1 + (1——a)2)

Insertion is equivalent to unsuccessful search.

Searching in linear probing: The process of searching of a key in a hash table stored with linear probing
is exactly the same as that of the probing process used. Given the key, estimate h(key) and then
start probing clockwise (assuming that.insertion uses-clockwise direction for probing) from the
h(key) till it finds a free cell, or all the cells are probed. Search operation may experience two
cases - successful search or unsuccessful search. For a successful search, it will take 6 (1) number
of probing in the best case, if the'key. is found at h(key) index, 8(n) in the worse case if the key
is stored at T[h(key) — 1], and: the average of approximately %(1 + ﬁ) probes. For an
unsuccessful search, while the best-case and worst-case complexities are same as that of the

successful search, the-average number of probes could be approximately % (1 + (1_1a)2) probing,

as described in.the book Art of Computer Programming Vol 3, by Donald Knuth.

Quadratic Probing: One of the problems with linear probing is its tendency to form bigger clusters. To
take care of, we-need a better probing function p(i). Quadratic probing is one such choice in
which the proving function is defined by the formula given below. The first probing is always
h(key). The following formula will be effective from i = 1.

p(D) = hkey) + (-1 (|

With the above probing function, the probing sequence of a key will be as follows.

: 2
Z)fori=123,..,m-1
2
ms2 my 2
h(key),h(key) + 1,h(key) — 1, h(key) + 4, h(key) — 4, ... ... ,h(key) + (7) ,h(key) — (7)

all with modulo m.
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One problem with quadratic probing is that if m is not carefully chosen, the probing function will
not cover all indexes of the hash table. For example, if m is even, it will cover only either the
even indexes or odd indexes depending on h(key) is even or odd. The ideal value of m is
suggested to be a prime 4j + 3 for an integer j in (Radke, 1970). For example, if j = 4, the value
of mis 19. Assuming that h(key) is 7, the sequence of probing is as follows

7,(7+1),(7=1),(7+4),(7=4),(7+9),(7=9),(7 +16), (7 — 16), (7 + 25), (7 —
25),(7 +36), (7 —36), (7 +49), (7 — 49), (7 + 64), (7 — 64), (7 + 81), (7 — 81)

which is equal to the index sequence - 7, 8, 6, 11, 3, 16,17, 4, 10,13, 1, 5,9, 18, 15, 14,0, 12, 2.
It can be clearly seen that all the indexes of the table are covered. It can be noted that the above
probing extends in both the clockwise and anti-clockwise direction. Extending in both directions
is important. To illustrate the importance of extending the probes in both directions, we let assume
that the probes happen only in clockwise direction, and define the probefunction.as p(i) =
h(key) + (i)?for i = 1,2,3,...,m — 1. Then, for the'same index key i.e., h(key)=7, we get the
following probe sequence — 7, 8, 11, 16, 4, 13,5, 9, 14,12, 12, 14,9, 5, 13, 4,16, 11, 8, 7. The
second half of the sequence is exactly the reverse of the firsthalf, i.e:; missing half of the indexes
from coverage.

Double Probing: Though quadratic probing is better than linearprobing, it still forms secondary clusters
(clusters formed by keys mapped to the same index). The idea-behind double probing is to reduce
the probability of forming secondary clusters. It is done using two hash functions, h; and h,,
where h, is used for finding'the primary index and h, is.used for resolving conflict. Given a key,
the typical expression for probing the table is as defined below.

hy(key) +.i * hy(key),;i = 0,1,2,...,m — 1.
It will generate the following probe sequence.

hy(key), hy(key) + h,(key), hy(ke) +2 * hy(key), h, (key) + 3 * h,(key), .......

The primary hash function h; (key) produces a number from 0 to m — 1. The secondary hash
function h, (key).produces a number from 1 to m — 1, which is relatively prime to m to ensure
coverage of all-the indexes of the hash table. Though in principle, the value of m could be any
value, it is easier to-get h,(key) which produces a relatively prime value to m, if m is either a
prime number orpower of 2.

If m.is a prime member, a simple function h,(key) =1+ (key % (m — 1)) which produces
any value between 1 to m — 1, inclusive may be a good choice. Since m is prime and m — 1 is
an even number, it may face the problem of producing regular pattern with even number. Studies
have also suggested other variants such as h,(key) = 1 + (key % (m — 2)), hy(key) =1+

( k;;yJ % (m — 2)). Another convenient way to ensure the relative prime condition is to assume
m to be a power of 2, and design h, (key) to produce odd numbers between 1 and m, inclusive.
While the best case and worst case time complexities of double hashing are 8(1) and 6(n), the
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average number of probing of double hashing is reported as ilnﬁ for successful search, and

1 . .
— for unsuccessful search (or insertion).

Chaining: Unlike open addressing, chaining (also known as separate chaining) does not store the keys
in the hash table. Rather, hash table stores the address of a linked list which stores the set of keys
with same hash index. Considering modulo hash function, and a hash table with size m = 10,
hashing of the following key sequence - 21, 31, 41, 64, 34, 44, 54, 87, 78, 29 using chaining is
illustrated in the figure below. In the figure below, the insertion of a new key in the chain of a
particular hash index is inserted as the last node

Index  HASH
nil

— [ 21] J=[31] J+{a1]nil]

nil
nil

——*{64] J}»[34] |>{aa] J+[s4]nil]

nil
i e AT

—+—{ 78] nil |
=2

Let us assume that the insertion of anew key in the chain-of aparticular hash index is always
inserted as the first node. Then the worst case time complexity of inserting a key into the hash is
6(1). However, the worst case time complexity for.search operation is proportional to the length
of the chain. If the particular chain has # number of nodes, the worst case time complexity for
searching a key will be 8(n) plus the time of estimating hash function.

=l L I e N

To estimate average €ase time complexity; let us.assume a hash table of size m, n number of
keys, and n; number of nodes in i*" hash.ndex, such that ny +mn; +ny + -+ np_y = n.
Further, we assume that any given key is equally likely be hashed to any index of the hash table.
This assumption is also known as‘simple uniform hashing. Then, the expected number of nodes

in the chain pointed by the pointer at T'[i] is %, which is nothing but the load factor a of the hash.
For an unsuccessful search operation, we need to estimate h(key) and scan the entire chain at
T (h(key)). Therefore; the ayerage time complexity of an unsuccessful search is (1 + @). As
explained in [Cormen; 2001 ], the average time complexity of a successful search is also 6(1 +
a), though the estimates are different. Assuming that all the insertions in the linked lists are done
as the first element, the number of nodes that will be scanned for a successful search is the number
of keys inserted in the linked list of T(h(key)) before the target key plus 1. As we assume to
follow simple. uniform hashing, the probability that two keys - key; and key; have the same hash

index (i.e., Pr (h(keyi) = h(keyj)) is % Since a key in the sequence is also equally likely to be
at any position in the sequence, the expected estimate of the event e;; that the key; is inserted
after the key; in the same hash index is also % ie., E [ei ]-] = % Therefore, the expected number
of nodes inserted in the linked list before the node having key; can be defined as follows.
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E[F 2 (1+ 2 e)| == By (1 + 20eis Eley]) == By (14 B )

=1+ 15: o1t logpe @
B nm_l(n b= 2m 2 2n
=

Considering 6(1) for estimating hash function and locating the index, the average time
complexity is 8 (1 + % - %) =0(1+ a).

Bucket Addressing: Bucket addressing is also one class of open addressing (or closed hashing).in which
all the elements/keys are stored in the hash table. However, unlike traditional open addressing
method discussed above, the hash table is divided into buckets and keys which return same hash
index are stored in the same bucket. If the size of the hash table is m and the size of a bucket is

B, then the hash table is divided into % buckets with the bucket indexes 0 to % — 1.1In general, m

is considered to be multiples of B. In bucket addressing, the hash function h(key) returns a value
between 0 to % — 1, inclusive, instead of 0 to m-1. If we consider modulo hash function, the hash

function will be defined as h(key) = key % %. If more than one keys are-mapped to same

bucket, they are stored in the same bucket without any order. If the. number of keys mapped to a
same bucket index is more than B, then there is a bucket overflow.'One way of addressing bucket
overflow is to store the overflowed key to next available bucket using a probing method like
linear probing or quadratic probing.

Another commonly used approach is to add additional overflow space in addition to the hash table
of size m. Whenever an overflow happens, the overflow key is stored in the overflow space. In
principle, overflow space is considered.to be of-infinite size. The probing based on overflow
space-based bucket addressing are illustrated below with the key sequence - 21, 31, 87, 9, 19, 44,
25,67,78,29. We assume B = 2, m =12, and 5 overflow space.

Bucket Index HASH

78
0
31
1
19
a3
Bucket Index ‘HASH 2
i) A N
31 87
1 19 4
A4
2 25 5 L
21
3 a7 9
9 25
4 %7 Overflow space | 67
5 29

(i) With linear probing  (ii) With overflow space
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Additional topics on hashing such as universal hashing, delete operation, etc. are not within the
scope of this book. Reader may refer to additional materials provided in the link cited by the QR
code.

4.3 GRAPH

Graph is another non-linear data structure. A graph G = (V, E) consists of a set V of vertices and a set
E of edges. An example graph is shown below in Figure 4.2. The circles denote vertices, and the
connections between the circles denote edges. There are seven vertices V = {4, B,C, D/E,F, G}
and eightedges E = {< A,B >,< A,C >, < A E >, <B,D ><D,F><D,E><D,G><
C, E >}

0 () Oo ©)
® O
®) S

An Undirected Graph A Directed Graph
Figure 4.2: An example of a.graph.

4.3.1 Terminologies

Directed Graph: A directed graph also known as digraphis'a graph in which the edges have a direction,
generally indicated with an arrow on the edge. A directed edge from a vertex u to another vertex
v is an ordered pair (u, v), i.e., the ‘connection is from vertex u to vertex v. It is different from
(v,u). An example of a ditected graph is:'shown in Figure 4.2.

Undirected Graph: Unlike directed graph, no-direction is associated with the edges in the graph. An
undirected edge from vertex u to.vertex v is an unordered pair (u, v) i.e., (u,v) and (v, u) are
the same. Figure 4.2 shows an undirected graph.

Adjacent vertex: Two vertices are said to be adjacent in a directed or undirected graph, if there is an
edge between them.

Incident edge: The-incident edges of a vertex v in a directed or undirected graph are the edges which
have v as at least one of their end points. In a directed graph, an outgoing incident edge of v is of
the for (v,w), and an incoming incident edge of v is of the for (u, v) where u is one of v’s adjacent
vertices.

Degree: In an undirected graph, the degree of a vertex v is defined by the number of its adjacent vertices.
In a directed graph, the degree of a vertex v is defined by the direction of the incident edges. The
out-degree of a vertex v is the number of its outgoing incident edges, and the in-degree is the
number of its incoming incident edges.
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Weighted Graph: A graph is said to be weighted graph, if the edges in the graph carry weights. The
weight of an edge denotes the strength of the connection between the participating vertices. The
0 weight indicates no connection.

Unweighted Graph: A graph is said to be unweighted graph, if the edges in the graph do not carry any
weight.

Path: A path in a graph is a sequence of k > 1 vertices {vq,V,, ... Vx_4, V) } such that two consecutive
vertices (v;,v;41), 1 < i < k is an edge in the graph. The number of edges in the path is known
as the path length. In a path, vertices may repeat, but not the edges. If the sequence has repeated
edges as well, then it is called walk. A walk is just a traversal on a graph. A path may be
considered as a special type of walk without repeated edges. A path is simple, if no vertices are
repeated. If the first vertex and the last vertex are same, then it is called a cycle. If no vertices are
repeated, except for the first and last, then it is a simple cycle. A simple cycle with only one edge
is called self-loop. A path is a tour, if it consists of all.the vertices in the graph. A tour with no
repeated vertex is called the Hamilton tour.

Subgraph: A graph S = (V,, E;) is a subgraph of another graph G = (V, E¢), if Vs € V;, and E5 € E;.

Connected: A graph is said to be connected if there exists a path between every.possible vertex pair in
the graph, otherwise it is a disconnected graph.In other words; a graph is connected if there are
no two disjoint subgraphs such that there are no edges from a vertex in one.subgraph to a vertex
in other graph. Otherwise, it is a.disconnected graph. If a connected subgraph of a graph is
disconnected from other subgraphs in the graph, then'itis a connected component of the graph.

Traversal: It is a task of visiting every node in a graph.
Cyclic: A graph is called cyclic graph, if it has at least one cycle.

Acyclic: A graph without any cycle is known as acyclic graph. An‘acyclic connected graph forms a tree.
If the tree has a designated node as root; then it.is a rooted tree, otherwise un-rooted tree.

Spanning tree: A connected subgraph with no cyele is a‘tree. A collection of trees is a forest. A forest
with a single tree, which consists of all the vertices in a graph, is known as the spanning tree of
the graph.

Complete Graph: 1f every pair-of-distinct vertices of a graph is connected by a unique edge, then the
graph is said to be complete. A complete subgraph is known as a clique.

4.3.2 Representing Graphs

Three commonly used methods for representing graphs are adjacency matrix, adjacency list and edge
list.

Adjacency matrixis a matrix form of representing the edges in a graph. Given a graph with n vertices,
its adjacency matrix is a two-dimensional matrix of n X n. For an undirected graph, if there is an
edge between vertex i and vertex j, then the entries in row i and column j, and row j and column
iarels(i.e., A[i][J]] = 1 and, A[j][{] = 1), otherwise 0. If it is a directed graph, the direction will
be followed from row vertex to the column vertex, i.e., an edge from vertex i and vertex j will
give A[i][j] = 1, but A[j][i] = 0. The figure below illustrates an example of an adjacency matrix
of an undirected graph.
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1234567
1[of1]1]o0[1]0]0

— 2[1]o]o]1]o0]0
@& 3[1/olo|o|1]0]0
alol1lo]ol1]1[1

o s[1(ol1]|1|o]o0]0

o 6/lololo|1|o]o]0
7/0|olo|1|o]o]|0

®

Figure 4.3: Adjacency matrix of an undirected unweighted graph
Few of the important observations can be noted:

1. The adjacency matrix is symmetric i.e., A[i][j] == A[j][{].

2.For a vertex i, the degree of the vertex i is the number of non-zero entries.in the (‘" row vector
or i*" column vector.

3.1f there are m number of edges (excluding self loop), there will be. 2m number of non-zero
entries.

An example of an adjacency matrix of a directed graph is:illustrated below. Unlike undirected
graph, there are m entries for m number of edges. Theadjacency matrix is not symmetric i.e.,
A[i][j1 # A[j][]. The number of non-zero entries in an i*" row-vector denotes the out-degree of
the vertex i. The number of non-zero entries in ani‘" column vector denotes the in-degree of the
vertex i.

olojo|o/o(o|wn

N RWN e
olo|r|o|r|=lo|-
o|Cc|C|mr|C|C|O|N
o|o|Rr |0 |O|W
RO |Rr|O|C|C|O|&
oc|lolo|r(o|Q|Oo|lO
o|oc|lo|oo|0|O|

Figure4.4: Adjacency matrix of a directed unweighted graph

If it is a weighted graph, associated weights with the edges are entered instead of 0 or 1.

Adjacency List: For a.graph with n vertices, its adjacency list will maintain an array of size n, where
Ali] points to-a linked list storing all the vertices j (not in any particular order) such that (i, j) is
an edge. The number of vertices in the linked list pointed by A[i] denotes the degree of the vertex
i. An example adjacency list is shown below.
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Figure 4.5: Adjacency list representation of a graph

Edge List: Edge list of a graph is an array (or a list) of the edges in the graph, as illustrated below.

Jo=o
o O

® .

Figure 4.6: Edge list representation of a graph
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4.3.3 Graph Traversal

Two types of traversals are commonly used in graphs namely Depth First Search and Breath First
Search.

Depth First Search: Given a graph, the idea is to visit all the.reachable vertices with higher depth from
a selected vertex, before visiting another adjacent vertex. That means, if we visit vertex 2 from
vertex 1, we should visit 4 (reachable from 1 through last visited node 2) before visiting vertex 3
or vertex 5 which are adjacent to vertex 1. After exhausting all the reachable vertices, it should
pick up one of the unvisited-adjacent vertices and repeat the above process till all the nodes are
visited. This idea is illustrated with an example below. The algorithm discussed below uses two
auxiliary data structures - a stack (Stack) and an array (Mark) to keep track of adjacent vertices
to be explored and visited vertices. Given a graph, the depth first search algorithm works as
follows.

Step - 1: Set all the vertices of the graph to 0 to denote unvisited i.e., Vi, Markl[i] = 0.

Jo=o 7

cUEN i
N i
o0 _© 2

@ Stack Mark
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Step -2: Repeat the following till all the vertices in Mark[] are visited.

a) Randomly pick up an unvisited vertex from Mark(]. Instead of picking up randomly, the vertex
can also be decided by the user. Let us say, we have picked up vertex 1. Push the vertex to the

Stack i.e., Stack. Push(1);
1
BOS @
ON

@ @
O o -

b) Repeat the following operation until the stack is empty.
i. Pop the top of the Stack i.e., v = Stack.pop().
ii. Check if v is visited.
a. IfYes, Goto2.b).i.
b. IfNo,
[1] Visit the vertex v, and set Mark([v] = 1.
[2] Push all the unvisited adjacent vertices u of v into the Stack (not in any
order), i.e., Stack. Push(u).

Lt = T, R F S
[o[e[e[e[e]e]e]

=
I
=

Description:

Vertex 1 is pop from the stack. Visit vertex 1 (shown in green colour), as it is not already
visited. Set Mark[1] = 1. Push all-the unvisited adjacent vertices of 1 (i.e., 3, 5, 2) into
the stack, i.e., Stack. Push(3), Stack. Push(5); and Stack. Push(Z)

B0 T
oS :
e B O

[© —

As thestack is‘not empty, pop the top vertex 2. Visit vertex 2, as it is not already visited.
Set Mark|2] = 1. Push the unvisited adjacent vertices of 2 (i.e., 4) into the stack, i.e.,

Stack. Push(4).
5

@ @
@ l©) Sk

=~ U AW N
[o[e]o]o]o]~]~]

=
o
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As the stack is not empty, pop the top vertex 4. Visit vertex 4, as it is not already visited.
Set Mark[4] = 1. Push the unvisited adjacent vertices of 4 (i.e., 5, 7, 6) into the stack, i.e.,
Stack. Push(5), Stack. Push(7), and Stack. Push(6).

0 Q

<

As the stack is not empty, pop the top vertex 6. Visit vertex 6, as it is not alteady visited.
Set Mark[6] = 1. Push the unvisited adjacent vertices of 6. As theré is no. unvisited
adjacent vertices of 6, no vertex is pushed.

O~ |n|n (W

[o]o]~]o]~]-]

e = ¥ B R

= | (un|w

e = R ¥ P R e
olelolFlel-]

Stack . Mark

As the stack is not empty, pop the top vertex 7. Visit.vertex 7, as it is not already visited.
Set Mark([7] = 1. Push the unvisited adjacent vertices of 7. As there are no unvisited
adjacent vertices of 7, no vertex is pushed.

(%]

=~ e W N
~|=[e[~[o]~]~]

Stack Mark

As the stack.is not empty, pop the top vertex 5. Visit vertex 5, as it is not already visited.
Set Mark[5].= 1.-Push the unvisited adjacent vertices of 5 (i.e., 3) into the stack, i.e.,
Stack. Push(3).

e = T B R R
P [=[=]=]o]~]-]

® Stack M

w
S
=
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As the stack is not empty, pop the top vertex 3. Visit vertex 3, as it is not already visited.
Set Mark[3] = 1. Push the unvisited adjacent vertices of 3. As there are no unvisited
adjacent vertices of 3, no vertex is pushed.

3 101
5 21|
3[1]
a[1]
51
6[1]
7[1]
Stack Mark

already visited, go to next iteration.

3 1
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Stack
already visite

1

o

, g0 to next iteration.
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Stack

Now, the stack is empty;.and the loop terminates i.e., Step-2.b terminates. Then, algorithm
goes to Step-2. Since there is no more unvisited vertex, the algorithm terminates. The above
algorithm will print the visit sequence -124 675 1.

In the above example, there is only ‘one connected component. So, the algorithm runs Step-2.b
only once for this‘example.. The Steps 2.a and 2.b are applicable for only one component. If there
are more than one component of the graph, the Steps 2.a and 2.b will be repeated for each
component. It will be.ensured by Step 2, i.e., Repeat the following till there exists unvisited vertex
in Mark[].

Now, the'above algorithm can be summarized as follows.
dfs-iterative (v, V, E) {
Stack.Push (v) ;
While (Stack.empty ()==0) {
Set x = Stack.Pop();
If (Mark[x] !'= 1) {
Print x;
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Set Mark([x]=1;
For each adjacent vertex y of x {
If (Mark[y]==0) {
Stack.Push(y);
}

}
Depth-First-Search-Iterative (V, E) {
For each v in V {
Set Mark([v]=0;
}
For each v in V {
If (Mark[v] == 0) {
dfs-iterative(v, V, E)

}

}

The above dfs-iterative () function will perform depth first'search on each connected
component. Therefore, the time complexity of depth first search is'defined by the time complexity
of the dfs-iterative () function. The stack in the algorithm may hold multiple copies of
the same vertex at a time. This phenomenon can be seen from the illustration above as well. At
the same time, every vertex should have been inserted at’least once before visiting. The inner
loop defines the number of push operations into the stack. The total number of times the inner
loop iterates to perform a push operation can not exceed the number of edges in the graph.
Therefore time complexity of depth first'search is O(|V| + |E|).

The above iterative approach, and usage of stack can be simplified using recursive algorithm. In
the following recursive version, the role of the above explicit stack will be maintained by the
system-level stack for recursive function all.

dfs-recursive« v, V, E){
Mark[v]=L;
Print wv;
For each adjacent vertex u of v {
If (Mark[u]l==0) {
dfs-recursive (u, V, E);
}
}
}
Depth-First-Search-Recursive (V, E) {
For each v in V{
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Mark[v]=0;
}
For each v in V{
If (Mark[v]==0) {
dfs-recursive (v, V, E);

}
}

Breath First Search: Given a graph, the idea is to visit all the adjacent vertices of a selected vertex,
before visiting reachable vertices with higher depth. That means, if we visit vertex 2-from vertex
1, we should visit vertex 3 and vertex 5 before visiting vertex 4. This idea is illustrated with an
example below. The algorithm discussed below uses two auxiliary data structures - a queue
(Queue) and an array (Mark) to keep track of adjacent vertices to be explored and visited vertices.
Given a graph, the breath first search algorithm works as follows.

Step - 1: Set all the vertices of the graph to 0 to denote unvisited i.e., Vi, Markl[i] =

RION 9
@
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W
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=

Queue M

Step -2: Repeat the following till all the vertices in Mark[] are visited.

a) Randomly pick up an unvisited vertex from Mark|]. Instead of picking up randomly, the vertex
can also be decided by the user..Let us say, we have picked up vertex 1. Enqueue the vertex to
the queue i.e., Queue. Enqueue(1);

@ :
0% FOS @
RO

@ @ Queue

b) Repeat the following operation until the Queue is empty.
i. Dequeue the front vertex from the queue i.e., v = Queue. dequeue().
ii. Check if v is visited.
a. If Yes, Go to 2.b).i.
b. If No,
[1] Visit the vertex v, and set Mark([v] = 1.
[2] Enqueue all the unvisited adjacent vertices u of v into the Queue (not
in any order), i.e., Queue. enqueue(u).
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Description:

Vertex 1 is dequeue from the queue. Visit vertex 1 (shown in green colour), as it is not
already visited. Set Mark[1] = 1. Enqueue all the unvisited adjacent vertices of 1 (i.e., 2,
5, 3) into the queue, ie., Queue.enqueue(2), Queue.enqueue(5), and

Queue. enqueue(3).
o0 E
\\G.j/ Queue Ma

As the queue is not empty, dequeue the front'vertex 2. Visit vertex 2, as’it is not already
visited. Set Mark[2] = 1. Enqueue the unvisited adjacent vertices of 2 (i.e., 6, 4) into the
queue, i.e., Queue. enqueue(6) and Queue. enqueue(4).
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As the queue is not empty, dequeue. the front.vertex 5. Visit vertex 5, as it is not already
visited. Set Mark[5] = 1. Enqueue the unvisited adjacent vertices of 5 (i.e., 4, 7, 3) into
the queue, i.e., Queue.enqueue(4), Queue. enqueue(7), and Queue. enqueue(3).

( : N 3 1
/ Queue [0

As the queue is not empty, enqueue the top vertex 3. Visit vertex 3, as it is not already
visited. Set Mark[3] = 1. Enqueue the unvisited adjacent vertices of 3. As there are no
unvisited adjacent vertices of 3, no vertex is enqueue.
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@ Queue Mar
As the queue is not empty, enqueue the front vertex 6. Visit vertex 6, as it is not already
visited. Set Mark[6] = 1. Enqueue the unvisited adjacent vertices of 6 (i.e., 4) into the
queue, i.e., Queue.enqueue(4).
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As the queue is not empty, enqueue the front vertex 4. Visit vertex 4, as it is not already
visited. Set Mark[4] = 1. Enqueue-the unvisited adjacent vertices of 4 (i.e., 7) into the
queue, i.e., Queue. enqueue(7).

~N R W B

= T W N
o=~ ]=]=]=]=]

=

Queue Mar

As the queue is not-empty, enqueue the front vertex 4. As it is already visited, go to next
iteration.
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As the queue is not empty, enqueue the front vertex 7. As it is already visited, go to next
iteration.
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Queue Mark

As the queue is not empty, enqueue the front vertex 3. As it is already visited, go to next
iteration.
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As the queue is not empty, enqueue the front vertex 4. As-it-is already visited, go to next
iteration.
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As the queue is not empty,.enqueue-the front vertex 7. As it is already visited, go to next
iteration.
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Queue

Now, the Queue is empty, and the loop terminate i.e., Step-2.b) terminates. Then, algorithm
goes to Step-2. Since there is no more unvisited vertex, the algorithm terminates. The above
algorithm will print the visit sequence -1253 64 7.
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In the above example, there is only one connected component. So, the algorithm runs Step-2.b
only once for this component. The Steps 2.a and 2.b are applicable for only one component. Like
in depth first search, if there are more than one component of the graph, the Steps 2.a and 2.b will
be repeated for each of the components. It will be ensured by Step 2, i.e., Repeat the following
till there exists unvisited vertex in Mark([].

The above process of traversing the graph using breath first search can be summarized by the
following algorithm. This traversal can also be done using a recursive algorithm. Howeyer, it is
left as an exercise to the reader.
bfs-iterative (v, V, E) {
Queue.enqueue (V) ;
While (Queue.empty ()==0) {
Set x = Queue.dequeue ()4
If (Mark[x]!=1){
Visit x;
Set Mark([x]=1;
For each adjacent vertex.y of x {
If(Mark[y]==0) {
Queue.enqueue(y) ;

}

}
Breath-First-Search-Iterative (V, 'E) {

For each v in V {
Set Mark{v]=0;
}

For each' v in V {
If (Mark[v] ==0) {
bfs-iterative (v, V, E);

}

With'the similar argument as that of the depth first search, the time complexity of the breadth
first search algorithm can be defined as O(|V| + |E|).

Other topics on graph such as shortest path, spanning tree, minimum spanning tree, etc. are not
within the scope of this book. Reader may refer to additional materials provided in the link cited
by the QR code.
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UNIT SUMMARY

This unit discussed three important topics of data structures and algorithms namely sorting, hashing and
introduction to graph. Among the different sorting algorithms, five comparable based and three
non-comparable sorting algorithms are discussed. The complexity of these algorithms is also
discussed. Further, we discuss various methods of hashing and hash functions. Efficiency of
different hash functions and hashing approaches are also discussed in detail. Unlike sorting and
hashing, only the introductory definition, representation and traversal of Graphs are discussed in
this book. Reader may refer to additional reading materials for other topics on graphs:

EXERCISES

Multiple Choice Questions

th
Q1. In quick sort, for sorting n elements, the G) smallest element is selected as'pivot using an 0(n)
time algorithm. What is the worst case time complexity. of the quick sort?
@ 6() () 0O(nlogn) (©)B@D) (d) H(n?logn)

Q2. Consider a binary max-heap implemented using an array. Which one of the following array
represents a binary max-heap?

(a) {25, 12,16, 13,10, 8, 14}
(b) {25, 14,13, 16, 10, 8, 12}
(c) {25, 14,16, 13,10, 8,12}
(d) {25, 14,12, 13,10, 8, 16}

Q3. The degree sequence of a simple graph is.the sequence of the degrees of the nodes in the graph in
decreasing order. Which of the following sequence can not be the degree sequence of any graph?

(a) {7,6,54,4,3,2, 1}
(b) {6,6,6,6,3,3,2,2}
(c) {7,6,6,4,4,3,2,2}%
(d) {8:7,7,6,4,2,1,1}
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4. A hash table of length 10 uses open addressing with hash function h(k) = k mod 10, and linear
g g
probing. After inserting 6 values into an empty hash table, the table is as shown below.

0
1
2 42
3 23
4 34
5 52
6 46
7 33
8
9

Which one of the following choices gives a possible order in-which the key values could have
been inserted in the table?
(a) {46,42,34,52,23,33}
(b) {34,42,23,52,33,46}
(c) {46, 34,42,23,52,33}
(d) {42, 46,33, 23,34,52}
Q5. Suppose we are given n keys, m hash table slots, and two simple uniform hash functions h; and h,.

Further suppose our hashing scheme uses hy for the odd keys and h» for the even keys. What is
the expected number of keys in a.slot?

@ % = (= (d)5

Q6. Consider the following two statements:
i. A hash function (these-are often used for computing digital signatures) is an injective
function.
ii. encryption technique such as DES performs a permutation on the elements of its input
alphabet.

Which one of the following options is valid for the above two statements?
(a) Both are false, (b) i true, but ii false, (c) ii true, but i false, (d) both are true

Q7 Assume that the algorithms considered here sort the input sequences in ascending order. If the
input is already in ascending order, which of the following are true?
(a) Quicksort runs in (n?) time (b) Bubble sort runs in 8(n?)
(c) Merge sort runs in 8(n) time (d) Insertion sort runs in 6(n) time
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Q8. The worst case running times of Insertion sort, Merge sort and Quick sort, respectively, are
(a) O(nlogn), 8(nlogn), 8(n?)
(b) 6(n?), 8(n?), 6(nlogn)
(c) 8(n?),H8(nlogn), 8(nlogn)
(d) 6(n?), 8(nlogn), 6(n?)
Q9. Which of the following data structure is used in breadth first search algorithm for traversing a.graph?
(a) Stack (b) Queue

Q10. Which of the following sorting algorithms has the lowest worst-case complexity?
(a) Merge, (b) Bubble (c) Quick (d) Selection

11 Which one of the following in place sorting algorithms needs the minimum-number of swaps?
g galg
(a) Insertion, (b) Bubble (c) Quick (d) Selection

Short and Long Answer Type Questions
Q1. What is the number of swaps required to sort n elements using selection sort, in the worst case?

Q2. What is the tightest lower bound on the number of comparisons, in the worst case, for comparison-
based sorting?

Q3. A hash table contains 10.buckets and uses linear probing to resolve collisions. The key values are
integers and the hash function used is key. % 10. If the values 43, 165, 62, 123, 142 are inserted
in the table, in what location would the key value 142 be inserted?

Q4. Given the following inputs in the given order (4322,.1334, 1471, 9679, 1989, 6171, 6173, 4199)
and the hash function x mod 10, show the hash'mapping using open chaining?

Q5. Breadth First Search is started'on’a binary tree beginning from the root vertex. There is a vertex v at
a distance four from the root. If vis the n' vertex in this traversal, what is the maximum possible
value of n?

Numerical Problems

Q1. An array of 25 distinct elements is to be sorted using quicksort. Assume that the pivot element is
chosen uniformly at random. What is the probability that the pivot element gets placed in the
worst possible location in the first round of partitioning (rounded off to 2 decimal places)?

Q2. Consider “a double hashing scheme in which the primary hash function is
h,(k) = k mod 23, and the secondary hash function is h,(k) =1+ (k mod 19).
Assume that the table size is 23. Wjat is the address returned by probe 1 in the probe sequence
(assume that the probe sequence begins at probe 0) for key value k = 90?
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Q3.
Q4.

Qs.

Given a hash table T with 25 slots that stores 2000 elements, What is the load factor a for T?

State the recurrence equation for the worst case time complexity of the Quicksort algorithm for
sorting n (= 2) numbers. Estimate its time asymptotic time complexity.

An unordered list contains n distinct elements. Estimate the number of comparisons to find an
element in this list that is neither maximum nor minimum.

PRACTICAL

Ql.
Q2.
Q3.
Q4.

Qs.

Q6.

Q7.
Q8.

Q.

Write an adaptive quick sort algorithm.
Write an iterative quick sort algorithm.
Write an iterative merge sort algorithm.

Given an array x with n objects colored red, white, orblue, sort them in-place.so-that objects
of the same color are adjacent, with the colors in the order of red, white, and blue. We can use
the integers 0, 1, and 2 to represent the color red; white, and blue, respectively.

You are given an integer array A. Sort the integers in'the array in ascending order by the
number of 1's in their binary representation and.in case of two.or mote integers have the same
number of 1's, order them in ascending order.

There are n cities. Some of them are connected, while some are not. If city A is connected
directly with city B, and city B is connected directly with city C, then city A is connected
indirectly with city A. A province is a group of directly or indirectly connected cities and no
other cities outside of the group. Write a program to find the number of provinces.

Implement Rabin-Karp Algorithm for string matching.

Professor McGonagall teaches transfiguration at Hogwarts. She has given Harry the task of
changing himself into a cat. She explains that the trick is to analyze your own DNA and change
it into the DNA of a cat. The transfigure spell.can be used to pick any one character from the
DNA string, remove it and insert it in the beginning. Help Harry calculates minimum number
of times he needs to use the spell to change himself into a cat. Hints: find the number of
operations of deletion and insertion to change a string, say “GEEKSFORGEEKS”, to another
string, say “FORGEEKSGEEKS”.

You are given an integern. There is an undirected graph with n nodes, numbered from 0 to n
-1. You are given a 2D.integer array edges where edges[i] = [ai, bi] denotes that there exists an
undirected.edge connecting nodes ai and bi. Return the number of pairs of different nodes that
are unreachable from each other.

Q10. You are given a 0-indexed integer array A. In one operation you can replace any element of

the array with any two elements that sum to it. For example, consider A = [3,9,5]. In one
operation, we can replace A[1] with 3 and 6 and convert A to [3,3,6,5]. It can then be converted
to [3,3,3,3,5]. Write a program to return the minimum number of operations to make an array
that is sorted in non-decreasing order.
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KNOW MORE

Readers are encouraged to explore the following E-Books/E-Resources for additional examples, and
discussions on related topics.

1. Sorting, Hash and Graph, Chapters 9, 10, and 11, Lecture Notes for Data Structures and

Algorithms, John Bullinaria, School of Computer Science, University of Birmingham, UK.
(https://www.cs.bham.ac.uk/~ixb/DSA/dsa.pdf)

2. Graph, and Sorting. Chapters 7, 8, and 9, Electronic Lecture Notes - DATA STRUCTURES AND
ALGORITHMS, by Y. Narahari
(https://gtl.csa.iisc.ac.in/hari/wp-content/uploads/2021/10/dsa.pdf)

3. Sorting. Chapter 8, Data Structures and Algorithms: Annotated Reference with Examples, Granville
Barnett, and Luca Del Tongo,
( https://www.mta.ca/~rrosebru/oldcourse/263114/Dsa.pdf)

4. Hashing, Sorting and Graph, Chapters 5, 7 and9. Data Structures and Algorithm. Analysis in C++,
Weiss, Mark Allen, 4" Ed.
(https://www.uoitc.edu.ig/images/documents/informaticsinstitute/Competitive . exam/DataStructur
es.pdf).

5. Sorting and Hashing. Chapters 2 and 5, Data Structures and Algorithms, N. Wirth.
(https://people.inf.ethz.ch/wirth/AD.pdf)
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CO AND PO ATTAINMENT TABLE

Course outcomes (COs) for this course can be mapped with the programme outcomes (POs) after
the completion of the course and a correlation can be made for the attainment of POs to
analyze the gap. After proper analysis of the gap in the attainment of POs necessary measures
can be taken to overcome the gaps.

Table for CO and PO attainment

Attainment of Programme Outcomes

Course (1- Weak Correlation; 2- Medium cortelation; 3- Strong Correlation)

Outcomes
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The data filled in the above table can be used for gap-analysis.
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